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Chapter 4: Determinants
Exercise. Miscellaneous
X sin@ cosd
1 Prove that the determinant|—sin@  —x 1 | isindependent of
cosd 1 X
Solution:
X sin@ cosé@
Given, A=|-sinfd —X 1
cosd 1 X
= X(X* =1)—sin 6(—xsin @ —cos #) +cos (—sin & + xcos 0)
=x* — X+ xsin? @+sin @cos @ —sin @cos &+ x cos> &
—x° —x+x(sin2 0+ cos? 49)
=X —X+X
= X3
Therefore, Ais independent of 4.
a a’ bc| L a* at
2. Without expanding the determinant, prove that b b®> ca|=[1 b*> b°
c ¢ abl L ¢ ¢
Solution:
a a’ bc
LHS=b b* ca
c ¢ ab
Applying R, =aR,R, —» bR, andR, — cR,
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L a’ a® abc
=~ 2be b> b® abc

abc

c® ¢® abc

1 at a’
= oo 200l P [Taking out abc fromC, ]
abc .

a? a® 1
=b* b® 1

c? ¢ 1

Applying C, <> C,and C, <> C,

1 a® al

— 1 b2 b3
1 ¢* ¢
=R.H.S

Hence proved

COSaCosS S cosacosf —sina
3. Evaluate =| -sinfg cos S 0
singcosf  sinasinff  cosa

Solution:

COSaCOSf Ccosacosf —sina
Given, A=| -sing cos 0
sinecosf sinasinf  cosa
Expanding along C,
i ; i2 2 pei 2 02
A=-sing(-sinasin® #+cos* Bsina)+cosa (cosacos® B+cosasin’ )
=sin’ a(1)+cos’ (1)

=1
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b+c c+a a+b
4, If a, b and c are real numbers,and A=|c+a a+b b+c|=0
a+b b+c c+a

Show that either a+b+c=00ra=b=c

Solution:

b+c c+a a+b
Given, A=|c+a a+b b+c|=0
a+b b+c c+a

Applying R, > R +R, + R,

2(a+b+c) 2(a+b+c) 2(a+b+c)

A= c+a a+b b+c
a+b b+c c+a
1 1 1

=2(a+b+c)lc+a a+b b+c
a+b b+c c+a

Applying C, »C,-C,and C, - C,-C,
1 0 0
A=2(a+b+c)lc+a b-c b-a

a+b c-a c-b
Expanding along R,
A=2(a+b+c)(1)[(b—c)(c—b)—(b—a)(c-a)]
=2(a+b+c)[ -b* —c® +2bc—bc+ba+ac-a’ |
=2(a+b-+c)[ab+bc+ca-a’ b’ —c* |=0
— Either a+b+c=0,0r ab+bc+ca—a*-b*-c*=0

Now, ab+bc+ca—a?-b*-c*=0b




Infinit})" ., Sri Chaitanya
Learn | Educational Institutions

— —2ab—-2bc—2ca+2a®+2b°+2c*=0

:>(a—b)2+(b—c)2+(c—a)2:0
= (a-b) (b—c)2 :(c—a)2 =0 [(a—b)z,(b—c)Z,(c—a)2 are non—negative]
=(a-b)=(b—c)=(c—a)=0
=a=b=c
Therefore, if A =0,then either a+b+c=00ra=b=c
X+a X X
5. Solve the equations | x x+a x |=0,a=0
X X  X+a
Solution:
X+a X X
Given, | X x+a X |=0
X X  X+a
Applying R, > R +R, + R,
3Xx+a 3x+a 3x+a
X X+a X [=0
X X X+a
1 1 1
=(3x+a)[x x+a x [=0
X X X+a
Applying C, »C,-C,and C, > C,-C,
1 1
= (3x+a)|x a x/=0
X X

Expanding along R,




Infinit})" .. Sri Chaitanya
Learn | Educational Institutions

=a’(3x+a)=0

But a=0
Therefore, we have
3x+a=0
a
= X=——
3
a® bc ac+c?
6. Prove that [a?+ab  b? ac |=4a’h’c?
ab  b?+bc ¢
Solution:
a? bc ac+c?
Given, A=|a’+ab  b? ac
ab b*+bc c?
Taking out a, b and ¢ from C,,C, and C,
a cC a+c
A=abcla+b b a
b b+c C
Applying R, > R,—R and R, > R, —R,
a cC a+c
A=abc| b b-c -c
b-a b -a
Applying R, > R, +R,
a ¢ a+c
A=abcla+b b a
b-a b -a

Applying R; > R, +R,
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a c a+cC
A=abcla+b b a
2b 2b O
a C a+cC
=2ab’cla+b b a
1 1 0

Applying C, »C,-C,

a c—-a a+c
A=2ab’cla+h -a a

1 0 0
Expanding along R,
A=2ab’c[a(c-a)+a(a+c)]
= 2ab’c|ac—a’ +a’ +ac]
= 2ab’c(2ac)
= 4a°b*c?

Hence proved

1 21
Let A=| -2 3 1|verifythat
1 1 5

(i) [adjA] " =adj(A™)

Solution:

(i) (A1) =A
1 21
Given, A=|-2 3 1
1 1
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|Al :1(15—l)+ 2(—10—1)+1(—2—3) =14-22-5=-13

Now, A, =14,A, =11, A, =5
Ay =11, Ay =4, Ay =3
ASl = _51 A32 = _3, A33 =-1

14 11 -5
~adjA=11 4 -3
5 -3 -1

At =L (adjp)

A

14 11 -5

= _1 11 4 -3
13

-5 3 -1

-14 -11 5
_1 -11 4 3

R

(i) |adjA| =14(—4—9) ~11(~11-15)—5(-33+20)
—14(~13)-11(-26)-5(-13)

— 182+ 286+ 65169

-13 26 -13
Here, adj(adjA)=| 26 -39 -13
-13 -13 -65

-13 26 -13
26 -39 -13
-13 -13 65

| o
| ©
=3
>
1,
Il
QD
|-
>
—_
)
&
—~
)
o
| Se—
>
N
N—
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-1 2 -1
==i% 2 -3 -1
-1 -1 -5
1 -14 -11 5
Now, At=—|-11 -4 3
13
5 3 1
(14 11 5]
13 13 13
_|.11 4 3
3 13 13
5 03 1
| 13 13 3]
4 98 (11 15
169 169 169 169
- adj(A?)= _(_E_Ej 4 2
69 169 169 169
33 20 ( 42 55
_Sa A WL >
169 169 169 169
-13 26 -13
-—iég 26 -39 -13
-13 -13 -65
-1 2 -1
~12 3 1
13
-1 -1 -5

Therefore, [adjA]” = adj(A™)

1 -14 -11 5
(i) Since, At=—|-11 -4 3
13
5 3 1
L -1 2 -1
And adjAt=—| 2 -3 -1
13
-1 -1 -5

J
)

{

33,20 ]
169 169
42 55
2 5
169 169
56 121

169 169 |
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1 1 .

’ 3 3
Now, |A—1|:(Ej [—14><(—13)+1lx(—26)+5x(—13):|=(Ej x(—lGQ)z—E
(A= adjA ”

[
-1 2 -1
__ 1 ><i 2 -3 -1
(—lj 13 1 -1 -5
13 T
1 21
=2 3 1
1 1 5
=A
(A=A
X y X+Yy
8. Evaluate | v Xx+y X
X+y X y
Solution:
X y  X+y
Given, A=| y X+Yy X
X+y X y
Applying R, > R +R, +R,
2(x+y) 2(x+y) 2(x+y)
A= y X+Yy X
X+Yy X y
1 1 1
=2(x+y)| y x+y X

X+Yy X y
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Applying C, »C,-C,and C, »C,-C,

1 0 0
X+y -y —X
Expanding along R,
A=2(x+y) X +y(x-y)]
=—2(x+y) (X +y* = yx)b
=-2(x*+y°)
1 X y
9. Evaluate I x+y vy
1 X  X+y
Solution:
1 X y
Given, A=l x+y y
1 x  X+y
Applying R, >R,—R and R, >R, —R,
A=
Expanding along C,
A=1(xy-0)

o O -
O < X
x O «
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10.  Using properties of determinants, prove that
a o pta
B B y+a
y v oatp

=(B-r)y-a)la=p)a+p+7)

Solution:

a a® B+a
B B y+a
y v oa+p

Given, A=

Applying R, > R,—R and R, > R,— R,
a ot L+y
p-a pP-a* a-p

y-a y'-a' a-y

A=

2

a «a L+y
1 p+a -1
1 y+a -1

=(f-a)(r-a)

Appling R, > R, —R,

2

a «a p+y
1 f+a -1

0 y-p 0

A=(p-a)(r-a)

