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Chapter: 1. Relations and functions
Miscellaneous Exercise:

1. Let f:R—R be defined as f (x)=10x+7 . Find the function g:R — R such that
gof = fog =1,
Solution: Giventhat f :R—R is defined as f (x)=10x+7
Check the function is one to one or not:
Suppose that f (x) = f (y), where x,y R
It implies that

10x+7=10y+7
10x =10y
X=y

Therefore, f (x) is a one-one function

Check the function is onto or not.

Suppose that y € R, and suppose that y =10x+7

It implies that x = y=7 g
10

y—07 e R such that

For any y e R, there exists X =

f(x)=f (yl—jjﬂo(yl—;?)n:y—?n:y

Therefore, f (x) is onto
Hence, f isan invertible function

The inverse of the function f(x) IS Xl—_O7
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2. Let f(x):W —W bedefinedas f (n)=n-1, ifisoddand f (n)=n+1, if n is even,
Show that f(x) is invertible. Find the inverse of f (x) Here, W is the set of all

whole numbers.

) ) . . n-1 if nisodd
Solution: Given that f :W —W is defined as f (n)=

n+1 if niseven

Check whether the function is one to one or not.

Suppose that f (n)= f (m), where n,m are whole numbers.

If n isoddand m is even, then we will haven—1=m+1, it implies that n—m =2
This is impossible.

Similarly, the possibility of n being even and m being odd can also be ignored
Therefore, both n and m must be either odd or even.

Now, if both n and m are odd.

f(n)=f(m)
n-1=m-1

If both n and m are even,

f(n)=f(m)
nN+l1=m+1
n=m

Therefore f is one —one.

To check whether the function is onto or not.

For any odd number 2r+1 in co domain N is the image of 2r in domain N and any

even number

For any even number 2r in codomain N is the image of 2r +1in domain N

Hence, f (x) is onto.
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Therefore, the function f (x) is invertible

m+1 if mis even

Define g:W —W as g(m):{m—lif T isodd

Suppose that n is odd number

gof (n)=g(f(n))
=g(n-1)
=n-1+1

Suppose n is even
gof (n)=g(f(n))
=g(n+1)

=n+1-1
=N

When m is odd
fog (m) = f (g(m))
=f(m-1)

=m-1+1
=m

When m is even
fog(m) = f (g(m))
=f(m+1)

=m+1-1
=m

Hence, go f =1,and fog = |

Therefore, the function f (x) is invertible and the inverse of f (x) is given by g(x),

itissameas f(x)

3. If f:R—>Risdefinedby f(x)=x"-3x+2,find f(f(x))
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Solution: It is given that f :R— R is defined as f (x)=x*-3x+2

= f(x2—3x+2)
2

=(
(

X 3x+2) (x2—3x+2)+2
X! +9x2 +4—6%° —12x+4x) ( 3x2+9x—6)+2
x* —6x® +10x% —3x

Therefore, f o f(x)=x"-6x>+10x*-3x

4, Show that function f :R —{xeR:-1<x<1} defined by f(X)Z%M,XE R is
+

one-one and onto function

Solution: Given that f :R—{xeR:-1<x<1} isdefinedas f(x)= ﬁ xeR

Check the function f (x) iS one to one or not.
Suppose that f (x)= f (y), where x,y R

) U
1+ 1+]y|

It implies that

If x is positive and y is negative,

XY oy Xy=Y+Xy=2Xy=X-Yy
1+x 1-y

Since, x is positive and y is negative, 2xy is negative and x —y is positive
Hence the condition 2xy =x— is false
If x is positive, and y be negative can be ruled out.

Suppose that both x and y are positive
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f(x)=1(y)
X __Y
T Ty
X+ Xy =Y+Xy
X=Yy

When x and y both are negative,

f(x)=1(y)

X y
1_
y-
y

y
Xy

1-x
X—Xy =
X =
Therefore, f (x) iS one to one.

Check the function f (x) is onto or not.

Suppose that y € R and vy is negative real number

If y is negative, then, there exists x = Y such that

1+y

1+y

y
1-y

If yis positive, then, there exists x = € R such that

f(x):f(lfy)zh y

Therefore, the function f (x) is onto.

5. Show that the function f:R —R givenby f(x)=x’ is injective

_
—~~
>
N—" <
Il I
—
7 N\
H
+ <
<
N
[l
N\ = 7 N\
= =
[ | < + <
| < < [<
< N N
Il Il
= =
+ +
— —F
II—‘| | < = | + <
< + <
< |=< < |=
Il Il
= =
| +
< |« < |I<
+ |
< <
Il Il
< <




Infinityy ., Sri Chaitanya
Learn ' Educational Institutions

Solution: Given that the function f:R— R isdefined as f (x)= X

Check the whether the function is one to one

Suppose that f (x)= f (y), where x,y R

Itimplies that x*=y* = x=y

Hence, the function is one to one.

§
6. Given examples of two function f :N —Z and g:Z —Z suchthat gof is
injective but g(x) is not injective
Solution: Given that two functions f:N —Z and g:Z —Z such that f (x)=x and
9(x)=I
Since the function f (x) is identity function it is one to one
But the function g (x) is not one to one because for both —1,1 has same image 1

Consider the compound function gof (x) is defined as

gof (x)=g(f (x))

Here the function gof (x) is defined on the set of natural numbers
Hence the function gof (x) is oneto one

7. Given examples of two functions f:N — N and g:N — N such that gof (x) is

onto but f (x) is not onto
Solution: Given f:N —N by f(x)=x+1and g:N — Nis defined as

x=1ifx>1

g(x)={1’ if x=1
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We first show that g () is not onto.

Consider element 1 in co-domain N . this element is not an image of any of the elements
in domain N .

Therefore, f(x) is not onto.

Consider the function g o f (x) is defined on the set of natural numbers

Such that
gof (x)=g(f(x))
=g(x+1)
=x+1-1

For y e N there exists x=y eN such that gof (x)=y
Therefore, gof (x) is onto.

8. Given a non-empty set X, consider P(X) which the set of all subsets is of X .
Define the relation R in P(X)is as follows:
For subsets A,Bin P(X), ARB if and only if A — B. Is R an equivalence relation
onP(X)?

