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Chapter 5: Continuity and differentiability.

Exercise 5. Miscellaneous

1. Differentiate the function w.r.t x
(3x2 —9X+ 5)9

Solution:
Let y=(3x ~9x+5)

Using chain rule, we obtain

ﬂ=i=(3x2—9x+5)9
dx dx

s d

=9(3x* —9x+5) &(3x2—9x+5)

=9(3x® ~9x+5)".(6x9)

8

=9(3x* —9x+5) .3(2x-3)

=27(3x* ~9x+5) .(2x-3)

2. Differentiate the function w.r.t x
sin® X+ cos® x

Solution:

Let y =sin® x+cos® x

d d,. d
d_i = &(sm3 x)+&(cos6 X)

=3sin? x.i(sin X)+6cos® x.i(cos X)
dx dx

=3sin” xcos x+6¢0s° x.(—sinx)
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—3sin xcosx(sin X —2cos* x)

3. Differentiate the function w.r.t x
(SX)3c052x

Solution:
Let y _ (5X)3COSZX

Taking logarithm on both sides, we obtain

log y = 3cos 2xlog5x

Differentiating both sides with respect to x, we obtain

1 dy d d
——==3| log 5x.—(cos 2x) + cos 2x.— (log 5x
y dx [ J dx( ) dx( J )}

dy i . d 1 d

— =3y| log5x(—-sin2x).—(2 cos2x.—.—(5
:>dx y_ g5x(~sin 2x) dx( X+ X5x dx( X)}
:ﬂ=3y —25inx|ong+Coszx}

dx L X
:ﬂ=3y 30032X—Gsin2x|og5x}

dx | X

R (5x)7 = [3003 2X _6sin2x log SX}
dx X

4. Differentiate the function w.r.t x
sin‘l(x\/;) ,0<x<1
Solution:

Let y= sin’l(x\/;)

Using chain rule, we obtain
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dy d .
&—&sm (x\/;)
:___;L___ E{XJQ)

5. Differentiate the function w.r.t x

X
cos =
2

2X+7

=2 < X< 2

Solution:

By quotient rule, we obtain

d X x)d
J2x+7 —|cost = |=|cost = | (2x +7
ay V7 dx( zj ( Zde( x+7)

dx (Vax+ 7)2
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-1 d(x _1xj 1 d
N2X+7 —| = ||—=| cOS™ — —(2X+7
( j ( 2 ) 22x+7 dx( )

ox+7

\/2x+7

—(cos‘lxj2
4—x° 2 ) 22x+7

2X+7

4 X

—2x+7 cos ™5

VA (2x47) (V2x+T7 )(2x+7)

4 X
cos =
2

6. Differentiate the function w.r.t x

Cotl[\/(lJrsin X) +\/(1—sin x)}’0 o Z
\/(1+ sinx) —\/(1—sin X) 2

Solution:

B . \/(1+sinx)+\/(1—sinx)
Let y = cot [\/(1+sinx)—\/(1—sinx)} ............ (1)

en \/(1+sinx)+\/(1sinx)}
Q ’[\/(1+sinx)—\/(1—sinx)

(Jl+sin X ++/1—sin x)2
(J1+sin X —+/1—sin x)J1+sin X ++/1—sin x

_ (1+sin x)+(1—-sin x)+ 2\/(1+ sinx)—(1-sinx)
(1+sinx)—(1-sinx)
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_ 2+2y1-sin*x
2sin x

_1+cosx
sin x

2c0s2 >
2

. X X

251N —C0S —

2 2
—cot>
2

Therefore, equation (1) becomes

X
=cot™| cot=
y ( 2)

dy _1
dx 2

7. Differentiate the function w.r.t X
(log x)'°gx x>1
Solution:

logx

Let y=(logx)
Taking logarithm on both sides, we obtain

log y =log x.log(log x)

Differentiating both sides with respect to x, we obtain

1dy

d
=—| A |
o dX[ogx og(ogx)]
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= %% =log(log x).%(log x)+log x.%[log(log X)]
= g—i =y _Iog(log x).%+ log X'—Io; . .%(Iog x)}
:% = y_% log(log x)+ﬂ

Y (logx)” [LM}

X X

8. Differentiate the function w.r.t x
cos(acosx+bsin x) , for some constant a and b

Solution:

Let y=cos(acosx+bsinx)

By using chain rule, we obtain

@ icos(acosx+bsin X)

dx dx
dy \ . d .

= — = —sin(acos x+bsin x).—(acos x+bsin x)
dx dx

=—sin(acosx+bsin x).[a(—sin X)+bcos x]

=(acosx-+bsinx)sin(acosx+bsinx)

9. Differentiate the function w.r.t X
. (sinx—cosx) 7T 3
(sin x—cos x) S —<Xx<=—
4 4
Solution:

(sin x—cosx)

Let y=(sinx—cosx)
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Taking logarithm on both sides, we obtain

logy =log [(sin X —C0S x)(Si”X‘C"SX)}

= log y =(sin x—cos x)log(sin x—cos x)

Differentiating both sides with respect to X, we obtain

%% = %[(sin x—cos x).log(sin x—cos X) |

%d—i =log (sin x—cos x).%(sin X—Cc0s X)+(sin x—cos x).%log(sin X—COSX)

%% =log (sin x—cos x).(cos x +sin x)+(sin x—cos X)'(sinx——lcosx)%(sm X —COS X)
= % = (sin x—cos x)(smx_mx) [ (cos x+sin x).log (sin x —cos x) +(cos x+sin x) |

g—i — (sin x—cos X)) (cos x+sin x)[1+log (sin x—cos x) |

10. Differentiate the function w.r.t x
x*+x*+a*+a?, forsuch fixed a>0 and x>0
Solution:

Let y=x*+x*+a“+a*
Also, let x* =u,x* =v,a*=w and a* =s
SLY=U+V+W+S

ﬂ:d_quﬂ+d—W+E ................. (1)
dx dx dx dx dx

u=X

= logu =log x*
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= logu = xlog x
Differentiating both side with respect to x we obtain

1du d d
—— =] — —(1
i ogxdx(x)+xdx(ogx)

du 1
=>—= u{log X1+ x.—}
dx X

du

:&:xx[logx+1]:xx(1+logx) .......... (2)
v=x?