Expanding along R,
A=(B-a)(y-a) ~(r-B)(-a-B-7)]
=(B-a)(r-a)(y=P)(a+p+7)

=(a=p)(B-r)(r-a)(a+p+y)

Hence proved
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11.  Using properties of determinants, prove that
x x* 1+px°

y ¥ 1+ py’|=(1+ pxyz)(x-y)(y-2)(z-X)
z 7 1+pz°

Solution:

x x* 1+px°
Given, A=y y* 1+py’

z 7° 1+p7®

Applying R, > R,—R and R, > R,— R,

2

X X 1+ px®
A=ly—x yz_Xz p(y3—x3)
7-x 7°-%° p(zs—xs)
x X 1+ px°
=(y=-x)(z-x)1 y+x p(y*+x*+xy)

1 z+x p(2+x+x)

Applying R, - R, =R,

X X 1+ px®

A=(y=x)(z-X)1 y+x  p(y*+x +xy)
0 z—y p(z-y)(x+y+2)

2 1+ px°®

=(y-x)(z=x)(z=y)[1 y+x p(y2+x2+xy)
0 1 p(Xx+y+2)

X X

Expanding along R,
A:(x—y)(y—z)(z—x)[(—l)(p)(xy2+x3+x2y)+1+ pxC+ p(x+y+ z)(xy)}

:(x—y)(y—z)(z—x)[—pxy2 — X — px2y +1+ pxX + pxiy + pxy? + pxyz]
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=(x-y)(y—2)(z=x)(1+ pxyz)
Hence proved

12.  Using properties of determinants, prove that

33 -a+b -a+c
-b+a 3 -b+c|=3(a+b+c)(ab+ba+ca)
-c+a -C+b 3c

Solution:

3a -a+b -—-a+c
Given, A=|-b+a 3b —-b+c
-c+a —-C+b 3c

Applying C, - C,+C, +C,

a+b+c -a+b -a+c
A=la+b+c 3b -b+c
a+b+c -c+b 3c

1 -a+b -a+c
=(a+b+c)l 3 -b+c

1 —c+b 3c
Applying R, > R,—R and R, > R,— R,

1 -a+b -a+c
A=(a+b+c)|0 2b+a a-b

0 a-c 2c+a
Expanding along C,
A=(a+b+c)[(2b+a)(2c+a)-(a—b)(a—c)]

=(a+h+c)[ 4bc+2ab+2ac+a’ —a’ +ac+ba—bc |

=(a+b+c)(3ab+30bc+3ac)



Infinit})" .. Sri Chaitanya
’ Learn Educational Institutions
=3(a+b+c)(ab+bc+ac)

Hence proved

1 1+p 1+ p+q
13. Using properties of determinants, prove this |2 3+2p 4+3p+2q|=1
3 6+3p 10+6p+3q

Solution:

1 1+p 1+ p+q
Given, A=2 3+2p 4+3p+2q
3 6+3p 10+6p+3q

Applying R, > R —-2R, and R, > R, —3R,

1 1+p 1+p+Q
A=0 1 2+p
0 3 7+3p

Applying R, - R, —3R,, we have

1 1+p 1+p+q
A=0 1 2+p
0 O 1

Expanding along C,

1 2+p

A=1
b

=1(1-0)
=1

sina cosa  cos(a+6)
14. Using properties of determinants, prove that [sin § cos S cos( p+06 ) =0
siny cosy cos(y+6)
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Solution:

sina cosa  cos(a+6)
Given, A={sin8 cosf cos(f+5)
siny cosy cos(y+9)

sinasind CoS@COSS COSa COSO —Sinasingd
sin #sind cos fcoso  cos S coso —sin fsino

:sin5cos§. . L
sinysind COSyCOSo COSyCOSO —sSinysinod

Applying C, -» +C, +C,

COS@COSO COSaCOSO COSaCOSO —Sinasingd
COS #COSO  COSFCOSO  COS S CoSo —sin #sind
COSyC0SS COSyCOSO  COSyCOSO —Sinysino

B Sin o coso

Since, two columns C, and C, are identical
S~ A=0
Hence proved.

15.  Solve the system of the following equations

2 3 10
+ — =

Xy z
6

4

Solution:

Given, E+§+E=4
X y z

46,5
X y z

2

+
< |©

+
~ |

[ ] . . e
x | o x| x|
+ |
< |o <|
| |
N | O1
S ~ |8 |||
[l [l [EEN
N N
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X y 7

Then the given system of equations is as follows
2p+3q+10r=4
4p—-6Q+5r=1

6p+9q+20r =1

2 3 10 p
Let A=|4 -6 5 |, X=|qlandB=|1
6 9 -20 r

Such that, this system can be written in the form of AX =B
Now, |Al=2(120—45)—3(-80—30)+10(36+36)
=150+ 330+ 720
=1200
Thus, A is non — singular
Therefore, its inverse exists.

Now, A, =75 A, =110,A, =72
A, =150, A,, =100, A, =0

A, =75,A, =100, A, =24

1 .
S AT =—(adjA)
A
75 150 75
= ﬁ 110 -100 30
72 0 -24

Now, X =A™'B
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1 75 150 75
=i§66 110 -100 30
12 0 —24
300+150+150
440-100+60
i 288+0-48
600
——1 400
_240

' p_E q—land =1
I R 5

Thus, x=2,y=3andz=5

16. Choose the correct answer.
If a,b, c are in A.P., then the determinant
X+2 X+3 X+2a

X+3 x+4 x+2b
X+4 XxX+5 X+2c

A)0 B) 1 C) X D) 2X
Solution:

X+2 X+3 X+2a
Given, A=|x+3 x+4 x+2b
X+4 X+5 XxX+2¢c

X+2 X+3 X+2a
X+3 X+4 Xx+(a+c) (Sincea,bandcarein A.P., 2b=a+c
X+4 XxX+5 X+2C

[l Il I
1 K\) B U
U-Il'_\ooh_‘l\)l'_‘l ol olr - o o
o o
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Applying R, >R —-R,and R, > R, —R,

-1 -1 a—-c
A=|x+3 x+4 x+(a+c)
1 1 c—-a

Applying R, > R +R,

0 0 0
A=[X+3 Xx+4 x+a+c|=0
1 1 c—-a

17. Choose the correct answer.

x 0
If X, Y, Z are nonzero real numbers, then the inverse of matrix A={0 vy
0 0
x' 0 O x'* 0 0 .
A0 y' o0 B) xyzl 0 y* 0 C) —
z
0 0 z° 0 0 z° X
100
1
D)—|0 1 0
Xyz
0 0 1
Solution:
x 0 0
Given, A=|0 vy O
0 0 z

[N =x(yz—0)=xyz %0
Now, A, =yz,A, =0, A, =0
A =0,A, =x2, Ay =0
Ay =0,A, =0, Ay =Xy

o O X

O < O

N O O
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yz 0 O
ade: 0 x 0
0 0 «xy

A= (adjp)

A

Xyz

I
o
o

O < |k

Thus (A) is the correct answer

18. Choose the correct answer.

1 sin@ 1
Let A=|—siné@ 1 sin@ |,where 0<@<2n,then
-1 —-sing 1
A) Det(A):O B) Det(A)e(Z,oo) C) Det(A)e(2,4)

D) Det(A)<(24)
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’ Solution:

1 sin@ 1
Given, A=|-sin@ 1 sin@
-1 —siné@ 1

~.|A| =1(1+sin* @) —sin 6(-sin 0+sin 0) +1(sin® 6+1)
=1+sin*@+sin’ 0 +1

=2+2sin* g

=2(1+sin’0)

Now, 0<@ <27

=0<singd<1

=0<sin*9<1

=1<1+sin*0<?2

=2<2(1++sin°0)<4

- Det(A)[2,4]

Thus, (D) is the correct answer
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4 ‘

Exercise 4.1
. . ) 2

1. Evaluate the determinants in Exercise 1 and 2.‘ £ 1
Solution:

2 4

=2(-1)-4(-5

A FETEIRIE

=-2+20

=18
2. Evaluate the determinants in Exercise 1 and 2

N cosd —sind i X2 —x+1 X-—

sin@ cosé x+1 X+
Solution:
cos@ -sind

i =(cos@)(cos@)—(—sind)(sind

)sine cosd ( )( ) ( )( )

=cos’@+sin*6=1

X =x+1 x—j

i)

X+1 X+
:(xz—x+1)—(x—1)(x+1)
:x3—x2+x+x2—x+1—(x2—1)

=x*+1-x*+1

=x*—x*+2
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3. If A= B' ﬂ , then show that |[2A| = 4| A

Solution:

. 1 2]
Given, A=
4 2

1 2] [2 4
S 2A=2 =

{4 2} 8 4}
2 4
8 4

~LHS =|2A|:‘

=2x4—-4x%x8

=8-32

Now, =1x2-2x4

—2-8

-6

o RH.S =4|A=4x(-6)=-24

o LHS= . RHS

1
2|, then show that [3A| =27|A
4

Solution:

>
> > I
I : |§
1
o O - - =
o — O oo
| I
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1 01

Given, A=|0 1 2
0 0 4
Expanding along the first column (C,)
12 |01 |01
|A=1 -0 +0
0 4 [0 4 |1 2
:1(4—0)—0+0:4
.'.27|A|=27(4):108 ........... (|)
10 1] [3 0 3
Now, 3A=3/0 1 2(=(0 3 6
0 0 4, [0 0 12
3 6 0 3 0 3
~[3A]=3 -0 +0
0 121 |0 121 (3 6
=3(36—0)=3(36)=108 ........... (ii)
From equations (i) and (ii), we have
[3A=27]A
Hence proved
5. Evaluate the determinants
3 -1 -2 3 -4 5 0 1 2 2 -1 -2
)0 0 -1 iyl 1 -2 i) [-1 0 -3 iv)[0 2 -1
3 -5 0 2 3 1 -2 3 0 3 50
Solution:
3 -1 -2
i)Let A=0 0 -1

3 5 0
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’ expanding along the second row

-1 -2 |3 -2 3 -1
eof? 1} Sl
5 0] B O 3 -5
=(-15+3)=-12
3 4 5
iiyLet A=|L 1 -2
2 3 1

expanding along the first row

1 -2
3 1

1 -2
2 1

|A|:3‘ +4 +5

11
2 3

=3(1+6)+4(1+4)+5(3-2)
=3(7)+4(5)+5(1)
=21+20+5=46

01 2
jii) Let A=|-1 0 -3
2 3 0

expanding along the first row

0 -3 .|-1 -3 -1 0
A=t o ol

3 0| |-2 0| |-2 3

—0-1(0-6)+2(-3-0)

—-1(-6)+2(-3)
=6-6=0

2 -1 -2
iv)let[o 2 -1

3 5 0
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’ expanding along the first column

+3

-5 0 -5 0

2 -1 |-1 -2
H-2% ol
2 -1

-1 —2‘

=2(0-5)-0+3(1+4)

=-10+15=5
1 1 -2
6. If A=|2 1 -3, find |A|
5 4 -9
Solution:
11 -2
Given, A=|2 1 -3
5 4 -9

Expanding along the first row

11 -2
A=|2 1 -3

5 4 -9

1 3 2 -3 21
|A=1 -1 -2

4 -9 15 -9 5 4

=1(-9+12)-1(-18+15)—2(8-5)

~1(3)-1(-3)-2(3)

=3+3-6=6-6=0

7. Find value of X, if

2 4 |12x 4
5 1| |6 X

IE -

i) ‘2 3‘

4 5

X 3
2Xx 5
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Solution:

N 2 4 |2x 4
5 1 |6 x
= 2x1-5x4=2XxX—6x4
—=2-20=2x*-24
=2x° =6
=x*=3
—x=4/3
12 3 [x 3
i) =
4 5 |12x 5
= 2x5-3x4=xx5-3x2x
=10-12 =5x-6X
= -2=-X
=X=2
X 2/ [6 2 .
8. If = , then X'is equal to
18 x| [18 6
A) 6 B) +6 C)-3 D)0
Solution:
X 2_6 2
18 x| [18 6
—=x*-36=36-36
—=x*-36=0
= x*=36
= X=16

Hence, (B) is the correct answer
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Exercise 4.2
9. Using the property of determinants and without expanding, prove that
X a Xx+a
y b y+b[=0
Z C z+cC
Solution:
X a x+a| [x a X/ |[x a a
y b y+bj=ly b y/+ly b bl=0+0=0
Z ¢ z+c| |z ¢ z| |z ¢ ¢
[Since, the two coloumns of the determinants are identical]
10. Using property of determinants and without expanding, prove that
a-b b-c c-a
b-c c—a a-bj=0
c-a a-b b-c
Solution:
a_ X —
A=|b- - -
c-a a-b b-c
Applying R, > R +R,
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a-c b—-a c-b

A=-|lb-c c—-a a-b
a-c b-a c-b
Since, the two rows R, and R, are identical
A=0
2 7 65
11. Using the property of determinants and without expanding, prove that |3 8 75/=0
5 9 86
Solution:
2 7 65 [2 7 63+2
3 8 75=3 8 72+3
5 9 86 |5 9 81+5
2 7 63 [2 7 2
=3 8 72/=|3 8
59 81 5 9
2 7 9(7)
=13 8 9(8)[+0  [Since, two coloumns are identical]
5 9 9(9)
2 71 7
=913 8 8 [Since, two coloumns are identical]
5
12 Using the property of determinants and without expanding, prove that
1 bc a(b+c)
1 ca b(c+a)=0

g W

1 ab c(a+b)

Solution:
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1 bc a(b+c)
A=l ca b(c+a)
1 ab c(a+h)

Applying C, - C, +C,

1 bc ab+bc+ca
A= ca ab+bc+ca
1 ab ab+bc+ca

Since, two columns C, and C, are proportional

~A=0

13. Using the property of determinants and without expanding, prove that
b+c q+r y+z a p X
c+a r+p z+x/=2b q vy
a+b p+q x+y c r z

Solution:

b+c q+r y+z
A=[C+a r+p z+X
a+b p+g x+y

b+c q+r y+z| |b+c q+r y+z
=|[cC+a r+p z+Xx/+[c+a r+p z+Xx

a p X b q y

b+c q+r y+z
Now, A, =|c+a r+p z+X
a p X

Applying R, >R —R,
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b q vy
A=lC T 2
a p X

Applying R, &> R, and R, & R,

b+c q+r y+z
A,=|c+a r+p z+X

b g vy

Applying R, > R, —R;

C r z
A,=c+a r+p z+X
b q vy

Applying R, > R, —R,

From (1), (2), and (3), we have

p
A=2b
c
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0 a -b

14. By using properties of determinants, show that |[-a 0 —c|=0
b ¢ 0
Solution:
0 a -b
Given, A=j-a 0 -c
b ¢ O
Applying R, > cR,
0 ac -bc
A=l-a 0 —c
b ¢ 0
Applying R, > R, —DbR,
1ab ac O
A==l-a 0 -
C
b ¢ O
b ¢ O
A:%—a 0 —c
b c¢c O
Since, the two rows R, and R, are identical
SLA=0
-a’° ab ac
15. By using properties of determinants, show that |[ba —b*  bc |=4a’b’c’
ca cb —c?
Solution:
-a’ ab ac
A=|ba -b* bc

ca chb -c?
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16.

-a b ¢
=abcla -b ¢
a b -

-1 1 1
=a’h’c?l1 -1 1
1 1 -1

Applying R, >R, +R, and R, > R, +R;
-1 1

A =a’b’c?|0
0 2

o

0
A =a%h’c? (-1
a’b’c® ( )2 0

=-a’b’*c*(0-4)

= 4a’b*c?

By using properties of determinants, show that

1 a a
)L b b*=(a+b)(b-c)(c-a)
1 ¢ ¢

1 1

1
ii)la b c|=(a-b)(b-c)(c-a)(a+bh+c)
a> b ¢

Solution:

1 a a°

)Let A=[L b b?
1 ¢ ¢

applying R, > R -R; and R, > R, — R,

(Taking out a,b,c from R,R, and R;)

(Taking out a,b,c from C,,C, and C,)
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[ ,
A=|0 b-c b*-c?
1 ¢ c?
0 1 -a-c
=(c-a)(b-c)[0 1 b+c
1 ¢ ¢
Applying R, > R +R,
0 0 -a+b
A=(b-c)(c-a)j0 1 b+c
1 ¢ ¢
0 0 —-a+b
=(a-b)(b-c)(c-a)|0 1 b+c
1 ¢ ¢
. 0 -1
Expanding along C, A=(a-b)(b—c)(c-a) L bac =(a-b)(b—c)(c-a)
1 1 1
iij)Let A=|la b ¢
a® b ¢
applying C, - C,-C, and C, - C, -C,
0 0 1
A=|a-¢c b-c ¢
a®-c® p-¢® ¢
0 0 1
= a—c b-c c
(a-c)(a’+ac+c®) (b-c)(b®+bc+c®) c
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:(C—a)(b—C) -1 1 c

—(a2+ac+cz) (b2+bc+cz) c?

Applying C, > C, +C,

0 0 1
A=(c-a)(b-c) 0 1 c
(bz—a2)+(bc—ac) (b2+bc+c2) c?