Justify you answer.
Solution: For every set is a subset it self

Hence the for any set A, it is subset itself, hence ARA forall AeP(X)

Therefore, the relation R is reflexive.

Suppose that ARB = Ac B, it does not implies that B < A
Hence ARB does not implies that BRA

Therefore, the relation R is not symmetric

Suppose that ARB, BRC it impliesthat Ac B and BcC




Infinityy ., Sri Chaitanya
Learn @ | Educational Institutions

It gives Ac C, it means ARC

Therefore, the relation R is transitive

Hence, the relation R is not an equivalence relation as it is not symmetric
9. Find the number of all onto functions from the set {1, 2, 3, ..., n) to itself.

Solution:
We know that Onto functions from the set {1, 2,3,4,..., n} to itself is simply a
permutation on n symbols

Thus, the total number of onto maps from {1, 2, ... , n} to itself is the same as the total

number of permutations on n symbols 1, 2, ..., n, which is n.

10.  Let S={a,b,c} andT ={1,2,3}. Find F of the following functions F from S toT

, iIf it exists.

) F={(2d).(b2).(cD)

i F={@2)(b1)(c)
Solution: Let S ={a,b,c} andT ={1,2,3}

) Consider the function F:S—T defined as F: S — T is defined as

F={(a3).(b2).(c.1)}

F(a)=3F(b)=2,F(c)=1
Therefore, F*={(3,a),(2,b),(Lc)}

i) Consider the function F:S —T is defined as F ={(a,2),(b,1),(c,1)}

Since F(b)=F(c)=1, the function F is not one — one.

Hence, F is not invertible

Therefore, F™* does not exist.



11.

Solution: Given that f (x)=x*—x,xeA ,g(x)=2

12.

13.
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Let A={-1,0,1,2} and B ={-4,-2,0,2}are any two sets. Two functions f (x),g(x)

are defined from A to Bas f (x)=x*-x,xeA, g(x)=2

x—%—LXEA.
2

Are f(x),g(x) will be equal. Justify your answer.

X—l‘—l,XEA
2

The roster form of the function f (x) is f (x)

{(-12),(0.0),(10).(2.2);
The roster form of the function g(x) is g(x)={(-12),(0,0),(1,0),(2,2)}

Hence the above two functions are equal

Let A ={1, 2, 3}. Then number of relations containing (1, 2) and (1, 3) which are
reflexive and symmetric but not transitive is
A)1l B) 2 C)3 D) 4

Solution: Given that A={1,2,3}

The smallest relation containing (1,2) and (1,3) which is reflexive and symmetric but

not transitive relation is R ={(1,1),(2,2),(3,3),(1,2),(1,3),(2.1),(3.1)}
Because relation R is reflexive as (1,1),(2,2),(3,3)eR

Relation R is symmetric since ((1,2),(21)eR=(21),(31)eR
Relation R is not transitive as , but (3,2)¢R.

If we add any two pairs (3,2),(2,3) or both to relation R, then the relation becomes

transitive also, so that the number of required relations is only one

This is matching with the option (A)

Let A={1, 2, 3}. Then number of equivalence relations containing (1, 2) is
Al B) 2 C)3 D)4

Solution: Itis given that A={1,2,3}.
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The smallest equivalence relation containing (1,2) is given by,

R ={(11).(2.2).(33).(12).(21)}
The remaining ordered pair are (2,3),(3,2),(13),(3.1)
Suppose that R, is another relation containing all the ordered pairs of R, and add (2,3)

To make R, is equivalence relation, for symmetry we must add(3,2), for transitivity

we have to add (1,3) and (3,1)
Hence, there are two relations which are equivalence relations having (1,2)
This is matching with the option (B)

1, x>0
14.  Let f:R—R be the signum function defined as f (x)=<0, x=0 and g:R—>R
-1, x<1

be the Greatest Integer Function given by g (x) =[x], where [x] is greatest integer

less than or equal to x. Then does fog and go f coincide in (0,1]?

1, x>0
Solution: Given that f (x)=<0, x=0
-1, x<1

And another function g:R—R is defined as g(x)=[x], where [x]is the greatest

integer less than or equal to x.
Letx (0,1], then [x]=1, whenx=1, and [x]=0, when 0<x <1,

Consider the compound functions
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fog (x) = (9(x))

1 if x=1
10, if xe(0,1)

and

When x €(0,1), we have fog(x)=0 and gof (x)=1

Itimplies f og(x)=go f(x)
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Exercise 1.1
1. Determine whether each of the following relations are reflexive, symmetric and

transitive

(i) Relation Rintheset A={1,2,3,..14} defined as R = {(x y):3x—y= O}
(i) Relation R intheset N as R= {(x y):y=x+5andx < 4}
(iii) Relation R inthe set A={1,2,3,4,5,6}as R= {(x y): yis divisible by x}

(iv) Relation Rinthe set Z of all integers as R ={(x,y): x — yis an integer }

(v) Relation Rin the set A of human beings in a town at a particular time given
by

X,¥): X,y work at the same place}
X,y): X, ylive in the same locality
X, y): xis 7cm taller than y}
X, y): xis wife of y |
R={(x,y): xis father of y}
Solution: A relation R is defined on the set A is said to be
* Reflexive relation if (a,a)eRforall ac A
e Symmetric relation if (a,b)eR=(b,a)eR
e Transitive relation if (a,b)eR,(b,c)eR=(a,c)eR
(i) Given a relation Rin the set A={1,23..14} defined as
R={(x,y):3x—y=0}
The relation R in the roster form is R = {(1 3),(2,6),(3,9),(4,12)},

Observing the above relation,

e Itis not reflexive because (1,1) ¢ A

® 2 o T
Py Py Py 0

Il Il Il Il
e e T e T
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e It is not symmetric because (1, 3) e Aand it does not implies that
(3,1) z A
e Ifis not transitive because (1,3),(3,9) e A but (1,9) ¢ A

Therefore, the relation R is neither Reflexive, nor symmetric nor transitive.