_dv_i a

'dx_dx( )

= logw=loga”*
= logw=xloga

Differentiating both sides with respect to x, we obtain

ld—W—Io ai(x)
w dx g “dx

dw
= —=wloga
dx

Since a is constant, a? is also constant

ds
co— =0 5
» (5)
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’ From 1,2,3,4 and 5, we obtain

% =Xx*(1+logx)+ax**+a*loga+0
X

=x"(1+logx)+ax*" +a*loga

11. Differentiate the function w.r.t x
X< 3 +(x—3)Xz for x>3

Solution:
Let y=x""+(x-3)"
Also, let u=x*"* and v=(x—3)X2
Ly=u+v

Differentiating both sides with respect to x we obtain

ﬂ:d—quﬂ ............. (1)
dx dx dx
UZXXZ—S

- logu = Iog(xx2‘3)
logu = (x* —3)logx
Differentiating both sides with respect to x, we obtain

1d d d
Ud_i =log X-&(Xz ~3)+(x’ _3)'&“09 X)

1d
:Ed_:](: log x.2x+(x* -3).

Wl

2_
:d_uzxxz_{x 3+2><Iogx}
dx X
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Also,

v=(x—3)Xz
. logv = Iog(x—3)Xz
= logv = x*log(x—3)
Differentiating both sides with respect to x, we obtain
1dv d,/, , d
V&:Iog(x—B)&(x )+x &[Iog(x—3)]
1dv 1 d
~—=log(x—-3)2x+x*.——.—(x-3
:>vdx J ) " X—3 dx( )
:%—v 2xlog(x—3)+ X 1
dx Xx—3
:>ﬂ—(x—3)x2 X +2xlog(x-3)
dx X—3
_ . du dv . . .
Substituting the expression of ™ and X in equation (1), we obtain
ﬂ:xxz‘f* X2_3+2xlogx +(x=3)x? X +2xlog(x—3)
dx X P
12 Find g—y if y=12(1—cost),x:10(t—sint),£<t<£
_£<t<£
Solution:

It is given that y =12(1—cost),x=10(t—sint)

SO o —sint) 12109 _sint) =10(1 -
..dt_dt[lo(t Smt):'_lodt(t sint)=10(1-cost)
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& 2 [12(1-cost)] ~12-3 (1-cost) ~12.[0~(~sint) ] ~2sint
dx dx dt
dy ot
Loy (dt) __fasint 122SN5.00% 6 ot
& (gl)t(j 10(2-cost) 10.25in2; 5 2

13.  Find g—i if y=sin"x+sin"y1-x*,-1<x<1

Solution:

It is given that y =sin™" x+sin™"v1—-x°

dy :i[sin‘1 X+sin™ \/1—7J

dx dx

LWy i(sin’l x)jtdi(sinl J1-x? )

dx dx X

:ﬂ: 1 - ! I (e
dx  \1-x2 \/1( ﬂ) dx(\/l_)

~ J1-x2 +;'2\/1—x2 dx

dy 1 1

+
dX  J1-x2  2xy1-x2

dy 1 1 1 d(l_xz)

(-2

dy 1 1

dx  \1-x B J1-x2

2o
dx
14, If x 1+y+y\/1+x=0,for —1<x<Lprovethatﬂ=— ! =
dx  (1+X)

Solution:
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It is given that, X, /1+ y + y\/1+ x=0
Xy1+y =—yy1+X

Squaring both sides, we obtain
X’ (1+y)=y*(1+x)

= X2+ X7y = y* +xy’

=X -y =xy*-x%y

=X —y* =xy(y-x)

= (x+y)(x-y)=xy(y-x)
XY =Xy

= (1+x)y=—x

(1+x)

=y=

Differentiating both sides with respect to x, we obtain

i
R R I
dx (1+ x)2 (1+ x)2 (1+ x)2

Hence, proved

3

272
1+ dy
2 2 2 dx .
15.  If (x—a) +(y—b)" =c?, for some ¢ > 0, prove that a7y is a constant
dx?

independent of a and b

Solution:
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It is given that, ( ) +(y—b)2=c

] 2
Differentiating both sides with respect to x, we obtain
d d d o
dx[(X a)} dx[(y_b)} dx( )
—2(x-a) 2 (x—a)+2(y—b)2(y-b)=0
dx dx
—2(x-a).1+2(y-b)¥ =0
dx
o —xa) (1)
dx y-b
A%y _d|-(x-3)
Td dx| y-b
d d
(y-0) 2 (x-a)-(x-a) & (y-D)




Infinityy ., Sri Chaitanya

Learn ' Educational Institutions

a2 ) +(x—a)2Hg {(y—b)ﬁ(x—a)zf
(e | [[1 b)) | by
d’y {w—b)%(x—af} {w—b)%(x—af}

i (y-by (y-by

Ly—b)z} o

(y-b) _ ¢

= - ¢, which is constant and is independent of a and b

Hence, proved

2
16.  If cosy=xcos(a+y)with cosa=+1, prove that % :w
X si

Solution:

It is given that, cosy =xcos(a+y)

d d
.= [cosy] - &[x cos(a+y)]

= —sin yg—i =cos(a+ y)di(x)+ x.j—x[cos(a+ y)]

X
= —siny= %cos(aw y)+x[-sin(a+ y)]%
= [ xsin(a+y)-sin y]ﬂ=cos(a+ Y) s (1)
dx
cos y

Si = x=_ oSy
ince cosy =xcos(a+y),X cos(aty)
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0sy

Then, equation (1) reducesto | —————
cos(a+y)

sin(a+y)-siny

= [cosy.sin(a+y)-siny.cos(a+ y)]g—i =cos’ (a+Yy)

= sin(a+ y—y)%:cosz(a+b)

2
:Q: cos _(a+b)
dx sina

Hence, proved

d’y

17.  If x=a(cost+tsint)and y =a(sint—tcost), find Vg
X
Solution:

Itis given that, x=a(cost+tsint)and y=a(sint—tcost)

SO a.i(cot+tsint)
dt dt

= a[—sint+sint.%(t)+t.%(sint)}

= a[—sint+sint+tcost] =atcost

Ay

a.i(sint—tcost)
dx dt

- a[cost— {cost.%(t) +t-%(005t)H

= a[cost—{cost —tsint}] =atsint

o
Jdy_\dt)_atsint .