0 0 1
=(b-c)(c—-a)(a-h) 0 1 c
—(a+b+c) (b*+bc+c?) ¢

0 0 1
=(a-b)(b—c)(c—a)(a+b+c)|0 1 c
-1 (b*+bc+c*) ¢

Expanding along C,

A=(a—b)(b—c)(c—a)(a+b+c)(—l)‘(1) :

=(a—b)(b—c)(c—a)(a+b+c)

17. By using properties of determinants, show that

2

X x* yz
y vy x|=(x=y)(y-2z)(z=x)(xy+yz+2x)
z 7 Xy
Solution:
X x* yz
Let A=ly y* zx
z 7% xy



Infinityy ., Sri Chaitanya
Learn ' Educational Institutions

Applying R, > R,—R, and R, >R, - R,
X X2 yz
A=ly-x y*=x* Xx-yz
7-x 2-x* xy-yz

X x2 yz
A=l=(x=y) —(x=y)(x+y) z(x-y)

(z-x) (z-x)(z+x) —(z-x)

2

X X yz
=(x=y)(z-X)|-1 -x-y 2z
1 Z—Y z—-Yy

Applying R, >R, +R,
X X2 yz

A=(x=y)(z=X)-1 —x-y 2
1 -y 7-Y

X X2

yz
=(x=y)(z-x)(z-y)-1 —x-y z

1 0 0

Expanding along R,

X X2

-1 —x-y

X z
y +1
-1 z

|

A=[(x=y)(z-x)(z- y)]{(—l)

=(x-y)(z—-x)(z~ y)[(—xz —yz)+ (X" —xy + XZ):|
=—(x=y)(z=x)(2=y) oy +yz+2x)

=(x=y)(y-2)(z—x)(xy+yz+2x)
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18. By using properties of determinants, show that

X+4 2X 2X
)| 2x  x+4 2X :(5x+4)(4—x)2
2X 2X  X+4

y+k oy y
i) y y+k y |=k*(3x+k)
y y y+k

Solution:

X+4 2X 2X
) A= 2x x+4 2X
2X 2X  X+4

applying R +R, + R,

5x+4 5x+4 5x+4
A=| 2Xx X+4 2X

2X 2X X+4
1 0 0
=(5x+4)|12x x+4 0
2x 0 x+4

Applying C, »>C,-C, and C, »C,-C,

1 0 0
A=(5x+4)2x —x+4 0
2X 0 —X+4

=(5x+4)(4-x)(4-x))2x 1 0

Expanding along C,

A=(5x+4)(4—x2)

1 0
2x 1
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= (5x+4)(4-x)’

y+k y y
i) A<| y  y+k
y y y+k

applying R, > R +R, +R,

3y+k 3y+k 3y+k
A=| Yy y+k y
y y y+k

1 1 1
A=(3y+k)ly y+k vy
y y y+k

Applying C, »C,-C, and C, »>C,-C,

1 00
A=(3y+k)ly
y

o
=~

1 00
=k*(3x+k)ly 1
y 0 1

Expanding alone C,

o

=k*(3y+k)

19. By using properties of determinants, show that

a-b-c 2a 2a
)| 20 b-c-a 2b |=(a+b+c)
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X+Yy+2z X y
i) z y+Z+2X y =2(X+y+z)3
z X Z+X+2y
Solution:
a-b-c 2a 2a
)| 20 b-c-a 2b |=(a+b+c)
ZC 2C C_a_b

applying R, > R +R, +R,

a+b+c a+b+c a+b+c
A=| 2b b-c-a 2b
2c 2c c—-a-b

1 1 1
=(a+b+c)[2b b-c-a 2b

2c 2C c—a-b

Applying C, - C,-C, and C, > C,-C,

1 0 0
A=(a+b+c)|2b —(a+b+c) 0
2c 0 —(a+b+c)
1 0 O
:(a+b+c)3 2b -4 0
2c 0 -

Expanding along C,

A:(a+b+c)3(—1)(—1):(a+b+c)3

X+Yy+22 X y
i) z y+2Z+2X y
z X Z+X+2y




Infinityy ., Sri Chaitanya
Learn ' Educational Institutions

applying C, - C, +C,

2(x+y+12) X y
2(x+y+2) y+z+2x y
2(x+y+2) X X+ X+2Y

A

1 X y
=2(X+y+2z)l y+z+2x y

1 X Z+X+2y
Applying R, >R,—R and R, > R,— R,

A=2(x+y+2)[0 x+y+z 0
0 0  Xx+y+z

1
=2(x+y+2)[0
0

Expanding along R,
A=2(x+y+2) (1)1-0)

=2(x+y+2)’

1 x X
20. By using properties of determinants, show that [x* 1  x|= (1— x3)2
x x* 1

Solution:

Applying R, - R +R, +R;

>
1l “
><><NH
><NH><
I—\><><N
O - X
, O <
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L1+ X+X 1+X+X2 1+ X+X°
A=| X 1
X G 1

Applying C, »C,-C, and C, »C,-C,

1 0 0
A:(l+x+x2)x2 1-x*> x—x?
X X-x 1-x

1 0O O
=(1+x+x2)(1—x)(1—x)x2 1+x X
X -x 1
1 0 O
:(1—x3)(1—x)x2 1+X X
X =X 1
Expanding along R,
A=(1-%) -0
-x 1

=(1-%°) (1= x)(1+x+x°)
=(1-x°)(1-x°)
=(1—x3)2

21. By using properties of determinants, show that

1+a?-b? 2ab -2b
2ab  1-a%+b? 2a =(1+a2+b2)3
2b —2a 1-a®-b?
Solution:
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1+a’® —b? 2ab —2b

A=| 2ab 1-a%+b? 2a
2b —-2a 1-a?-b?
Applying R, - R, +bR, and R, > R, —aR,
1+a’+b’ 0 —b(1+a2+b2)
A= 0 1+a’+b? a(1+a2+b2)
2b —2a 1-a%-b?
1 0 —b
=(1+ a’ +b2) 0 1 a
2b -2a 1-a*-b?
Expanding along R,
1 a 0 1
A=(1+a2+b%)| (1 —b
( ) |:( )‘_Za 1_a2 _b2 ‘Zb _2aj|
=(1+a® +b?) [1-a’ b +2a® ~b(~2b) ]
A=| ab b®’+1 bc
ca cb c’+

=(1+a2+b2)2(1+a2+b2)

:(1+ a’ +b2)3

a®’+1 ab ac
22. By using properties of determinants, show that | ab  b®+1 bc |=1+a’+b*+c?
ca cb  c*+

Solution:

a’+1 ab ac
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Taking out a, b and ¢ from R,R, and R, respectively

a+l b c
a
1
A=abc| a b+= c
b
a b c+l
c
Applying R, > R,—-R and R, > R,— R,
a+l b ¢
a
A =abc —1 0
a
1 1
a c
Applying C, - aC,,C, -»bC, and C, — cC,
. a’+1 b? c?
A=abc><T -1 1 0
e I T
Expanding along R,
2 2 2 2
A:—lb c +1a +1 b
1 0 -1 1
—1(—cz)+(a2+1+b2)=1+a2+b2+c2

o Tl

23. Choose the correct answer

Let A be a square matrix of order 3x3, then |kA| is equal to

A KA BKIA  C)3k[A

Solution:

Since, A is a square matrix of order 3x3
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& b ¢
Let A=|a, b, ¢,
a3 b3 C3

ka, kb ke
Then, kKA=|ka, kb, kc,
ka, kb, kc,

ka, kb, ke
~.|kA|=|ka, kb, kc,
ka, kb, kc,

& b ¢
k®=la, b, c,

a3 b3 C3
=I°[A
~ kA =K°|A

24.  Which of the following is correct?
A) Determinant is a square matrix
B) Determinant is a number associated to a matrix
C) Determinant is a number associated to a square matrix
D) None of these

Solution:

Since, to every square matrix, A= [aij] of order n. We can associate a number called

the determinant of square matrix A, where aij = (i, j)th element of A.