(i) Relation R inthe set N as R:{(x, y): y:x+5andx<4}

The relation R in the roster form is R = {(1 6),(2,7),(3, 8)}

Observing the above relation,

e Itis not reflexive because (1,1) R
e Itis not symmetric because (1,6)  Rand it does not implies that
(61) R
e It is transitive because (1,6),(2,7),(3,8)eR but there is not
image for 6,7,8
Therefore, the relation R is neither reflexive nor symmetric, but it is transitive.
(iii)  Relation R inthe set A={1,2,34,56}as R= {(x y): yis divisible by X}

Observing the above relation,

e Itis reflexive because (x,x)eR, since x is divisible by x

e Itis not symmetric because (x, y) e Rand it does not implies that
X (y, x) ¢ R, itmeans x is divisible by y does not implies that
y divisible by x

e |If xisdivisible by y and y is divisible by z it implies that x
is divisible by z, For any (x,y),(y,z)eR it implies that
(x,z) e R. Hence, the relation R is transitive

Therefore, the relation R is reflexive and transitive but not symmetric.

(iv)  Relation Rintheset Z of all integers as R ={(x,y): x—yis an integer|

e The relation R is reflexive because 0 is an integer, so that

(x,x)eR
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e The relation R is symmetric because for any integera, —a is
also integer so that for any(x, y) e Rit implies that(y,x) € R.
e The relation R is transitive because for any (x,y),(y,z)eR
implies that (x,z) e R
The ordered pairs (x,y),(y,z) €R, implies that
X—Yyis an integer and y—zis an integer
Sum of the above two values x—y+y—-z=x-z is also an
integer. Hence, (x,y),(y,z)eR implies that (x,z) eR
Therefore, the relation R is reflexive, symmetric and transitive, it means that
the relation R is equivalence relation.

V) Suppose that the relation R in the set A of human beings in a town at a

particular time

a. Giventhat R={(x,y):x, ywork at the same place |

o It is reflexive, because (x,x)eR each person, himself
work at the same place

e It is Symmetric, because if (x,y) working in the same
place, then ('y, x) also work in the same place

e ltistransitive, because if x,y working in the same place
and y,z also working in the same place then x,z work
in the same place

e Therefore, the relation Ris reflexive, symmetric and

transitive. It implies that the relation R is equivalence

relation.
b.  R={(xy):x ylive in the same locality}
e The relation R is reflexive, because (x,x)eR, each

person, himself lives in the same locality



Infinityy ., Sri Chaitanya
Learn ' Educational Institutions

o It is Symmetric, because if (x,y) staying in the same

:
place, then ('y, x) also stay in the same place
e It is transitive, because if x,y staying in the same place
and vy, z also staying in the same place then x,z staying in
the same place
e Therefore, the relation Ris reflexive, symmetric and
transitive. It implies that the relation R is equivalence

relation.
c. R={(xy):xis 7cmtaller thany}
e Itis not reflexive, no person is 7 cm taller than him self

e If is not symmetric, if a person is 7 cm taller than other

person, the other person is not 7 cm taller than first one

e It is not transitive. If (x,y),(y,z)belongs to the relation
means y is 7 cm taller than x and z is 7 cm taller than y
it concludes that z is 14 cm taller than x

Therefore, (x,z) is not an element of R
d. R={(xy):xis wife of y}
e Itis not reflexive, because no person is wife itself

e Itis not symmetric, because if x is wife of y then y is not

wife of x
e Itis transitive, because if x is wife of y then y is male,

so y is not wife of any one
e.  R={(xy):xis father of y}
e Itis not reflexive, because no person is father to himself

e Itis not symmetric, because if x is father of y then y is

not father of x

e It is not transitive, because if x is father of y and y is

father of z then x is not father of z




2.

3.
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Show that the relationRinR , defined as R :{(a,b) ra< bz} is neither reflexive nor

symmetric nor transitive.

Solution: Given that the relation is defined as R = {(a,b) ‘a< bz}

- 1. 1.1
e Relation is not reflexive, > is a real numbers, the square of > IS a1

1 1.
But — < —is false, hence 1,1 ¢R
2 4 2 2
Hence, the relation is not reflexive.

e Relation is not symmetric, (%1) e R it implies that %s 1% but (1, %) does not

1.
belongs to R because 1< " is false.

e Relation is not transitive, (2,1)eR and (L1.1)eR but (2,1.1) does not

belongs to R because 2>1.21

Therefore, the relation R is neither reflexive, not symmetric nor transitive relation.

Check whether the relation R defined in set {1,2,3,4,56}as R ={(a,b) ‘b= a+1}is

reflexive, symmetric or transitive

Solution: Given that the relation R defined in set {1,2,3,4,5,6}as R ={(a,b) ‘b= a+1}

The roster form of the relation is R = {(1,2),(2,3),(3,4),(4, 5),(5. 6)}

Observing the set,

e (L1)¢R, sothatthe relation R is not reflexive.
e (L2)eR but (2,1)¢R,sothat R is not symmetric
 In the relationR,(1,2),(2,3)eR, but (1,3)¢R. So that the relation is not

transitive.

Therefore, the relation R is neither reflexive, nor symmetric nor transitive relation.
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4. Show that the relation R in R definedasR = {(a, b) ra< b}, is reflexive and transitive

but not symmetric.

Solution:

The relation R is defined as R = {(a,b) ra< b}

o Forany real numbera, a<a,sothat (a,a)eR

Hence the relation R is reflexive.

» Suppose that (1,2) e Rbut (2,1) R because 2>1

So that the relation R is not symmetric

 Suppose that (a,b),(b,c)eR
Hence,a<h,b<c=a<c, itimplies that (a,c)eR

Hence, the relation R is transitive.

Therefore, the relation R is reflexive, not symmetric and transitive.

5. Check whether the relation R in R defined as R:{(a,b):a£b3}is reflexive,

symmetric or transitive.

Solution:

The given relation is R = {(a, b):a< b3}

o [%%) ¢ R because — > —, so that the relation is not reflexive.

N |-
|k

e We know that (12)eR but (2,1) ¢ Rbecause 2<1 is false. So that the
relation is not symmetric.
o We know that (32)eR,(2,1.5)eR but 33(1.5)3 is false. So that the

relation is not transitive.