B dx_(dx) “atcost
dt

d_y =CO0S
dx

(a+y)
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Then, d_gzi(ﬂj=i(tant):secztﬂ
dx* dx\dx) dx dx

) 1 dx dt 1
=sec t — =atcost > —=
atcost dt dx atcost

sec’t T

= O<t<—
at 2

18.  If f (x):|x|3 ,show that f "(x)exists for all real X, and find it

Solution:

X, if x=0

It is known that, |x|:{ « if x<0
—X, <

3

Therefore, when x>0, f (x) = |x|3

=X
In this case, f'(x)=3x2and hence, f"(x)=6x
When x <0, f(x):|x|3 =(—x3):x3

In this case, f'(x):3x2 and hence f"(x)=6x

Thus, for f(x):|x|3,f"(x)exists for all real x and is given by,

f7(x) = 6x, if x>0
~|-6x, if x<0

19. Using mathematical induction prove that di(x"): nx"* for all positive integers n
X
Solution:
. d n n-1 H™ H
To prove: P(n).d—(x ) = nx"*for all positive integers n
X

Forn=1,
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P(1): %(x) =1=1.x""

~.p(n)istrue forn=1

Let p(k) is true for some positive integer k

That i, p(k):%(x"):kx"‘1

It is to be proved that p(k-+1)is also true

. d . d
Consider &(xk 1) = &(x.xk )

« d d /o«
X ] (x)+x.—(x)

dx dx
= X1+ xkx*
= X + kx*
=(k+1)x"

= (k+2) X"

Thus, P (k+1) is true whenever P(K) is true

Therefore, by the principal of mathematical induction, the statement P(n) is true for

every
positive integer n
Hence, proved

20.  Using the fact that sin( A+ B)=sin AcosB+cos Asin Band the differentiation, obtain

the sum formula for cosines

Solution:

sin(A+ B) =sin Acos B +cos Asin B

Differentiating both sides with respect to x, we obtain
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%[sin(A+ B)] = %(sin Acos B)+%(cos Asin B)

= cos(A+ B)%(A-l- B)=cos B%(sin A)+sin A%(cos B)+sin B%(cos A)+cos A%(sin B)

= cos( A+ B)i(A+ B)=cos B.cosAi+sin A(—sin B)d—B+sin B(—sin A)d—A+cos Acos Bd—B
dx dx dx dx dx

:>cos(A+B){d—Aer—B}:(cosAcosB—sinAsinB)[d—A+d—B
dx dx dx dx

-.cos(A+B)=cos AcosB—sin AsinB

21. Does there exist a function which is continuous everywhere but not differentiable at

exactly two points? Justify your answer
Solution:
Consider f (x)=|x+|x+1]

Since modulus function is everywhere continuous and sum of two continuous function

is also continuous

Differentiability of f (x):Graphof f(x)shows that f(x)is everywhere derivable

except possible at x=0and x =1

A
v
>

2 0| 1 2

At x =0, Left hand derivative
(=x)-(x-1-1 . —2x

fim F0=1(0) _ o (W x-1)-() _im =2 -

x—0~ X—0 x—0" X x—0~ X x>0~ X

Right hand derivative =
(—=x)—(x-1)-1 0

“mjiﬁ;jﬁﬁznmﬂﬂ+v—ﬂ%%”:“m = lim~=0

x—0" Xx—0 x—0" X x—0* X x—0" X
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Since L.H.D = RH.D f (x)is not derivable at x = 0

Atx=1
L.H.D
i )= 1@ (K1) 0)-(1)-1 0 g
X1~ X=1 X1~ X—=1 X1~ X=1 -1 X =1
R.H.D

_ 11 —(x—1)— N
L0 1@ (1) (=D)L 2(x=d)
x—1" Xx-1 x—1* Xx—-1 x—1* Xx-1 x> X—1

SinceLH.D=RH.D f (x) is not derivable at x = 1

o f (x) is continuous everywhere but not derivable at exactly two points

f(x) a(x) h(x) g | T 9 (x) h(x)
22. Ify=| | m n ,provethat—y= | m n
dx
a b C a b c
Solution:
f(x) a(x) h(x)
y=| | m n

= y=(mc—nb) f (x)—(Ilc—na)g(x)+(Ib—ma)h(x)

Then, % = (;j—x[(mc—nb) f (x)]—%[(lc—na)g (x)]+%[(lb—ma)h(x)]

=(mc—nb) f'(x)—(lc—na)g'(x)+(lb—ma)h'(x)
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F'(x) g'(x) h'(x)
|

Thus, gx m n

a b c

2
23.  If y=e""% _1<x<1, show that (1—x2)%—x%—a2y=0
X

Solution:
It is given that, y =g ¥
Taking logarithm on both sides, we obtain
logy=acos™ xloge
logy=acos™x
Differentiating both sides with respect to x, we obtain

1dy 1
—— —ax
y dx 1-x2

dy_ -3y

dx  \1-x?

By squaring both the sides, we obtain

Again, differentiating both sides with respect to x, we obtain

dy Y dy d’y dy
:(&) (—2x)+(1— xz)x 2&? = a2.2y—x

—_ I/
= U Q.|o_
| — X |
= = N /
N | N

N—

— >, Il

Q.|Q_ ~— | ] Q

X < TN | N

— gle = |<

X < NN

Il ~—

Q
N Il
‘<N mN

<N
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=a’y {

d
:>xd—3):+(1—x2)

d2
:>(1_X2)Kzl_

Hence, proved

d’y

dx?

X
dx

dy

_a2y=

0
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Exercise 5.1
1 Prove that the function f (x) =5x—3 is continuous at x=0,x=-3and atx=5
Solution:

The given function is f (x)=5x-3

At x=0, f (0):5x0—3:3

lim f (x)= Iim(5x—3)=5><0—3=3

solim f (x)= f(O)

Therefore, f is continuousat x=0

At x=-3, f (—3) =5x(—3)—3=18

legg f(x)= leLr; f (5x—3)=5x(-3)-3=-18

leir; f(x)=f(-3)

Therefore, f is continuous at x =-3
2 Examine the continuity of the function at f (x)=2x*-1x=3
Solution:

The given function is f (x)=2x"-1

At x=5, f (x)= f (5)=5x5-3=25-3=22

lim f (x)=lim(5x—3)=5x5-3=22

X—5 X—5

s lim f (x)= f(5)

X—5

Therefore, is f continuous at x =5
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At x=3, f(x)=f(3)=2x3"-1=17
. L 2 _1\_ 2 _q1_
lim f (x) =lim(2x* ~1) = 2x3* ~1=17
le_r)lg f (x)= f (3)

Thus, f iscontinuousat x=3.

3. Examine the following functions for continuity

2) f(x)=x-5 b) f(x)=—2=, x%5

X—5
x* —25
c) f(x)= , X#5 d) f(x)gx-5
) T(0)="—% ) f(x)=x-5|

Solution:

a) The given function is f (x)=x-5

Itis evident that f is defined at every real number k and its value at k is k-5

It is also observed that leirkl f(x)= !(I—r;rk] f(x=5)=k=k-5=f (k)

s im £ (x) = f (k)

x—k

Hence, f is continuous at every real number and therefore, it is a continuous

function.

b) The given function is f (x)= ﬁ x =5 for any real number k #5, we obtain

lim f (x):limizL
x—k x—k X -5 k-5

Also, f (k)= (Ask#5)

L
k-5

~lim £ (x) = f (k)

x—k

Hence, f is continuous at every point in the domain of f and therefore, it is a

continuous function.
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_x-25

c) The given function is f (x)= = X#5
X+

For any real number ¢ # -5, we obtain

x?—25 x+5)(x—5)

=Iim(

lim £ (x) =i ~1lim(x—5)=(c-5
XILI;:] (X) xl—rD X+5 X—C X+5 xl—r>rc](x ) (C )
Also, f(c):%:c(c—@(asc:ﬁ)

+

~lim f(x)=f(c)

X—C

Hence f is continuous at every point in the domain of f and therefore. It is

continuous function.