Thus, the determinant is a number associated to a square matrix
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Exercise 4.3

1. Find area of the triangle with vertices at the point given in each of the following
i) (LO),(G,O),(4,3) i) (2,7),(],1),(10,8) iii)
(-2-3),(32),(-1-8)

Solution:

i) The area of the triangle with vertices (1,0),(6,0),(4,3) is given by the relation,

w o o
=

%[1(0—3)—0(6—4)+1(18—O)]
%[—3+18]

15 .
=5 squareunits

ii) The area of the triangle with vertices (2,7),(11),(10,8) is given by the relation,

2 7
A=£1 1
2

10 8

=%[2(1—8)—7(1—10)+1(8—10):|

~3[2(7)-7(-9)1(-2)]

= %[—14+63—2]

] . . e
Il Il >
I
N~
N O
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- %[—16 +63]

_47 Square units
i) The area of the triangle with vertices (—2,-3),(3,2),(—1,-8) is given by the
relation
-2 -3
A:1 3 2
2
-1 -8
1
=E[—2(2+8)+3(3+1)+1(—24+2):|
1
=E[_2(10)+3(4)+1(_22)]
1
=2 [-20+12-22]
__30
2
=-15
Hence, the area of the triangle is |-15/ =15square units
2. Show that points A(a,b+c),B(b,c+a),C(c,a+b) are collinear
Solution:
. a b+c
Area of AABC isgivenby A==|b c+a
c a+b
Applying R, > R,-R and R, > R,— R,




Infinityy ., Sri Chaitanya

Learn ' Educational Institutions

1 a b+c 1
=Eb—a a-b O
c—-a a-c 0

a b+c 1

:%(a—b)(c—a) 1 1 0

1 -1 0

Applying R, > R, +R,
1 a b+c 1
=E(a—b)(c—a) -1 1 0
0 0 O

=0 (since, all elements of R, are 0)

Thus, the area of the triangle formed by points A, B and C is zero

Hence, the points are collinear

3. Find values of k if area of triangle is 4 square units and vertices are
i) (k,O),(4,0),(O, 2) i) (—2,0),(0,4),(0,k)
Solution:
i) The area of the triangle with vertices (k,0),(4,0),(0,2) is given by the relation,
k
A :% 4
0 1
1
= E[k(o—2)—0(4—o)+1(8—o)]

N O O

=%[—2k+8]=k+4

S—k+4=14

When —k+4=-4,k=8




Infinityy ., Sri Chaitanya

Learn Educational Institutions
When -k +4=+4,k=0

}
Therefore, k =0,8
i) The area of the triangle with vertices (-2,0),(0,4),(0,k) is given by the relation
-2 0
A:% 0 4
0 k
=5[-2(4-1]
=k-4
k—4=+4
When k—4=-4k=0
When k—-4=4,k =8
Therefore, k=0,8
4. i) Find equation of line joining (1,2) and (3,6) using determinates
il) Find equation of line joining (3,1) and (9,3) using determinants
Solution:
i) Let P(x,y) be any point on the line joining points A(12) and B(3,6).
Then the points A, B and P are collinear

Therefore, the area of triangle ABP will be zero

1
1=0

N -
X W
< o N

:>%[1(6—y)—2(3—x)+1(3y—6x)] =0
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=6-y—-6+2x+3y—6x=0
=2y—-4x=0
= y=2X
Therefore, the equation of the line joining the given points is y = 2x

i) Let P(x,y) be any point on the line joining points A(3,1) and B(9,3)

then, the points are collinear

thus, the area of the triangle ABP will be zero

1 1
So= 1=0
2

X O w

1
3
y

= %[3(3— y)-1(9-x)+1(9y-3x)]=0
=9-3y-9+x+9y-3x=0

5. If the area of triangle is 35 square units with vertices (2,—6),(5,4) and (k,4). Then k
is
A) 12 B) -2 C)-12, -2 D) 12, -2

Solution:
The area of the triangle with vertices (2,—6),(5,4) and (k,4) is given by the relation,

=6y—-2x=0
=x-3y=0

Therefore, the equation of the line joining the given points is x—3y =0

R
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_ %[2(4—4)+6(5— k)+1(20-4k)]

— 2[30 -6k +20 - 4K]
2

1
==|50-10k
*[50-104]

=25-5k
Given, the area of the triangle is +35

Thus, we have

= 25-5k =435
—5(5-k)==35
=(5-k)=+7

When 5—-k =-7,k=5+7=12
When 5-k=7,k=5-7=-2

Therefore, k =12,-2
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Exercise 4.4
1. Write Minors and Cofactors of the elements of following determinants
L2 -4 ja c
i ii
) 0 3 ‘ ) b d
Solution:
o A : .12 -4
i) Given, determinant is 0 3 ‘
minor of element a; is M;;
M, =3
M,, =0
M,, =4
M,, =2
Cofactor of a, is A, =(~1)"" M,
oA =(-0)" My, =(-2)*(3)=3
1+2 3
A, =(-1)" M, =(-1) (0) =
2+1 3
A= (1" My = () (~4) =4
Ay = (_1)2+2 M, = (_1)4 (2) =2
e - . . C
ii) Given, determinant is d
minor of element a; is M,

o

~ My =d
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M, =Db

Cofactor of a, is A, =(~1)""M

ij

A A =(-1)"" My, =(-1)°(d)=d

100 1 0 4
2. )o 1 0 ii)3 5 -
0 01 01 2
Solution:
1 00
i) Given determinantis [0 1 O
0 01

minor of element a; is M,

10

an‘o 1

‘=1

0
M,, = =0
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00
M21=0 1=0

Cofactor of a, is A, =(-1)"" M,
A= (_1)1+1 M;, =1
A, = (_1)1+2 M;, =0

A‘ig _ (_1)1+3 M13 b O

A21 - (_1)2+1 M21 _ 0
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1 0 4

i) The given determinantis |3 5 -
01 2

Minor of element a; is M,

‘=10+1=11
2

3 -1
= ‘=6—0:6
2

M, = =3-0=3

M,, = =0-20=-20

M., = =-1-12=-13
32 3

My =l |=5-0=5

. i+]
Cofactor of a; is A, =(-1) M,

ij

A, =(-1)"Mm, =11

A&z = (_1)1+2 MlZ =-6




Infinityy . Sri Chaitanya
Learn Educational Institutions
Al3 — (_1)1+3 M13 _ 3
Ay = (_1)2+1 M, =4
Ay = (_1)2+2 M,, =2
Ay = (_1)2+3 My =-1
Ay =(-1)" M, =20

A, =(-1)""M,, =13

Ay = (_1)3+3 My, =5

3. Using Cofactors of elements of second row, evaluate A =
Solution:
5 3 8
Given determinantis A={2 0 1
1 2 3

Using definition of minors and cofactors

|v|21=‘ ‘=9—16=—7

2 3
C A =(-)M,, =7

M,, = 8—15 8=7
2= 3~ =

1

A =(-1)"" M, =7

5
2
1

N O W

W =
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’ 5 3
M 23 = = 10 — 3 = 7
1 2

243
LA, = (—1) M,, =7
Since, A is equal to the sum of the product of the elements of the second row with their

corresponding cofactors
LA =ayA +a, A, A,

= 2(7)+0(7)+1(-7)

=14-7=7
1 X vz
4. Using Cofactors of elements of third column, evaluate A=[1 y xz
1 z xy

Solution:

1 x yz
Given determinantis 1 y Xz
1 z xy

Using definition of minors and cofactors

y

M, = Z:Z_y
X

M,, = Z=z—x

M, = =y-X
33 y
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Ay = (_1)3+3 My =(y—X)

Since, A is equal to the sum of the product of the elements of the second row with their

corresponding cofactors

A= 8 A 8y Ay + 855 Ay

= yz(z-y)+2x(x=2)+xy(y—X)

= y2? -y’ 2+ Xz - X2t + Xyt - X2y
=(¥z-yz)+(y2" -x® )+ (% - xy)
=2(x* —y?)+ 2 (y—x)+xy(y—X)
=(x=y)[x+zy-2" -]
=(x=y)[2(x=2)+y(z-x)]
=(x=y)(y-2)(z—x)

Thus, A=(x—-y)(y—2)(z—X)

5. For the matrices A and B, verify that (AB)'=B'A’" where

1 0
i) A=|—4|,B=[-12 1] i) A=[1{,B=[15 7]
3 2
Solution:
1 -1 2 1

i) AB=| -4 [—121]= 4 -8 -4
3 -3 6 3
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-1 4 -3
. (AB) '= 2 _8 6
1 -4 3
-1
1
-1 -1 4 -3
.-,B'Alz 2 [1 _4 3]= 2 —8 6
1 1 -4 3

Hence, proved that (AB)'=B'A'

0 00 0

i) AB=|1|[L 5 7]=|1 5 7

2 2 10 14
01 2
~(AB)'=|0 5 10
0 7 14

Now A'=[0 1 2],B'=|5

7
1 01 2
~B'A'=|5|[0 1 2]=|0 5 10
7 07 14

Hence, proved that (AB)'=B"A’
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Exercise 4.5

1 2
1. Find adjoint of each of the matrices {3 4}

Solution:

1 2
Let A=
3 4

. . i+]
Since, Cofactor of a; is A, =(-1) " M;

]