Therefore, the relation is not reflexive, not symmetric, and not transitive.
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6. Show that the relation R in the set {1,2,3} given by R={(L 2),(2,1)} is symmetric

but neither reflexive nor transitive
Solution: Given that the relation R = {(J, 2),(2,1)} is defined on the set A={1,2,3}
Observing the relation R={(12),(2,1)}
e (11),(2,2),(33) does not belongs to the relation R, so that the relation R is
not reflexive relation
e (L2)eR and (2,1) R hence the relation is symmetric
* (L2)eR and (2,1)eR but (1,1) does not belongs to R, hence the relation is
not transitive.

Therefore, the relation R is not reflexive, symmetric but not transitive

7. Show that the relation R in the set A of all the books in a library of a college, given

by R= {(x y):x andy have the same number of pages} is an equivalence relation.

Solution: Given that the relation R={(x,y):x andy have the same number of pages|

e ForanyxeA, (x,x)eR because x and x have the same number of

pages, so that the relation is reflexive.

e Suppose that(x, y) e R, it implies that both x, y have the same number
of pages. Hence (y, x) € R. Hence the relation is symmetric.

e Suppose that (x,y)eR,(y,z)eR, it implies that both x,y have the
same number of pages, and both y,z have the same number of pages
Hence, both x,z have the same number of pages, hence(x,z)e R.

Hence the relation is transitive.
Therefore, the relation is reflexive, symmetric and transitive. So that the relation is

equivalence relation

8. Show that the relation R inthe set A={1,2,3,4,5} givenby R={(a,b):|a—b|iseven}

is an equivalence relation. Show that all the elements of {1, 3,5} are related to each
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other and all the elements of {2,4} are related to each other. But no element of {1,3,5}

is related to any element of {2,4}.
Solution: Given that the relation R in the set A is defined as d R = {(a,b) ‘la—b| iseven}

e Foranyelement ac A, a—a=0 isaneven number, hence (a,a) eR, so that

the relation R is reflexive

e Suppose that (a,b)eR,
Hence, |a—b| =2k = |b—a| =2k, It implies that (b,a) e R
Hence, the relation R is symmetric.

 Suppose that (a,b)eR,(b,c)eR, Hence, |a—b|=2p,|b—c|=2q

Adding the above two equations

a-b+b-c|=2p+2q

| |
la—c[=2(p+q)
c-a|=2(p+q)

It implies that(a,c) e R, Hence, the relation R is transitive.

Therefore, the relation is equivalence.

All elements of {1,3,5} are related to each other because they are all odd. So, the

modulus of the difference between any two elements is even.

Similarly, all elements of {2,4} are related to each other because they are all even.

Because the difference of two odd numbers or the difference of two even numbers is
even, so that no element of {1, 3, 5} can be related to any element of {2, 4} and vice

versa.
9. Show that each of the relation Rin the set A={x ez; 0<x<12}given by
(i) R={(a,b):|a—blis multiple of 4

(i) R={(ab):a=b} isan equivalence relation.
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Find the set of all elements related to 1 in each case.

Solution: Consider the set A:{O,1,2,3,4, 5,6,7,8, 9,10,1L12}
(i)  Relation is defined as R ={(a,b):|a—blis multiple of 4}

o Forany acA, [a—a|=0 is multiple of 4, so that (a,a) is an element of R is
reflexive

 Suppose that (a,b) € R, it means |a—b] is multiple of 4, =|a—b| =4k
It implies b—a|=4k =(b,a) R
Hence the relation R is symmetric

 Suppose that (a,b)eR,(b,c)eR

=la—b|=4p,|b-c|=4q

Adding the above two equations
=la-b+b-c|=4(p+q)
=la-c|=4Q

It implies that (a,c) e R

Hence, the relation R is transitive.

Therefore, the relation is equivalence relation.

The set of all elements which are related to 1 are {1,5,9}

(i) ~ Relation is defined as R ={(a,b):a=b}
o Forany acA, a=a,sothat (a,a) isanelementof R is reflexive
o Suppose that (a,b)e R, itmeans a=bb=a
It implies (b,a)eR
Hence the relation R is symmetric
o Suppose that (a,b)eR,(b,c)eR
—a=bb=c=a=c
It implies that (a,c)eR

Hence, the relation R is transitive.

Therefore, the relation is equivalence relation.
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The set of all elements which are related to 1 is {1}

10.  Given an example of a relation. Which is

Solution:

(a)

(b)

(©)

(d)

(€)

a.
b.

C.

o

Symmetric but neither reflexive nor transitive
Transitive but neither reflexive nor symmetric.
Reflexive and symmetric but not transitive.
Reflexive and transitive but not symmetric.

Symmetric and transitive but not reflexive

Suppose that A={1,2,3} and relation R is defined as R ={(1,2),(2,1)}

This is an example for the relation which is symmetric but not reflexive and not

transitive.

Suppose that A={1,2,3} and relation R is defined as R :{(1,2)}

This is an example for the relation which is transitive but not reflexive and not

symmetric.

Suppose that A={1,2,3} and relation R is defined as

R={(11),(2.2).(39),(13).(3.2),(31) (2.9)

This is an example for the relation which is reflexive, symmetric but not

transitive.

Suppose that A={1,2,3} and relation R is defined as

R={(11),(22).(39).1.9))

This is an example for the relation which is reflexive, transitive but not

symmetric.

Suppose that A={1,2,3} and relation R is defined as

R={(31).(13).(1)}
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This is an example for the relation which is symmetric, transitive but not

reflexive.
11.  Show that the relation R in the set A of points in a plane given by
R={(P,Q):0P=0Q}, is an equivalence relation. Further, show that the set of all

point related to a point P = (0,0) is the circle passing through P with origin as centre

Solution:

Consider the set A of points in a plane

The relation R on the set A is defined as R={(P,Q):OP =0Q/

o Forany Pe A, OP =0P, sothat (P,P) is an element of R, so that R
is reflexive

o Suppose that (P,Q), it means OP =0Q it gives OQ =OP
It implies (Q,P)eR
Hence the relation R is symmetric

o Suppose that (P,Q)eR,(Q,S)eR

— 0P =0Q,0Q =08
— 0P =0S

It implies that (P,S)eR

Hence, the relation R is transitive.