5-x, if x<5
Xx—=5,if x>5

d) The given functionis f (x)=|x—5 |:{
This function f is defined at all points of the real line.

Let ¢ be a point on a real time. Then, c<5 or c=50rc>5
Casel: c<5

Then, f(c)=5-c

lim f (x)=lim(5-x)=5-c

X—>C X—C

s lim f (x)=f(c)

X—>C

Therefore, f is continuous at all real numbers less than 5.
Casell: c=5
Then, f (c) =f (5) :(5—5) =0

lim f (x)= IXiDQ(S—x):(S—S)zo

X—5"

lim f (x)=lim(x-5)=0

x—5" x—5
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- lim £ (x)=1lim (x) = f (c)

x—c* x—>c*

Therefore, f is continuous at x=5
Caselll: c>5
Then, f (c) = f (5) =c-5

limf (x)=limf (x-5)=c-5

X—>C X—C

s lim f(x)=f(c)

X—C

Therefore, f is continuous at real numbers greater than 5.

Hence, f is continuous at every real number and therefore, it is a continuous

function.

4. Prove that the function f (x) =x" is continuous at is ax=n positive integer.
Solution:

The given function is f (x)=x"

Itis evident that f is defined at all positive integers, n, and its value at nis n".

H __ n n

Then, lim f (n) = lim f (x")=n

< lim f (x)=f (n)

Therefore, f iscontinuous at n, where n is a positive integer.

X, if x<1

5. Is the function f defined by f (x) :{5 _—

Continuous at Xx=0? At x=1?. At x=2?
Solution:

X, if x<1

The given function f is f(x) :{5 _—
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At x=0

It is evident that f is defined at 0 and its value of 0 is O

Then, limf(x)=limx=0
x—0

x—0

~lim £ (x)= £ (0)

x—0

Therefore, f is continuous at x=0
At x=1
f is defined at 1 and its value at is 1.

The left hand limitof atf ix=1s,

lim f (x)=limx=1

x—1" x—1"

The right hand limit of at f isx=1,

lim f (x) = lim f (5)

x—1" x—1"

s lim £ (x) = lim f(x)

x—1" x—1"

Therefore, is f is not continuous at x =1
At Xx=2

f is defined at 2 and its value at 2 is 5.

Then, legg f(x)=limf(5)=5

X—2

~lim f (x)=f(2)

X—2

Therefore f is continuous at x =2

6. Find all points of discontinuous of f , where f is defined by
2x+3, if x<2
f(x) X+ | X
2x-3 ifx>2
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’ Solution:
2x+3, if x<2
The given function f if f(x)= _
2x—-3 if x>2

It is evident that the given function f is defined at all the points of the real time.

Let ¢ be a point on the real line. Then, three cases arise.

c<?2

Case (i) c<?2

Then, f(x)=2x+3

lim f (x)=lim(2x+3)=2c+3

X—>C X—C

~lim f (x)=f(c)

X—>C

Therefore, f is continuous at all points x, such that x <2
Case (ii)) c>2

Then, f(c)=2c-3

lim f (x)=lim(2x-3)=2c-3

X—C X—C

~lim f (x) = (c)

X—C

Therefore, f is continuous at all points x, such that x > 2
Case (iii)) c=2
Then, the left hand limitof f at x=2 is

lim f (x)=lim (2x+3)=2x2+3=7

X—2 X—2~
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The right hand limit of f at isx=2

lim f (x)=lim(2x+3)=2x2-3=1

x—2" x—2"

It is observed that the left and right hand limit of f at x=2 do not coincide.
Hence, x =2 is the only point of discontinuity of f .

7. Find all points of discontinuity of f , where f is defined by

| x]+3, if x<-3
f(x): -2x, if-3<x<3
6x+2 ifx>3

Solution:

The given function f is defined at all the points at the real line.

Let ¢ be a point on the real line.

Case I:

If c<-3,then f(c)=—+3

lim f (x)=lim(-x+3)=—+3

X—C X—C

~lim £ (%)= f(c)

X—>C

Therefore, f is continuous at all points x, such that x < -3
Case Il :

If ,c=-3 then f(-3)=—(-3)+3=6

lim f (x)=lim(-x+3)=—(-3)+3=6

x—3" Xx—3~

~dim f (x)=lim f (-2x)=2x(-3)=6

x—3" x—3"

~lim f (x) = f(-3)

x—3

Therefore, f is continuous at x =-3
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Case lll :

If ,-3<c<3then f(c)=—2c and lim f (x)=lim (-2x)=-2c

X—C Xx—3C

~lim f(x)=f(c)

X—C

Therefore, f is continuous in (-3, 3)

Case |V:

If ¢ =3, then the left hand limitof f at x=3 is

lim f (x)=lim f (—2x)=-2x3=6

x—3" X—3"

The right hand limit of f at x=3is

lim f (x)=lim f (6x+2)=6x3+2=20

x—3" X—3~

It is observed that the left and right hand limit of f at x =3 do not coincide.
Case V:

If c>3,then f(c)=6c+2and limf(x)=lim(6x+2)=6c+2

X—C X—C

~lim f (x)=f(c)

X—>C

Therefore f is continuous at all points x, such that x > 3.

Hence, X =3 is the only point of discontinuity of f .

if x=0

Find all points of discontinuity of f , where f is defined by f(x)= -

X
0
Solution:

if x£0

The given function f is f(x)= —

X
0

I . VED.
o
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’ Itis known that, x <0 =] x|=—x and x>0=| x|=x

Therefore, the given function can be rewritten as

x| —x
~ T Lt x<o
f(x)40, if x=0
m=§:1 if x>0
X X

The given function f is defined at all the points of the real line.

Let c be a point on the real line.

Case I:

If c<0,then f(c)=1

lim f (x)=lim(-1)=-1

X—C X—C

~lim f(x)= f(c)

X—C
Therefore f is continuous at all points x <0

Case Il:

If ¢ =0, then the left hand limit of f at x=0 is,

lim f(x)=lim(-1)=-1

x—0" x—0"

The right hand limit of f at x=0 is

lim f(x)=lim(1)=1

x—0" x—0*

It is observed that the left and right hand limit of f at x=0 do not coincide.
Therefore, f isnot continuousat x=0.
Case IlI:

If >0, f(c)=1
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lim f (x) =lim(1) =1

X—>C X—>C

~lim f (x)=f(c)

X—>C

Therefore, f is continuous at all points x, such that x>0

Hence, x =0 is the only point of discontinuity of f .