Then, A4, A, =-3,A, =2, A, =1

- adjA= {A” AZI}

A Ay

157

1 -1
2. Find adjoint of each of the matrices | 2 3
-2 0
Solution:
1 -1 2
Let A=| 2 3 5
-2 0

Since, cofactor of a, is A =(-1)"" M,

Then,
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2 5

’ = =—(2+10)=-12
A=l , (2+10)
% 3_046-6
S
-1 2
M=l 4 ( )
B e I
P =l 47147
1 —
rey ol=-0-2
B e P S T
S PR -
1 2
= =—(5-4)=-1
Aw=|, 5‘ (5-4)
1 Hosi2=s
Aa=ly 37327
An A21 A31 3 1 -1
Thus, adjA=| A, A, A,|=|-12 5 -1
Ay Ay Ay 6 2 5
. . _ 2 3
3. Verify A(adJA):(ade)A:|A|I.[4 6}
Solution:
2 3
A=
S




Infinit})" .. Sri Chaitanya
Learn Educational Institutions
=-12+12=0
A =-6A,=4A,=-3A,=2
3 } -6 -3

A=12-(2)
10 0 0
.'.|A|I=O{ }{ }
01 0 0
Since, cofactor of a; is A, =(-1)™ M;
Then,
.-.ade:[_ _3}
4 2
Now,
A(adjA) =
CON

6
, _ )
4
-12+12 -18+18 B 00
8-8 12-12 | |0 0
4, Verify A(adjA)=(adjA)A=|A[l1|3 0 -2
1 0 3

24-24 12-12 |

_{—12+12 —6+6__{0 0
Also,
. -6 3| 2 3
(ade)A_[4 2}{_4 —6}
Thus, A(adjA)=(adjA)A=|All
1 -1 2

Solution:
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1 -1 2
A=|3 0 =2
1 0 3

|A|=1(0—0)+1(9+2)+2(0-0)
=11

1 00] 11 0 0
~|Al1=110 1 0|=|0 11 0
001 [0 0 11

Since, cofactor of a, is A =(-1)"" M,
Then,

A,=0,A,=—(9+2)=-11LA,=0

Ay =—(-3-0)=3 A, =3-2=1 A, =—(0+1)=-1

Ay =2-0=2A, :_(_2—6)28, A, =0+3=3

0 3 2
~adjA=|-11 1 8
0 -1 3

Now,

1 -1 270 3 2
A(adjA)=|3 0 -2|[-11 1 8
10 3|0 -1 3

[0+11+0 3-1-2 2-8+6
=/ 0+0+0 9+0+2 6+0-6
| 0+0+0 3+0-3 2+0+9

11 0 0
=0 11 0
0 0 1
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Also,

0 3 2|1 -1 2
(adjA)A=|-11 1 8|3 0 -2
0 -13J[1 0 3

0+9+2 0+0+0 0-6+6
-11+3+8 11+0+0 -22-2+24
0-3+3 0+0+0 0+2+9
11 0 0
=10 11 O

0 0 11

Therefore, A(adjA)=(adjA)A=A=|Al

-1 5
5. Find the inverse of each of the matrices (if it exists) { 3 2}

Solution:
-1 5
Let A=
e
Here,
|A|:—2+15:13

Since, cofactor of a, is A =(-1)"" M,

Then,

Ai=2A,=3 A, =5 A,=-1

2 -5
s.adjA ={ }
3 -1
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aat=Laga-t 2
|A 13|3 -1

1
6. Find the inverse of each of the matrices (if it exists) | 0
0

Solution:

Let A=

Here,

|A| =1(10-0)—2(0-0)+3(0—0) =10
Since, cofactor of a is A, =(-1)"' M,

Then,
A,=10-0,A,=—(0-0)=0,A, =0-0=0
A, =—(10-0)=-10,A, =5-0=5,A, =—(0-0)=0
A, =8-6=2,A, =—(4-0)=—4,A,=2-0=2
10 -10 2

~adjA=|0 5 -4
0 0 2

>
AN
Il
2"_\ o o Bk
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10 0
7. Find the inverse of each of the matrices (if itexist). |3 3 0
52 -1
Solution:
10 0
Let A={3 3 O
5 2 -1
Here,

|A=1(-3-0)-0+0=-3

Since, cofactor of a, is A =(-1)"" M,
Then,

A;=-3-0=-3 A,=—(-3-0)=3A,=6-15=-9

A, =—(0-0)=0,A, =-1-0=—1 A, =—(2-0)=-2

A, =0-0=0,A, =—(0-0)=0, A, =3-0=3

-3 0 0
~adjA=13 -1 0
-9 -2 3
. -3 0 0
.'.A‘lz—ade:% 3 -1 0
A -9 -2 3
2 1 3
8. Find the inverse of each of the matrices (if itexists). | 4 -1 0
-7 2 1
Solution:
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2 1 3
-7 2 1
Here,

|A|=2(-1-0)-1(4-0)+3(8-7)
=2(~1)-1(4)+3(1)

=—2-4+3

=3

Since, cofactor of a, is A =(-1)"" M,
Then,
A,=-1-0=-1A,=—(4-0)=—4,A,=8-7=1

A, =—(1-6)=5A, =2+21=23 A, =—(4+7)=-11

A, =0+3=3 A, =—(0-12)=12, A, =—2—-4=—6

-1 5 3
sadjA=-4 23 12
1 -11 -6
. . -1 5 3
JAT="_adjA=-=|-4 23 12
A 3
1 -11 -6
1
9. Find the inverse of each of the matrices (if it exists). | O
3
Solution:

-1 2
2 -3
-2 4
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1 -1 2

Let A=|0 2 -3
3 2 4
Expanding along C1
|A|:1(8—6)—0+3(3—4):2—3:—1
Since, cofactor of a, is A =(-1)"" M,
Then,
A1:8—6,A2:—(0+9):—9,A3:0—6:—6
A21:—(—4+4):0,A22=4—6=—2,Az3=—(—2+3):—1
A31=3—4=—],%2=—(—3—0)=3,A33=2—0=2
2 0 -1
c.adjA=
-9 -2 3
2 0 -1
A‘l=iade=—1 -9 -2 3
A
-6 -1 2
-2 0 1
=9 2 -3
6 1 -2
1 0 0
10. Find the inverse of each of the matrices (if it exists). | 0 cosa sina
a sina -—cosa
Solution:
1 0 0

Let A=|0 cosa sina |a
a sina -cosa
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Here,

|A|=1(-cos’ a-sin® a) =—(cos’ a+sin’ a) =1

Since, cofactor of a, is A =(-1)"" M,

Then,
A, =-cos’a-sina=-1,A,=0,A,=0
A, =0,A,=-cosa A, =-sina
A, =0,A, =-sina, A, =cosa
-1 0 0

~.adjA=| 0 —cosa -sina
0 -sina cosa

. -1 0 0
A‘1=Hade=—1 0 -cosa -sina
0 -—sina cosa
1 0 0

=|0 cosa sina
0 sina -cosa

3 7 6 8 ]
11. LetA={2 5} and 3{7 9}.Verifythat (AB) ' =B'A™

Solution:
3 7
Let A=
2 5
Here,
|Al=15-14=1
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. . i+]
Since, cofactor of a; is A; =(-1) " M,

Then,

A =5A,=-2,A, =-1,A, =3
adez[S _7}
2 3
7
< At=Lagaz| >
A -2 3

6 8
Now, let B =
7 9

Here

|B|=54—56=—2

9y
B‘l—iaij——1 > | 2
|B| 2|-7 6 7
L3
2
Now,
9
~Z 4
BrA'=| 2 {5 _7}
7 L|l2 @
2
_Bg B |8 E
_ 352 249 - 472 27 .............. (1)
Pie —Zog| | L 2L
2 2 2 2
Then,
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oy I )

[18+49 24+63
12+35 16+45
|67 87
147 61
Therefore, we have |AB| =67 x61—87 x47 = 4087 —4089 =2
Also,
61 87
-.adj(AB)=
J( ) {—47 67}
_ 61 -87
~(ABY =L adj(AB)=-1
|AB| 2|47 67
&7 8
2 2
= =T e 2
7 e (2)
2 2
From (1) and (2), we have

(AB) " =B7A

Hence proved

3 1
12. If Az[ 1 2}, show that A>—5A+71=0. Hence find A™

Solution:

S

A =AA
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[3 1][3 1
-1 21 2
__9—1 3+2
__—3—2 -1+4

[8 5
|5 3
AP —5A+71

i 8 5_ 3 1 1 0
= -3 +7
-5 3_ -1 2 0 1

[8 5] [15 5], [7 0
“|-5 3] |-5 10] 7|0 7

Thus, A>—~5A+71=0
= A*>-5A=-T1
= AA(A!)-5AA" =-T1A"
= A(AA?)-51 =-7A"
— Al -5] =—7A
1

=At=-2(A-51)