Therefore, the relation is equivalence relation.
The set of all elements which are related to P is the set of all points on the circle having

Centre at origin and radius OP

12.  Show that the relation R defined in the set A of all triangles as
Rz{(Tl,Tz):T1 is similar to Tz}, is equivalence relation. Consider three right angle
triangles T, with sides 3, 4, 5, T, with sides 5, 12, 13 and T, with sides 6, 8, 10. Which

triangles among T,,T,, T, are related?
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Solution: Consider the set A of all triangles in a plane

13.

The relation R on the set A is defined as R={(T,,T,): T,is similar to T,

o Forany T €A, the triangle T, is similar itself, so that (T,,T,) is an
element of R, so that R is reflexive
o Suppose that (T,,T,), itmeans T,,T, are similar triangles it gives T,,T,
Are similar triangles. It implies (T,,T,) eR
Hence the relation R is symmetric
o Suppose that (T,,T,) eR,(T,,T,) eR, it implies that T,,T, are similar
triangles and T,, T, are similar triangles
Hence, T,, T, are similar triangles, it implies that (T, T;) is an element of
R
It implies that (T,,T,) R
Hence, the relation R is transitive.
Therefore, the relation is equivalence relation.
Consider three right angle triangles T, with sides 3, 4, 5, and T, with sides 6, 8, 10 are

related, so that (T,, T,)is an element in R

Show that the relation R defined in the set A of all polygons as

R={(R,P,):P.and P, have the same number of sides}, is an equivalence relation.

What is the set of all elements in A related to the right angle triangle T with sides 3, 4

and 5?

Solution: Consider the set A of all polygons in a plane

The relation R on the set A is defined as

R= {(Pl P,): P,and P, have the same number of sides}

o Forany P, € A, the number of sides of polygon P, is same as the number
of sides of the polygon P,, so that (P, P,) is an element of R, so that

R is reflexive
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o Suppose that (B, P,), it means P, P, have same number of sides and
P,, P, have the same number of sides
It implies (P,,R,)eR
Hence the relation R is symmetric

o Supposethat (B,PR,)eR,(P,, R;)eR, itimplies that the number of sides
of the polygon R,, P, are same and the number of sides of the polygon
P,, P, are same
Hence, the number of sides of polygons P, P, is same, it implies that
(P, R,)is an element of R
It implies that (B,P,)eR

Hence, the relation R is transitive.

Therefore, the relation is equivalence relation.

The set of all elements in A related to the right angle triangle T with sides 3, 4 and 5 is

the set of all triangles

14. Let L be the set of all lines in a plane and R be the relation in L defined as

R={(L,L,): L isparallel to L, . Show that R is an equivalence relation. Find the set
of all lines related to the line y =2x+4
Solution: Consider the set A of all lines in a plane.

The relation R on the set A is defined as

R={(L,L,): Lisparallel toL,}

o Foranyl, A, any line L, is parallel to the line itself. So that (L, L,)

is an element of R, so that R is reflexive

o Suppose that (L, L,), it means L,L, are parallel, and it implies that
L,,L, are parallel lines It implies (L,,L,)eR

Hence the relation R is symmetric
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o Supposethat (L,L,)eR,(L,L,)eR, itimpliesthat L, is parallel to L,
and L, is parallel to L,

It implies that L, L, are parallel
Hence, (L, L;)is an element of R

It implies that (L,,L;) R
Hence, the relation R is transitive.

Therefore, the relation is equivalence relation.

The set of all elements in A related to the line y=2x+4 is the set of all the lines

having the equations y =2x+c¢

15. Let R be the relation in the set A={1,2,3,4}

R={(10).(12).(2.2).(4.4).(1:3).(33).(32)}

Choose the correct answer

(A) R is reflexive and symmetric but not transitive
(B) R is reflexive and transitive but not symmetric
(C) R is symmetric and transitive but not reflexive
(D) R is an equivalence relation

Solution:

Consider the given relation

R={(1.0).(12).(2.2).(44).(13).(33).(32)}

o The relation is reflexive

o But the relation is not symmetric because (1,2)eR,(2,1) ¢ R

o The relation is transitive

This is matching with the option (B)

16.  Let R be the relation in the set N given by R={(a,b):a=b—-2,b> 6}

Choose the right answer
(A) (2,4)eR
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(B) (38)<R
(©) (6.8)eR

(D) (8,7)eR
Solution:
Given that the relation is R={(a,b):a=b-2,b> 6}
The roster form of the relation contains (6,8)

Hence the option (C) is correct.
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1. Show that the function f : R. — R.defined by f(x) :i is one-one and onto, where

R. is the set of all non-zero real numbers. Is the result true, if the domain R, is replaced

by N with co-domain being same as R, ?

Solution: Consider the function f : R. — R. defined by f (x) :%
The function is one to one if and only if x,y € R. such that f (x)= f (y)
It implies that 1.1 =X=Y
Xy
Hence, f (x) is one to one function.

For any y € R, there exists x e R.such that x = 1 eR.and f(x)=

y @”

:

2. Check the infectivity and surjectivity of the following functions
a. f:N—>N Givenby f(x)=x?
b. f:Z—>Z Givenby f(x)=x?
c. f:R—>R Givenby f(x)=x’
d f:N—>N Givenby f(x)=x°
e. f:Z—>Z Givenby f(x)=x°

Solution: To check the function f (x) is one to one, suppose that f (x,)= f (x,) and show

Therefore, the function is both one to one and onto.

If the functiong(x): N — R is defined as g(x) = % then it is one to one but not onto

Because there is preimage for the value 2 € R. in the set of natural numbers
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that x, = x, forall x;,x,belongs to domain, To check the function f (x) is onto, show

that for every element in the codomain there exists preimage in the domain

a) The given functionis f (x)= x* and domain and range both are equal to set

of natural numbers.

The function is one to one because f (x,)=f(X,)=x°>=X%," =X =X,
The function is not onto. Because there is no preimage for 2 in the set of
natural numbers.

b) The given functionis f (x)=x* and domain and range both are equal to set

of all integers.