X
9. Find all points of discontinuity of f, where f is defined by f(x)=<|x]| " :0

if x>
-1

Solution:

X

The given function f is f(x)=4|x| . |
if x>0

-1

Itis known that, x <0 =] x|=Xx

Therefore, the given function can be rewritten as

X ifx<0

] :>f(x)=—1 for allxeR
if x>0

Let ¢ be any real number. Then lim f (x)=lim(-1)=-1

X—C X—>C

Also, f(c)=-1=limf(x)

X—C
Therefore, the given function is continuous function.
Hence, the given function has no point of discontinuity.

10. Find all the points of discontinuity of f , where f is defined by

X+1, if x>1
f(X)z 2 :
x°+1, if x<1

Solution:

I . .
—h
—~
x
N—
I
| —
H_
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X+1, if x>1

The given function f is f(x):{ 201 if x<1
X2 +1, <

The given function f is defined at all the points of the real lime.

Let c be a point on the real time.

Case | :

If c<1,then f(c)=c?+1and lim f (x)=lim f (x2+1)=c2+1

X—C X—C

~lim f (x)= f(c)

X—>C

Therefore, f is continuous at all points x, such that x <1
Case Il :

If c=1,then f(c)="f(1)=1+1=2

The left hand limit of f at x=1 is

lim £ (x)=lim(x* +1)=1* +1=2

x—1" x—1"

The right hand limit of fat x=1is

lim £ (x)=lim(x* +1)=1" +1=2

x—1" x—1"

= lim f (x)= f(c)

x—1
Therefore, f is continuous at x =1
Case IlI:

If c>1,then f(c)=c+1

limf (x)=lim(x+1)=c+1

X—C X—C

~lim f(x)=f(c)

X—C

Therefore, f is continuous at all points x, such that x >1.
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Hence, the given function f has no points of discontinuity.

11. Find all points of discontinuity of f , where f is defined by

x*-3, if x<2
FO)=4., .
x?+1, if x>2

Solution:

x}—-3 if x<2

The given function fis f(x)= .
x?+1, if x>2

The given function f is defined at all the points of the real line.

Let cbe a pointon the real line.

Case | :

If c<2,then f(c)=c’-3and limf(x)= Iim(x3—3):c3—3

X—C X—C

~lim f(x)= f(c)

X—>C

Therefore, f is continuous at all points x, such at that x < 2
Case Il :

If c=2,then f(c)=f(2)=2-3=5

lim f (x)=lim(x*-3)=2°-3=5

x—2*+ x—2"

lim f (x) = lim (x* +1)=2° +1=5

x—2*+ x—2*

~limf (x)=(2)

X—2
Therefore, f is continuous at X =2
Case Il :

If c>2,then f(c)=c’+1
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lim f (x)= Iim(x2 +1) —c?+1

X—C X—C

~lim f (x)= f(c)

X—C
Therefore, f is continuous at all points x, such that x > 2
Thus, the given function f is continuous at every point on the real time.

Hence, f has no point of discontinuity.

x° -1 if x<1

Find all points of discontinuity of f , where f is define by f(x):{ , _—
X%, >

Solution:

x° -1 if x<1

The given function f is f(x)=
g ( ) {le if x>1

The given function f is defined at all the points of the real line.

Let ¢ be a point on the real line.

Case | :

If c<1,then f(c)=c*-Land lim f(x)=lim(x*-1)=c"-1

X—C X—C

s lim f(x)=f(c)

X—C

Therefore, f is continuous at all points x, such that x <1

Case ll :

If c=1, then the left hand limitof f at x=1is

lim £ (x) = lim (x* -1) =10 -1=1-1=0

x—1" x—1"

The right hand limit of f at x=1is,

lim £ (x)=1lim(x*)=1" =1

x—1" x—1*
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13.

It is observed that the left and right hand limit of f at X =1 do not coincide.
Therefore, f is not continuous at x =1
Case Il :

If c>1,then f(c)=c

lim £ (x) =lim(x*) =¢?

X—C X—>C

~lim f (x)= f(c)

X—>C

Therefore f is continuous at al points x, such that x >1

Thus, from the above observation, it can be concluded that x =1 is the only point of
discontinuity of f .
x+5, if x<1

Is the function define by f (x)= {x A ¥ continuous function?
-9, >

Solution:

x+5, if x<1
x=5, if x>1

The given function is  f (x) :{
The given function f is defined at all the points of the real line.
Let ¢ be a point on the real line.

Case | ;

If c<1,then f(c)=c+5 and limf (x)=lim(x+5)=c+5

X—C X—C

~lim f(x)= f(c)

X—C

Therefore, f is continuous at all points x, such that x <1
Case Il :

If c=1,then f(1)=1+5=6
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’ The left hand limit of f at x=1 is

lim f (x) = lim (x+5)=1+5=6

x—1" x—1"

The right hand limit of f at x=1is lim f (x)=lim(x-5)=1-5=—4

x—1" x—1"

It is observed that the left and right hand limit of f at x =1 do not coincide.
Therefore f is not continuousat x =1
Case Il :

If c>1,then f(c)=c—5and limf(x)=lim(x-5)=c-5

X—C X—>C

. lim f (x)=f(c)

X—>C

Therefore f is continuous at all points x, such that x >1

Thus, from the above observations, it can be concluded that x =1 is the only point of

discontinuity of f .

14.  Discuss the continuity of the function f , where f is defined by

3, if 0<x<1
f(x)=14, ifl<x<3
5 if3<x<10
Solution:
3, if 0<x<1
The given functionis f(x)=44, if1<x<3
5 if3<x<10

The given function is defined at all the points of the interval [0, 10].

Let ¢ be a point in the interval [0, 10]

Case | ;

If ,0<c<1thenf(c)=c+5 f(c)=3and limf (x)=1im(3)=3

X—C X—C
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~Aim f(x)= f(c)

Therefore, f is continuous in the interval [0,1)
Case Il :

If c=1, then f(3)=3

The left hand limitof f at x=1is

lim f (x) = lim (3) =3

x—1" x—1"

The left hand limitof f at x=1is lim f (x)=1im(3)=3

x—1" x—1"

The right hand limitof f at x =1is lim f (x)=lim(4)=4

x—1" x—1"

It is observed that the left and right hand limit of f at X =1 do not coincide.
Therefore f is not continuousat x =1
Case Il :

If c>1,then f(c)=4and limf(x)=lim(4)=4

X—C X—C

. limf (x)=f (c)

X—C

Therefore f is continuous at all points of the interval (1, 3)
Case IV:

If c=3, then f(c)=5

The left hand limitof fat x=3is lim f(x)=1im(4)=4

x—3~ x—3"

The right hand limitof f at x=3is lim f (x)=1lim(5)=5

x—3" x—3*

It is observed that the left and right hand limit of f at x =3 do not coincide.