=A" =%(5| - A)

[Multiplying by A™]
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=

arl 2 -1
711 3

3 2
13. For the matrix A:L J find the number a and b such that A> +aA+bl =0

Solution:
A=
11
A7 3 2||3 2
1111 1

[9+2 6+2
_3+1 2+1

11 8
14 3

Now,
A? +aA+bl =0

= (AA)A"+aAA™" +hIA™ =0 [Multiplying by A™]
= A(AA™)+al +b(1A7)=0
= Al +al +bA™ =0

— A+al =-bA™?
4 1
= A= (Aval)

Now,
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L1
A

C1f1 -2
1l-1 3
1 -2
-1 3
Here,

1—2__132+a0__13+a 2 | | b b
-1 3| b\t 1/|0 al)] bl 1 1+al | 1 -1-a

Equating the corresponding elements of the two matrices

A adjA

—1=—1:>b=1
b

878 1, 3 ama-4

Thus, -4 and 1 are the required values of a and b respectively

1 1 1
14.  Forthe matrix A=[1 2 -3| showthat A>—6A?+5A+111 =0. Hence, A™*
2 -1 3

Solution:

1 1 1
Given, A=|1 2 -3
2 -1 3

1 1 11 1 1
AP=|1 2 -3||1 2 -3
2 -1 3|2 -1 3

|
| w
o | |
)

o |
[)S)
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[1+1+2 1+2-1 1-3+3

=1+2-6 1+4+3 1-6-9
|2-1+6 2-2-3 2+3+9

4 2 1
=|-3 8 -14
7 -3 14

4 2 171 1 1
A3=A2.A= —3 8 _14 1 2 _3
7 -3 142 -1 3

4+2+2 4+4-1 4-6+3
=|-3+8-28 -3+16+14 -3-24-42
7-3+28 7-6-14 7+9+42

8 7 1
-23 27 -69
32 -13 58

o A —BA? +5A+11]

8 7 1] [4 2 1 11 1 100
—|-23 27 -69|-6|-3 8 -14[+5(1 2 -3|+11/0 1 O
322 13 58] |7 -3 14| [2 -1 3 00 1
(8 7 17][24 12 675 5 5 1.0 0
—| 23 27 —69|-|-18 48 -84|+|5 10 -15|+110 11 0
132 13 58| |42 -18 84| |2 -5 15 0 0 11
(24 12 6] [24 12 6]

—|-18 48 -84|-|-18 48 -84

|42 18 84| |42 -18 84|

o O O
o O O
o O o
Il
o
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Thus, A? —6A? +5A+111 =0

Now,

A’ —6A” +5A+111 =0

= (AAA) A" —(AA) A7 +5AA™ +11IA™ =0 [Multiplying by A™]
= AA(AA™)-BA(AA™)+5(AAT)=-11(IA™)

= A’ —6A+5] =—11A"

= At =-=(A*=6A+5I)........(1)

Now,

A’ —6A+5I

(4 2 1] 11 1 100

—|-3 8 -14(-6[1 2 -3|+5/0 1 0
7 3 14| |2 -1 3| 001

4 2 116 6 6]/[5
=|-3 8 -14|-| 6 12 -18|+|0
7 -3 14 ] |12 6 18] |0
9 2 1][6 6 6]
=|-3 13 -14|-|6 12 -18
7 -3 19| |12 -6 18

3 -4 -5
9 1 4
5 3 1

From equation (1), we get

3 -4 -5
A=t g 1
11
5 3 1
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-3 4 5
11
5 -3 -1
2 -1 1
15.  If A={-1 2 -1| verifythat A*-6A*+9A—4l =0 and hence find A*
1 -1 2
Solution:
2 -1 1
Given, A=|-1 2 -1
1 -1 2

2 -1 12 -1 1
A=-1 2 -1||-1 2 1
1 -1 241 -1 2

4+1+1 -2-2-1 2+1+2
=|-2-2-1 1+4+41 -1-2-2
2+1+2 -1-2-2 1+1+4

6 5 5
-5 6 -5
5 -5 6

6 5 5|2 -1 1
5 5 61 -1 2

[12+5+5 —6-10-5 6+5+10
=/-10-6-5 5+12+5 -5-6-10
| 10+5+6 -5-10-6 5+5+12

(22 21 21
—|-21 22 -21
21 21 22
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’ Now,
A* —6A% +9A—4I
_22 =21 21_ 6 -5 5 2 1 1 —1 0 O_
=|-21 22 -21|-6/-5 6 -5|+9|-1 2 -1|-4/0 1
21 -21 22_ 5 -5 6 1 -1 2 o0 1

22 21 21] [36 -30 30 18 -9 9] [4 00
=-21 22 -21-|-30 36 -30|+/-9 18 -9|-/0 4 O
21 21 22| |30 -30 36 9 -9 18| |0 0 4

40 -30 30 40 -30 30 0 00
-30 40 -30(-|-30 40 -30|=/0 0 O
30 -30 40 30 -30 40 0 0O

S A —B6A+9A—-41 =0
Now,
A’ —BA* +9A—-41 =0

= (AAA) A" —6( AAT)+9AAT —4IA™ =0 [Multiplying by A™]
= AA(AA!)-BA(AA)+9(AAT)=4(IAY)
— AAl —6Al +91 =4A™

= A*—6A+91 =4A™"

1
At==(A*-6A+91).......... 1
= 4( + ) (1)
A —6A+09I
6 -5 5 2 -1 1 1 0O

=-5 6 5|-6/-1 2 -1+9/0 1 O
5 -5 6 1 -1 2 0 01
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6 -5 5 12 6 6 9 0O
=5 6 -5|-|-6 12 6(+|/0 9 O
' 5 -5 6 6 6 12| [0 0 9

1 -1

-11

From equation (1), we have

3 1 -1
1
-1 1

A=l
4

16. Let A be nonsingular square matrix of order 3x3. Then |ade| is equal to
A) A B)IA"  OlA  D)3A
Solution:
Al 0 0
(ade):A=|A|I= 0 |A| 0
0 0 A
Al 0 0
= |(adjA)Al=| 0 [A] 0
0 0 |A
100
=|(adja\=)|A/=|A’|0 1 0|=|A’(1)
0 01

~|adjAl =| AP

Hence, (B) is the correct answer
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17. If A is an invertible matrix of order 2, then det(A‘l) is equal to

1
A) det(A B o1 D)0
) det(A) ) det(A) ) )
Solution:
Since A is an invertible matrix, A™* existsand A™ = ﬁade

a b
As matrix A is order 2, let A:{C d}

d -b
Then, | =ad —bc and ade:{ }
- a

Now,

at=t
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1
A
1
...d t A_l =
e( ) det(A)

Hence, (B) is the correct answer
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Exercise 4.6
1. Examine the consistency of the system of equations x+2y =2, 2x+3y =3
Solution:
Given,
X+2y=2
2x+3y=3

anft Gefeueds

Such that, the given system of equations can be written in the form of AX =B
Now,

|A=1(3)-2(2)=3-4=-1%0

. A is non-singular

Thus, A™ exists

Therefore, the given system of equations is consistent

2. Examine the consistency of the system of equations 2x—y =5, x+y=4
Solution:

Given,

2x—y=5

X+y=4

;o e
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Such that, the given system of equation can be written in the form of AX =B
Now,
[A=2()~(-1)(1) =2+1=3#0
.. A is non-singular
Thus, A'exists

Therefore, the given system of equations is consistent

3. Examine the consistency of the system of equations x+3y =5,2x+6y =8
Solution:
Given,
X+3y=5
2X+6y=8

ancly o fflome-f]

Such that, the given system of equation can be written in the form of AX =B

Now,
|A| =1(6)—3(2) =6-6=0

.. Ais a singular matrix
6 -3

adjA) =

- 7

(adjA)B = [_62 ﬂ m = ﬁ; fﬂ - EJ #0

Thus, the solution of the given system of equations does not exists

Therefore, the given system of equation is inconsistent
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4 Examine the consistency of the system of equations
X+y+z=1
2X+3y+2z=2
ax+ay+2az=4
Solution:
Given,
X+y+z=1
2X+3y+2z=2
ax+ay+2az=4
11 1 X 1
Let A=|2 3 2 |,X=|y|and B=|2
a a 2a z 4
Such that, the system of equation can be written in the form of AX =B
Now,
|Al=1(6a—2a)-1(4a—2a)+1(2a—3a)
=4a—-2a-a=4a-3a=a=0
.. A 1s a non-singular matrix
5 Examine the consistency of the system of equations
3X—-y—-2z=2
2y—-z=-1
3x—-5y=3