The function is not one to one because f (2)= f (-2) but 2= -2

The function is not onto. Because there is no preimage for 2 in the set of
natural numbers.

c) The given functionis f (x)= x? and domain and range both are equal to set

of all Real numbers.

The function is not one to one because f (2)= f (-2) but 2= -2

The function is not onto. Because there is no square root for negative real
numbers.

d) The given functionis f (x)= x* and domain and range both are equal to set
of natural numbers.
The function is one to one because f (x,)=f (X,)=>x’=x"=x =X,

The function is not onto. Because there is no preimage for 2 in the set of

natural numbers.

e) Thegiven functionis f (x) = x* and domain and range both are equal to set

of all integers.

The function is one to one because f (x,)=f (X,)=x’=x"=x =X,

The function is not onto. Because there is no preimage for 2 in the set of

integers




Infinityy ., Sri Chaitanya
Learn ' Educational Institutions

3. Prove that the greatest Integer function f: R — R given by f(x) = [x], is neither one —
one nor onto, where [x] denotes the greatest integer less than or equal to x

Solution: Given that f : R — Rand is defined by f (x)=[x]

This is not one to one function because f (1.2)=1, f (1.3)=1

This is not onto function because there is no pre image to any non - integer values

Therefore, the function is neither one to one nor onto.

§
4. Show that the Modulus Function f :R—R givenby f(x) :|x|, IS neither one —
one nor onto, where |x| is x, if x is positive or 0 and |x| is —x, if x is negative.
Solution: The function f :R— R isdefinedas f (x)=|x|
The function is not one to one because f (1)= f (-1)
There is no preimage to any negative real number in the real numbers

Therefore, the function f(x)=|x| is neither one to one nor onto in the set of real

numbers.

1, if x>0
5. Show that the Signum function f :R—R, givenby f (x)=40, if x=0is
-1, if x<0

neither one-one nor onto

1, if x>0
Solution: The given function f (x)=<0, if x=0 is many to one function
-1, if x<0

For all positive real numbers, the functional values are equal
So that the function is not one to one
The function is not onto because there is no pre image to 2

Therefore, the signum function is neither one to one nor onto.
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6.  Let A={1,2,3}, B={4,56,7} andlet f ={(1,4),(2,5),(3,6)} be a function from A

to B. Show that f is one — one.
Solution:
The function is defined as f ={(1,4),(2,5),(3,6)}
The first elements of ordered pairs in the function are different. So that the function is
one to one.
7. In each of the following cases, state whether the function is one — one, onto or
bijective. Justify your answer.
(i) f :R— R Defined by f(x)=3-4x
(i) f :R— R Defined by f(x)=1+x
Solution:
0) The given function is f :R — R Defined by f (x)=3-4x
Suppose that f (x,)=f(x,)

It implies that

3—4x, =3-4x,
—4x, = —4x,
X =X

Therefore, the function is one to one.

. .. 33—y,
For any real number y in the set of all real numbers, there exists Ty in the

real numbers such that f [%Tyj = 3—4(377}/) =y

Hence, the function is onto.

Therefore, the function is both one to one and onto, it means it is bijective.

ii) Given that the function f :R—R isdefinedas f (x)=1+x"
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Suppose that f (x,)=f(x,)

§
It implies that
1+ %% =1+x,7
X7 = X’
X, = £X,
Hence, the function is not one to one.
There is no preimage for the real number 2 , so that the function is not onto
Therefore the function is neither one to one nor onto.
8. Let A and B be sets. Show that f : AxB — BxA such that (a,b)=(b,a) is
bijective function.
Solution: Given A and B be sets and the function defined as f : AxB — Bx A,
f (a,b)=(b,a)
Suppose that f (a,,b, )= f (a,,b, ), it implies that (b,,a,)=(b,.a,)
Hence, (a,,b)=(a,,b,), the function is one to one.

9 Let f:N — N be defined by f(n)= for alln e N . State whether

—, if niseven
the function f is bijective. Justify your answer
Solution: The given function f : N — N is defined as

For any ordered pair(b,a)eBxA, there exists (a,b)e AxB such that
f(a,b)=(h,a)
Therefore, the function f is both one to one and onto.

N+1 4t nisodd
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nTJrl, if nisodd
f(n)= Forall ne N
-, if niseven

The function is not one to one because f (1) = f (2)

f(1):1L21:1and f(2):%:1

Hence, the function is not one to one.
Consider a natural number n in co-domain N
Suppose that n is odd, the value of n is in the form of n=2r+1, there exists

4r+1+1=2r+1

4r+1e N such that f (4r+1)=

Suppose that nis even, the value of nis in the form of n=2r, for some r e N , there

exists 4r e N such that f (4r)= % =2r

Therefore, f(x) is onto.

Hence, the function is not bijective function.

10.  Let A=R—{3} andB=R—{1}. Consider the function f:A— B defined by

f(x)= (i—:i’) . Is f ono-one and onto? Justify your answer

Solution: The given function f : A— B is defined as f (x)= (X—_éj
X_

where A=R—{3},B=R—{1}

Suppose that X,y € A such that f (x)=f (y)

Hence, X=2_Y¥-

X—3 y-—

<
N

w
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Cross multiply

Xy —3X—-2y+6=xy—-2Xx—-3y+6
—-3X—-2y =-2x-3y
—X=-y
X=Yy

Hence, f(x)=f(y)=>x=y

Therefore, the function f (x) = (X—gj is one to one.
X i

Suppose thaty e B=R—{1}, it means y is a real number other than 1.
The function f (x)is onto if there exists x € A such that f (x)=y

It implies X =2 = y
P X—3

Simplify
X—2=Xxy-3y
Xy—-Xx=3y-2
x(y-1)=3y-2
_3y-2
y-1

X

3y-2

For any value of y =1, there exists a real number x = 1
y J—

such that f (x)=y

Hence, the function is one to one and onto.

Therefore, the function is bijective function.

11. Let f :R— R be defined as f (x)=x". Choose the correct answer
(A) f(x) is one-one onto (B) f (x) is many-one onto
(C) f(x) is one-one but not onto (D) f(x) is neither one-one nor onto

Solution: The given function is f (x)=x" defined on the set of real numbers
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Observing that f (—2)= f (2) does not implies that —2 =2

Hence, the function is not one to one
And there is no real number whose fourth root of a negative number

So that the function is not onto.
Hence, the function is neither one to one nor onto.
This is matching with the option (D)

Let f :R—> R be defined as f (x) = 3x . Choose the correct answer.