Therefore, f is not continuous at X =3
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’ Case V:

If 3<c<10,then f(c)=5and limf (x)=1lim(5)=5

X—C X—C

. lim f(x)=f(c)
Therefore, f is continuous at all points of the interval (3, 10].

Hence, f is not continuous at x=1and x=3

15. Discuss the continuity of the function f , where f is defined by

2%, if x<0
f(x)=40, if 0<x<1
4x. if x>1
Solution:
2%, if x<0
The given functionis f(x)=40, if 0<x<1
4x. if x>1

The given function is defined at all the points of the real line.
Let ¢ be a point on the real line

Case | ;

If c<0then f(c)=2c, limf(x)=lim(2x)=2c

X—C X—C

L lim F(x)=f(c)

X—>C
Therefore, f is continuous at all points , X such that x <0
Case Il :

If c=0,then f(c)=f(0)=3

The left hand limitof f at x=0 is lim f(x)=lim(2x)=2x0=0

x—0" x—0"

The right hand limitof f at x=0 is lim f(x)=1im(0)=0

x—0" x—0"
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~lim  (x)= £ (0)

x—0

Therefore, f is continuous at x=0
Case Il :

If 0<c<1,then f(x)=0 and lim f (x)=1im(0)=0

X—C X—>C

. lim f (x) = f(c)

X—C

Therefore f is continuous at all points of the interval (0, 1)
Case IV:

If c=1,then f(c)="f(1)=0

The left hand limitof fat x=1is lim f(x)=1im(0)=0

x—1" x—1"

The right hand limitof f at x=1.is lim f (x)=lim(4x)=4x1=4

x—1" x—1*

It is observed that the left and right hand limit of f at X =1 do not coincide.
Therefore, f is not continuous at x =1
Case V.

If c<1,then f(c)=4c and limf(x)=Ilim(4x)=4c

X—C X—>C

. lim f (x)=f(c)

X—C

Therefore, f is continuous at all points x, such that x > 1

Hence, f isnot continuous only at x =1

16. Discuss the continuity of the function f , where f is defined by
-2, if x<-1
f(x)=42x, if -1<x<1
2, if x>1
Solution:
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-2, if x<-1
The given function f is f(x)=42x, if —1<x<1
2, if x>1

The given function is defined at all point of the real time. Let c be a point on the real time.

Case | :
If c<—1then f(c=-2) and lim f (x)=lim(-2)=-2
- imf(x)=f(c)

Therefore, f is continuous at all points x , such that x < -1
Case —II :
If c=—1then f(c)=f(-1)=-2
The left hand limit of f atx=-11s,

lim f (x)=lim(-2)=-2

x—1" x—1"

The right hand limitof f at x=-1 is,

lim f (x)=lim2x(-1)=-2

x—1" x—1"

lim f (x)= f(-1)

x—1

Therefore, f iscontinuousat x=-1
Case Il :
If -1<c<Lthen f(c)=2c

lim f (x)=lim(2x)=2c

X—C X—>C

lim f (x)=f(c)

X—>C

Therefore, f is continuous at all points of the interval (-1,1).

Case - 1V:
If c=1,then f(c)="f(1)=2x1=2
The left hand limitof f at x=1is,

lim f (x)=1lim(2x)=2x1=2

x—1" x—1"

The right hand limit of f at x=1is,

lim f (x)=1lim2=2

x—1" x—1"
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lim f (x): f (C)

X—1

Therefore, f is continuous at X =2
Case -V :

If ¢>1,f(c)=2andlimf(x)=lim(2)=2

s Aim f(x)=f (c)

X—C

Therefore, f is continuous at all points , x , such that x >1

Thus, from the above observations, it can be concluded that f is continuous at all
points of the real time.

17. Find the relationship be a and b so that the function f defined by f (x) =
{ax +1,ifx <3

bx +3,if x >3 IS continuous at x=3.

ax+1,if x <3

bx +3,if x >3 If f is continuous at x=3, then

Solution: The given function fis f (X) = {
lim f(x)=lim f(x) = f(3)
Xx—3 x—>3
Also,
lim f(x)=lim f (ax+1) =3a+1
Xx—3" X—3

lim f () = lim f (ax+1)=30+3

b
f(3)=3a+l

therefore, from (1), we obtain
3a+1 =3b+3 = 3a+1
=3a+1 = 3b+3
=>3a=3b+2

= a=b+§

Therefore, the required relationship is given by, a:b+§

A(x? = 2x),if x<0

18. For what value of A is the function defined by f (x) = ]
4x+1, if x>0

continuous at x = 0 ? What about continuity at x = 1?
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Solution: The given function fis f (x) = {l(:j(;ix)'i:f ))i%
If f is continuous at x = 0, then
ILrp f(x) ILron f (x)=f (0)
=[im A (x* -2x)=]jm (4x+1) = A(0* ~2x0)
Y0 0"

= 1(02-2x0)=4x0+1=0
= 0=1=0, whichisnot possible

Therefore, there is no value of 1 for which f is continuous at x =0
Atx=1,

f(l)=4x+1=4x1+1=5

lim (4x+1)=4x1+1=5

x—1

19.  Show that the function defined by g (X) =X— [X] is discontinuous at all integral

point. Here [X] denoted the greatest integer less than or equal to x.
Solution:

The given function is ¢ (X) =X— [X]

It is evident that g is defined at all integral points.

Let n be a integer

Then,

g(n)=n—-[n]=n-n=0

The left hand limit of fat X =n is

lim g(x)=lim| x—[x]]=limx- lim[x]=n—(n-1)=1

X—Nn~ X—n X—n~ X—n~

The right hand limit of fat X =n is

limg(x)=lim| x—[x]|=limx—lim[x]=n-n=0

X—n~ X—Nn~ X—Nn~ X—n
It is observed that the left and right hand limits of f at X =N do not coincide.
Therefore, f is not continuous at X =n

Hence, g is discontinuous at all integral points

20. s the function defined by f (X)=x*—sinx+5 continuous at X = 7?
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The given function is f (x)=x*—sinx+5
It is evident that f is defined at X =7

At X=r, f(X): f(7r)=7z2—Sin7r+5=7z2—0+5:7z2+5

Consider lim f (x)=lim f (x2 —sinx+5)

X—>r X—=>r
Put X=7x+h

If X — 7, thenitis evident that h—0

lim f (x)= Iim(x2 —sin x)+5

X—> X—>

~lim| (7 +h)’ =sin(z +)+5 |

h—0
:(7r+0)2 —Ligg[sin zrcosh+cos 7z +sinh|+5
=7° - limsin 7 cosh—limcos 7z +sinh+5
=7° —sinzcos0—coszsin0+5
=7r2—0><1—(—1)><0+5
=7°+5
- lim £ (x)= f (z)

Therefore, the given function f is continuous at X = 7

21.  Discuss the continuity of the following functions.
A) f (x) =sinx+cosx
B) f (x)=sinx—cosx
o) f (x)=sinxxcosx

Solution:

It is known that if g and h are two continuous functions, then g+h,g—h and g.h are
also continuous.
It has to proved first that g(x)=sinx and h(x)=cosx are continuous functions.