Thus, A™ exists

Therefore, the given system of equation is consistent

Solution:
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’ Given,
3X—-y-2z=2
2y-z=-1
3x—-5y=3
3 —1 —2 X 2
3 5 0 7 3

Such that, this system of equations can be written in the form of AX =B

Now,
|A| = 3(—5)—O+3(1+4) =-15+15=0

. A is a singular matrix

Now,
5 10 5
(adjA)=| 3 6 3
6 12 6
_51052 10—-10+15 5
— —_ + —
~.(adjA)B=|-3 6 3 - - £0
¢ 1o gl L [6-6+49 -3

Thus, the solution of the given system of equation does not exist

Therefore, the system of equation is inconsistent

6. Examine the consistency of the system of equations
5X—y+4z=5
2X+3y+52=2
5Xx—-2y+6z=-1

Solution:
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’ Given,

5X—-y+4z=5

2x+3y+5z2=2

5x—-2y+6z=-1
5 -1 4 X 5

Let A=|2 3 5|, X|y|and B=|2
3 -2 6 yi 1

Such that, the system of equation can be written in the form of AX =B

Now,

|A| = 5(18 +10) +1(12—25) +4(—4—15)
=5(28)+1(-13)+4(-19)
=140-13-76

=51#0

.. A is non-singular

Thus, A™ exists

Therefore, the given system of equations is consistent

7 Solve system of linear equations, using matrix method
SX+2y=4
7x+3y=5

Solution:
Given,

5x+2y=4
7X+3y =5
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’ 2 X
Let A= X = and B=
7 3 y 5
Such that, the given system of equation can be written in the form of AX =B
Now,
|A| =15-14=1+0
Thus, A is non-singular
Therefore, its inverse exists
Now,
A= (adia)
A
oAt 3 2
-7 5
o 3 2|4
L X=A"B=
-7 5|5
X 12-10 2
- = —
y -28+25| |-3
Thus, x=2 and y=-3
8. Solve system of linear equations, using matrix method
2X—y=-2
3X+4y=3
Solution:
Given,
2X—y=-2
3X+4y=3
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e MR

Such that, the given system of equation can be written in the form of AX =B

Now,
|A/=8+3=11+0

Thus, A is non-singular
Therefore, its inverse exists

Now,

At ﬁ(ade) = 1&1{_43 ﬂ

x—agoi[t 1)—2
11]-3 2]|3
X 1|-8+3
= |==
) dilece

9. Solve system of linear equations, using matrix method
4x—-3y =3
3Xx-5y=7

Solution:
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’ Given,

4x-3y =3
3X-5y=7

anfy Yo fmr )

Such that, the given system of equation can be written in the form of AX =B

Now,
|A| =-20+9=-11=%0

Thus, A is non-singular
Therefore, its inverse exist

Now,

A—lzﬁ(ade)rl—llE ﬂzl_ll{2 ﬂ
- X =A'lB=1_11B :ﬂm
=[1-4s <J]

C1[15-21
11/9-28
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10.  Solve system of linear equations, using matrix method
SX+2y=3
3X+2y=5

Solution:
Given,

SX+2y=3
3X+2y=5

a3 Zfy e[}

Such that, the given system of equation can be written in the form of AX =B

Now,
|A|:10—6:4¢0

Thus A is non-singular

Therefore, its inverse exists

11.  Solve system of linear equations, using matrix method

2x+y+z=1
3
X=2y—-2=—
y 2
3y—-5z=9
Solution:
Given,
2X+y+z=1
3
X-2y—-2=—
y 2
3y—5z2=9
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2 1 1 X
Let A=|1 -2 -1|,X=|y|and B=
0 3 -5 Z

Such that, the given system of equation can be written in the form of AX =B
Now,

|Al=2(10+3)-1(-5-3)+0=2(13)-1(-8)=26+8=34=0

Thus A is non-singular

Therefore, its inverse exists

Now,
A,=13,A,=5A,=3
A, =8,A,=-10,A, =6
Ay =LA, =3 Ay =5

13 8 1

(adjA)==| 5 10
34
3 -16 -5

a1

LA
A

13 8 1
“X=AB=1|5 _10 3
34

3 -16 -5

X 1 13+12+9
=y :—4 5-15+27
3-9-45

Il

w
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1
_|1
2
3
L 2]
Thus, x =1, y:1 and z = —§
2 2

12.  Solve system of linear equations, using matrix method

X—y+z=4

2x+y—-3z=0

X+y+z=2

Solution:

Given,

X—y+z=4

2x+y—-3z=0

X+y+z2=2
1 -1 1 X 4

Let A={2 1 -3, X=|y|and B=|0
1 1 1 z 2

Such that, the given system of equation can be written in the form of AX =B
Now,

|A=1(1+3)+1(2+3)+1(2-1) =4+5+1=10=0

Thus A is non-singular

Therefore, its inverse exists

Now,

Ar=4 A, =5 A;=1
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A21:2’A22:01A23:_2
A31:2’A32 :51A3,3:3

A= (adjp)

A

16+0+4
=1i -20+0+10
4+0+6

Thus, x=2,y=-1and z=1

13.  Solve system of linear equation, using matrix method
2Xx+3y+3z=5

X—2y+z=-4
3X—y—-2z2=3

Solution:

Given,

] . . e
Il Il U Il L. Il
- L™ 5|~ N < x 8l T|< ol
= |,5 N S N > ST S
L

N ©N w bHh ON
w g N w g N

N O A
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’ 2X+3y+3z=5
X—=2y+z=-4
3x—y-2z=3
2 3 3 X 5
3 —1 —2 Z 3

Such that, the given system of equation can be written in the form of AX =B
|A=2(4+1)-3(2-3)+3(-1+6)=2(5)—3(-5)=10+15+15=40=0
Thus, A is non-singular

Therefore, its inverse exists

Now,
A.Ll =51A12 =5,A13 =5
A, =3 A,=-13 A, =11

Ay =9 A, =LAy =7
At=L (adjp)
A
5 3 9
=i 5 <13 1
40
5 11 -7
X =A"B
5 3 9 1|5
_Llls _13 1[4
5 11 -7||3
X 25-12+27

=Yy =4i0 25+52+3
z 25-44-21
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40
40

Thus, x=14,y=2and z=-1

14.  Solve system of linear equations, using matrix method

X—y+2z=7

3X+4y—-5z2=-5

2X—y+3z=12

Solution:

Given,

X—y+2z=7

3X+4y-5z=-5

2Xx—y+3z2=12
1 -1 2 X 7

Let A=|3 4 5|, X=|y|and B=|-5
2 -1 3 z 12

Such that, the given system of equation can be written in the form of AX =B

Now,
|A=1(12-5)+1(9+10)+2(-3-8)=7+19-22=4=0
Thus, A is non-singular

Therefore, its inverse exists

Now,
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Al = 7' AZ = _191 A13 :11
A21 :l’ A22 :_11 A23 :_1

Ay =-3, Ap =1L A, =7

- A= (adjA)

A

7 1 -3
-19 -1 11
-11 -1 7

1
4

L X=A"B

7 1 3|7

=2 -19 -1 111|-5
-11 -1 7 |12
X 49-5-36
=Yy % -133+5+132
z —77+5+84
8
:% 4
12
2
=1
3
Thus, x=2,y=1and z=3
15.  The cost of 4kg onion, 3kg wheat and 2kg rice is Rs60. The cost of 2 kg onion, 4kg
wheat and 6kg rice is Rs90. The cost of 6kg onion 2kg wheat and 3kg rice is Rs 70.

| =

Find cost of each item per kg by matrix method

Solution:
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’ Let the cost of onions, wheat and rice per kg be Rs x, Rs y and Rs z respectively.
Then the given situation can be represented by a system of equations as
4x+3y+2z =60
2X+4y+6z=90

6Xx+2y+3z2=70

4 3 2 X 60
Let A=|2 4 6|,X=|y|and B=|90
6 2 3 z 70

Such that, this system of equation can be written in the form of AX =B
|A|=4(12-12)-3(6—36)+2(4—24)=0+90-40=50+0

Now,

A, =0,A,=30,A,=-20

A, =-5A,=0A,=10

A, =10, A, =20, A, =10

0 -5 10
~adjA=| 30 0 -20
—20 10 10

A= iade
A

0 -5 10
= 5—10 30 0 -20
-20 10 10

Now,

X=A"B
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1 0 -5 10 |[60]
=X=—[30 0 -20|90

°| 20 10 10 ||70]

x] [0-450+700
=y |=-|1800+0-1400
~1200+900+700

250
400
400

~.x=5y=8,and z=8
Hence, the cost of onion is Rs 5 per kg, the cost of wheat is Rs 8 per kg and the cost of

rice is Rs 8 per kg
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