A) f(x) is one to one and onto

oy

(
) f(x) is many to one
(
(

)
) f x) is one to one but not onto
)

O

D) f(x) is Neither one to one nor onto.

Solution: Consider the function f (x) =3x defined on the real numbers.

Suppose that f (x)=f(y)
It implies that 3x =3y =X =Yy

It concludes that the function f (x)=23x is one to one.

For any real number y in co-domain R, there exists % in R such that

y y
flZ|=3<|=
(3) (3) y
Hence, the function is onto

Hence, the function is both one to one and onto

Therefore, this is matching with the option (A)
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1. Let f:{1,34}—{1,2,5} and the function g:{1,2,5} —{1,3} be given by
f ={(12),(35).(4.1)} and g ={(1,3),(2,3),(5,1)} write down the go f
Solution: Given that the functions f :{1,3 4} —{1,2,5} and g:{1,2,5} — {1,3} defined as

f ={(12).(35).(4 )} And 9={(13),(2.3).(5.)}

The function go f is defined from the domain of the function f to the range of the

function g
It means go f:{1,3,4} —{1,3}

Therefore, go f :{(1,3),(3.1),(4.3)}

2. Let f:R—>R,g:R—>R and h:R — R are any three functions. Show that

(f+g)oh="foh+goh and (f -g)oh=(f oh)-(g<h)

Solution: The compound function is defined as f o g(x)= f (g(x))
We want to prove that (f +g)och=f ch+goh

Consider the left hand side of the relation (f +g)oh=foh+goh

(f+g)eh=(f+g)(h(x))
= f(h())+9(h(x)
foh(x)+goh(x)

Therefore, (f +g)och=foh+goh
We want to prove that (f -g)oh=(foh)-(g<h)

Consider the left hand side of the relation (f -g)oh=(f ch)-(g<h)
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(f-g)oh=(f-g)(h(x))
=t (h(x))-g(h(x))
= foh(x)-goh(x)
Therefore, (f-g)oh=(foh)-(gch)

3. Find gof and fog, if
a. f(x)=|x| and g(x)=[5x—2|

1

b. f(x)=8x*and g(x)=x°
Solution:

a) The given functions are f (x)=|x| and g(x)=[5x-2|

Finding g o f (x)

0 1(x)=0(1 ())=9() =l
Finding f o g(x)
f29(x)=(9(x))= f (5-2) =px-2

Therefore, go f (x)=|5|x|—2|, fog(x)=[px-2|

1

b) The given functionsare f (x)=8x>and g(x)=x?
Finding go f (x)

1

go f(X)=g(f(x))=g(8x°)=(8x*)* =2x
Finding f o g(x)

1 1

fog(x)=1(a(x))= f[x3J=8(x3J3 6

Therefore, go f (x)=2x, f og(x)=8x
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_4x+3

’ 4 If f(x) » , X #—, then show that fof (x)=x, forall x=—. And then find the
inverse of the function f (x)?
Solution:
Given that the function is f (x)= Ax 3, 2
6Xx—4 3
Consider the compound function f o f (x)
fof( ):f(f(x))
_ (4x + 3)
6x—4
Again apply the function
4(4x + 3) 3
__\6x-4)
6(4)( + 3) 4
6x—4
Take the denominator common and cancel out the common denomiantor
_ 16x+12+18x-12
24X +18—-24x +16
34
34
=X
Therefore, fof(x)=x
Since f o f (x)=Xx, the inverse of the function f (x) is it self
5 State with reason whether following functions have inverse
(i)  Afunction f :{1,2,34} —{10} definedas f ={(1,10),(210),(310),(4,10)}
(i) Afunction g:{5,6,7,8} —{1,2,3,4} defined as

Therefore the inverse of the function f (x) is f (x)

9={(54).(6.3).(7.4).(8.2)}
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(iii)  Afunction h:{2,34,5} —{7,9,11,13} defined as

h={(27).(3,9).(411),(513)}
Solution:

i) The function f :{1,2,3,4} — {10} is defined as

f ={(110),(2,10),(3.10),(4,10)}
The function is not one to one, so it is not bijective

Hence the function is not invertible.

i) Afunction g:{5,6,7,8} —{12,3,4} definedas g ={(5,4).(6,3).,(7.4).(8,2)}
The function g(x) is not one to one because g(5)=g(7)=4
Hence, the function is not invertible

iii)  Afunction h:{2,3 4,5} —{7,9,11,13} defined as
h={(27).(3,9).(4.11),(513)}
The function h(x) is one to one because each element of the domain has unique

image and all the elements of codomain of the function has preimages
Hence the function is onto

Therefore, the function is invertible.
6. Show that f :[-1,1] > R, given by f(x)= rxz is one — one. Find the inverse of the

function f :[-1,1] > Range of f .

Solution: The given function f :[-1,1] —> R is defined as f (x)= x—iz
Suppose that f (x) = f (). It implies that LS
X+2 y+2

Cross multiply

Xy +2X=Xy+2y
2X =2y
X=Y
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Hence, the function is one to one.

Suppose that f (x) =y
—i—_y
X+2
X=Xy+2y
x(1-y)=2y
x=-2Y
-y
Suppose that g(x)=-——
Consider f o g(x)
2X 2X
_e( 22X\ 1-x o 1-x  _2X_
f g(x)_f(l_xj_ 2X +2_ 2X+2-2x 3 "
1-x 1-x
And go f (x)=x, hence f(x),g(x) are inverses to each other
. . X . 2X
The inverse of the function f (x)=—=is g(x)=—
X+2 1-x
7. Consider f :R— R given by f (x)=4x+3. Show that f (x)is invertible. Find the
inverse of f (x)
Solution:
The given function f:R—R isgivenby f(x)=4x+3

Suppose that f (x)=f (y)

F(x)=1(y)
4x+3=4y+3
4x =4y
X=Yy
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’ Hence, the function is one to one

Suppose thaty e R, and let y =4x+3

It implies x = y;S eR

Hence, f(x)= f (y;3j:4(y;3j+3: y

Therefore f(x) is onto

Since the function is bijective function, f exists

The function g:R — R defined as g(x)= XT_3

Consider the compound function (gof )(x)

gof(x):g(f(x))=g(4x+3):wz4%:x

And consider the compound function
-3 -3
(to0)(y)=1(a()- F[¥5°)=4( L3+ a-y-a+3-y

Hence, f og(x)=ge f(x)=x,so that f (x),g(x) are inverse functions to each

Other

Therefore, the function f (x) invertible and the inverse of function f (x) is given by
- X—3
(0=g()=">

8. Consider f:R, —[4,o0) given by f (x)=x*+4. Show that f (x) is invertible with

the inverse ™ given by f‘l(y) = «/y —4 ,where R, is the set of all non-negative real

numbers.