Let g(x)=sinx

It is evident that g(x)=sinx is defined for every real number.
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Let c be a real number. Put x=c+h
If x—>c,then h—>0
g(c)=sinc
limg(x)=limgsinx

= Liggsin(c+ h)

=lim[sin c cosh+coscsinh]
h—0
= ngg (sinccosh)+ ngg(coscsmh)

=sinccos0+coscsin0
=sinc+0
=sinc
limg(x)=g(c)
Therefore, g is a continuous function.
Let h(x)=cosx
It is evident that h(x) =cos x is defined for every real number.

Let c be areal number. x=c+h
If Xx—>c, then h—>0

h(c)=cosc
Iim(x)=|imcosx
X—C X—C
=limcos(c+h)
h—0
= Iim[cosccosh—sin csinh]
h—0
= limcosccosh—limsincsinh
h—0 h—0
=cosccos0—sincsin0

=coscxl—sincx0
=C0SC

m(x) =h(c)
Therefore, h is a continuous function.
Therefore, it can be concluded that

a) f(x)=g(x)+h(x)=sinx+cosx is a continuous function
b) f(x)=g(x)—h(x)=sinx—cosx is a continuous function
c) f(x)=g(x)xh(x)=sinxxcosx is a continuous function
22. Discuss the continuity of the cosine, cosecant, secant and cotangent functions.

Solution:

It is known that if p and h are two continuous functions, then
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[ M.g(x)io is continuous

g(x)

! .9(x) =0 is continuous

' X
ii.
9(x)
iii. L.h(x) #0 is continuous
h(x)
It has to be proved first that g(X)—sinx and h(x)—cosx are continuous functions.
Let g(x)-sinx
It has evident that g (X)—sin X is defined foc every real number.
Let c be a real number. Put x—c+h
—sinccos0+coscsin0

g(c)-sinx

limg(c)—limsinx

X+C X+C

—Iimsin(c+ h)

X+C

—lim[sin ccosh+coscsinh]

If x—>C, then h—0
—lim(sinccosh)+lim(coscsinh)
—sinc+0

—sinc

I(Lrpg(x)—g(c)

Therefore, g is a continuous function.
Let h(x)—cosx

It is evident that h(x)—Ccosx is defined for every real number.

Let c be a real number. Put x—c+h
If X—>C, then h—0x

h(c)-cosc
—limcos(c+h)
x—0
—lim[cosccosh—sincsinh]
x—0
—limcosccosh—limsincsinh
x—0 x—0
—cosccos0—sincsin0

—coscx1l—sincx0
=C0SC

~limh(x)—h(c)

X+C

Therefore, h(X)—COSX is continuous function.
It can be conclned that,

cosex — ,sin x = 0 IS continuous

Sin X
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= cosexX, X nx(n e Z)is continuous
Therefore, secant is continuous except at X —np, nlZ

secx = o ,cos x = 0 IS continuous
COS X

= secx, X #(2n +1)%(n e Z) is continuous
Therefore, secant is continuous except at x—(2n +1)%(n €Z)

,sin x = 0 IS continuous

COS X
cot X = —

sin x
= cotx,x#nz(neZ) is continuous
Therefore, cotangent is continuous except at x —np,nlz

WX if x<0
23.  Find the points of discontinuity of f, where f(x)=1 x '

x+1 if x>0

Solution:

SINX iy <0
The given function f is f(x)= ’

x+1, if x>0

It is evident that f is defined at all points of the real line.

Let ¢ be a real number
Case I:

If ¢ <0, then f (¢) ==== and lim f (x)=|im(wj=%

X—C X—C X C
~lim f (x)=f(c)

X—>C

Therefore, f is continuous at all points x, such that x <0
Case IlI:

If ¢>0,then f(c)=c+1and limf(x)=lim(x+1)=c+1
~lim f (x)=f(c)

X—C

Therefore, f is continuous at all points X, such that x >0
Case IlI:

If c=0,then f(c)=f(0)=0+1=1

The left hand limit of f at x=0is,

lim £ (x) = lim 22X =1

x—0 x—>0" X

The right hand limit of f at x =0 is,
lim f (x)=lim(x+1)=1

x—0" x—0"
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i )= i ()= 1(0)

Therefore, f is continuous at x=0
From the above observations, it can be conducted that f is continuous at all points of

the real line.
Thus, f has no point of discontinuity.

B
. _ x’sin=, if#0 . _ .
24.  Determineif f defined by f(x)= X " is a continuous function?

0, if 20

Solution:

x2sin S, if %0
The given function f is f(x)= X’

0, if #0
It is evident that f is defined at all points of the real line.
Let ¢ be a real number.

Case I
If c=0,then f (c):czsinl
C
lim f () = |im(xzsin1J (tim xz)(nmsinlj —c?sin =
X—C X—C X X—C X—C X C

~lim f(x)=f(c)

X—>C

Therefore, f is continuous at all p[oints x = 0
Case Il
If c=0,then f(0)=0

lim f (x) = lim (xz sin Ej = Iim(xzsin 1)
x—0" x—0* X x—0 2

It is known that, —1£sin££1, x#0

X
2 _ i1 2
= -x?<sin=<x
X
- 2 - 2 - 1 - 2
:>I|m(—x )sllm x2sin= | <limx
x—0 x—0 X x—0
(o, 1
= 0<Ilim| x“sin=|<0
x—0 X
. .1
:Ilm(xzsm—jzo
x—0 X
~limf(x)=0

x—0
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Similarly, lim f (x)=lim (xzsinij: Iim(x2 sinljzo
x—0" x—0" X x—0 X
XILT f (x): f(O):XILr(r)l f (x):0

Therefore, f is continuous at x=0
From the above observations, it can be concluded that f is continuous at every point

of the real line.
Thus f is a continuous function.