Solution:
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’ The given function f :R, —[4,00) is defined as f (x)=x*+4
Check the function f (x)=x*+4 is “one to one”
Suppose that f (x)=f(y)
It implies that
X +4=y +4= x> =y’

Function is defined on the set of all positive real numbers, hence x* = y* = x=y
Therefore, the function f (x)=x*+4is one to one.
Check the function f (x)=x*+4 is “onto”

Suppose that y [4,0) and suppose that y = x*+4

Itimpliesthat x> =y—-4>0=x=,/y—4
Hence,
f(x)=f( x—4)
2
=(Vx-4) +4

=X-4+4
=X

Therefore, the function f (x) is one to one and onto.
Since the function f (x) is bijective, it is invertible
The function g(x) is g:[4,0)—> R, defined as g(x)=+x—4

The composite function
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go f(x)=g(f(x))
=g(x*+4)
= J(x* +4)-4

=X

The composite function

Therefore, gof (x)= fog(x) =1
Hence, the function f(x) is invertible and its inverse is f‘l(x)z X—4

9. Consider f:R, —[-5,00) given by f (x)=9x*+6x—5. Show that f(x) is

invertible with fl(y)=[ 3

Solution:

Given that the function f :R,_—[-5,00) isgivenas f(x)=9x*+6x-5
Let y be an arbitrary element of [-5,c0)

y=9%x* +6Xx-5
y=(3x+1)"~1-5
=(3x+1)" -6
y+6=(3x+1)°
3X+1=,/y+6
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«/ +6)-1
It implies that x—[%}

Therefore, f(x) is onto and range of the function f (x) is [-5,0)

Consider the compound function

(gof )(x)=g(9x* +6x-5) = g((3x+1)2—6)=\/(3x+1)2—6+6—1: X
and (fog)(y) =T (g(y))=(\/y+6) ~6=y+6-6=y

Therefore, the inverse of the function f ’l(y) =g (Y) = (%6_1)

10.  Let f:x—y bean invertible function. Show that f has unique inverse

Solution:

Let f:x—y be an invertible function
Suppose f has two inverses g, (x) and g, (x)
Forall yeY

fog, (y) =1, (v)= fog, ()
It implies

f(a.(y)=f(9:())
gl(y): gz(y)
0:=0,

11.  Consider f:{1,2,3} —{a,b,c} givenby f (1)=a, f (2)=b f(3)=c.Find f™ and

show that (f‘l)_l = f
Solution: For the function f :{1,2,3} —{a,b,c} isgivenby f (1)=a, f (2)=b,and f(3)=c

If we define g:{a,b,c} >{1,2,3} as g(a)=19g(b)=2,9(c)=3
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We have

fog(a)=1(g(a))=1(1)=a
fog(b)=f(g(b))=f(2)=b
fog(c)=f(g(c))=f(3)=c
9o f(1)=9(f(1)=g(a)=1
9o 1(2)=9(1(2)=g(b)=2
- f(3)=9(f(3)-0(c)=3
Both compound functions are identity functions
Hence f (x),g(x) are inverses to each other.
Therefore, f~(x)=g(x)
Suppose that the inverse of g(x) is h(x)
Hence,
h(x)=1{(1.a).(2.b).(3,c)}
= f ()
It implies that
(£09)" =(s(x))"
=h(x)
- 1(x)
Therefore, (f7(x)) " = f (x)

12. Let f: X —Y be an invertible function. Show that the inverse of f™ is f(x), it

1

means (f(x)) = f(x)

Solution:
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’ Let f:X —Y be an invertible function, there exists a function g:Y — X such that

go f(x)=fog(x)=x.
It implies that f~*(x)=g(x)
We know that f o f (x)=x

It implies that the inverse of f~*(x) is f (X)
Therefore, ((x)) " = f(x)
1
13, If f:R—>Risgivenby f(x)=(3-x)?,then fof (x)is

1
A) =
B) x°
C) x

D) (3-x°)

Solution:

1

The function f:R—R isdefined as f(x)= (3—x3)§

fof (x) = f (f (x))

(350
:[3_((3— 3)§JT
[

s-(3-]

X

This is matching with the option (C)
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.The inverse of the function

14.  Let f:R—|-2|_, R beafunction as f(x)=
3 3x+4

f— R—{—%} IS given by

3
A)sﬂy)=§:%§

4y
C —
) g(y) 4+3y
3y
D =)
) 9(y) 13y
Solution:
. . 4 . 4x
Consider the function f :R—{——}—> R defined as f(x)=
3 3x+4

Suppose that y be an arbitrary element of range of f (x) there exists x e R —{—%}
such that y = f (x)

It implies that

4x
3X+4
3Xy +4y =4x
x(3y—4)=-4y
4y
a3y

y:

X =

The composite function

4x
gof (x)g(f(x))g(3fi4j44gzxzijj =X

3X+4

99
N
(@]
—~
<
N—
Il
I

| |
w <
<
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16

12y +16-12x ~

and fog(y)="f(g(y))=

Therefore, go f (x)=x,fog(y)=y

Hence the functions f (x),g(x) are invertible and f(x)=g(x)

The inverse of f(x)is the map g¢:Range of f —>R—{—%}, which is given by

This is matching with the option (B)

(@)
—~~
<
N—
Il
N

| ]
w <
<