25.  Examine the continuity of f , where f is defined by

f(x)— sinx—cosx, if x#0
B 1 . if x=0

Solution:

sinx—cosx, if x=0
1 , If x=0
It is evident that f is defined at all points of the real line.

Let ¢ be a real number.
Case I:

If c#0,then f (c)=sinc—cosc

The given function f is f(x):{

!(iLTCl f(x)= IXiLrC](sin X—C0SX)=sinc—cosc

~lim £ (x)= f (c)

Therefore, f is continuous at all points x, such that x = 0
Case IlI:

If c=0,then f (0):—1

lim f (x)=lim(sinx—cosx)=sin0—cos0=0-1=-1
x—0" x—0

lim f(x)= Iirrg(sin X—Cosx)=sin0-cos0=0-1=-1

x—0"

- lim f (x) = lim f (x)= f (0)

x—0" x—0"

Therefore, f is continuous at x =0
From the above observations, it can be concluded that f is continuous at every point

of the real line.
Thus, f isa continuous function.
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26. Find the value of k so that the function f is continuous at the indicated point.

kcosx . T
, If x#==
T—2X
f)4 3 if x=2 ax=2
2 2
Solution:
kcosx . Tz
, If xz#==
T—2X 2
. VA
The given function fis f(x)] 3, if X=-
The given function f is continuous at x=%, it is defined at x=%and if the value of
the f at x=%equals the limit of f at x:%.
It is evident that f is defined at x=%and f(%) 3
limZ £ (x) = lim <225
X—> 2 x_)%”_zx
Put x=2+h
2

N

Then, x—>%:>h—>0

X xoZ T—2X -0

k cos x COS(
S lim f (x): lim =lim
2 2 72'—2(

_klim =S _ Ky, sinh _k ,_k
x>0 —2h 2 x>0 h 2 2

clim £ (x)=1 [%j

x—>=
2

:>£=3
2

=k=6
Therefore, the required value of k is 6.




Infinityy ., Sri Chaitanya
Learn ' Educational Institutions

27. Find the value of k so that the function f is continuous at the indicated point.

2 -
f(x): kx“, |fxs2atx=2
3, ifx>2

Solution:

kx?, if x<2

3, ifx>2
The given function f is continuous at x =2, if f is defined at x = 2 and if the value of f
at x = 2equals the limit of fat x=2

It is evident that f is defined at x =2and f (2)=k(2)" =4k
lim f (X)ZXILT f (x): f (2)

X—2"

= lim (kx)" = lim (3) = 4k

X—2"

= kx22=3=4k
= 4k =3 =4k
=4k =3

3

=>k=—
4

Therefore, the required value of k is %.

The given function is f (x) :{

28. Find the values of k so that the function f is continuous at the indicated point.

kx+1, if x<nm
f(x)= ) atx=r
cosx, ifx>nx

Solution:

: o kx+1, if x<7z
The given function is f (x)= cosx. if x>
, V4

The given function f is continuous at x = and, if f is defined at x = and if the
value of fat x = equals the limitof fat x=x
It is evident that f is defined at x=rand f(7)=kz+1

lim f (x) = lim f (x)= f (7)

X—>r x—z*

= lim (kx+1): limcosx=kz+1

X—>r~ x—r*

=kr+l=cosz=kr+1
=>kr+l=-1=krz+1
=>kr+l=-1=kz+1

:>k:—E
T
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Therefore, the required value of k is —g.
T

29. Find the values of k so that the function f is continuous at the indicated point.
kx+1, if x<5
f(x)= :
3x-5 if x>5

Solution:

kx+1, if x<5

The given function of fis f (X) = {BX 5 if xob
-9, >

The given function f is continuous at X =5, if f is defined at X=5 and if the value of
fat X=5 equals the limitof fat Xx=5

It is evident that f is defined at X="5 and f (5) =kx+1=5k +1

lim f (x) = lim f (x)= f (5)

Xx—5" x—5"

= XILrp_(kx+1)= X'LFQ(3X—5)=5K +1
=5k +1=15-5=5k +1

=5k +1=10

=5k =9

=k :%

9
Therefore, the required value of k is g

30. Find the vales of a and b such that the function defined
5, if X<2

f(x)=qax+b, if 2<x<10 iscontinuous function.
21 if x>10

Solution:

5, if X<2
The given function f is f (x)=qax+b, if 2<x<10
21  if x>10
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31.

It is evident that the given function f is defined at all points of the real line.
If f is a continuous function, then f is a continuous at all real numbers.
In a particular, f is continuous at X=2 and x=10

Since f is continuous at X =2, we obtain

lim f (x)=lim f (x)=f(2)

x—2~ x—2*

= lim(5)=lim(ax+b)=5

x—2~ x—2"
—=5=2a+b=5
=2a+b=5 .. (1)

Since f is continuous at X =10, we obtain

lim f(x)= lim f(x)= f(10)

x—10~ x—10*

= lim (ax+b)=lim(21)=21

x—10~ x—2"

=10a+b—-21=21

=10a+b=22 .. (2)
On subtracting equation (1) from equation (2), we obtain
8a =16

—a=2

By putting @ = 2 in equation (1), we obtain

2x2+b=5
=4+b=5
=b=1

Therefore, the values of a and b for which f is a continuous function are 2 and 1
respectively.

Show that the function defined by f (X) = COS(XZ) is a continuous function.

Solution:

The given function is f (X) = COS(XZ)
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This function f is defined for every real number and f can be written as the
composition of two functions as,

f = goh, where g(x)=cosx and h(x)=x*

[ (goh)(x)=g(n(x))=g(x*) =cos(x*) = f (x) |

It has to be first proves that g (X) =COS X and h(X) = X are continuous functions.

It is evident that g is defined foe every real number.

Let c be a real number.
Then, g(c)=cosc
Put X=C+h

If X—>cC,then h—0

limg(x)=limcosx

X—C X—C

:Liggcos(c+h)

= lim[cosccosh-sincsinh]|
h—0

=limcosccosh—limsincsinh
h—0 h—0

=cosccos0—sincsin0

=coscx1l—sincx0

=COSC

~limg(x)=g(c)

X—C

Therefore, g(X)=COSX is a continuous function
h(x)=x*
Clearly, h is defined for every real number.

Let k be a real number, then h(k) =k?

limh(x) = limx? =k?

x—k x—k
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~limh(x)=h(k)

x—k

Therefore, h is a continuous function.

It is known that for real valued functions g and h, such that (goh) is defined atc, it g
is continuous at ¢ and it f is continuous at c.

Therefore,  f(x)=(goh)(x)=cos(x*) is a continuous function,
32.  Show that the function defined by f (X)=|cosx| is a continuous function
Solution:

The given function is f (X)=|cos x|

This function f is defined for every real number and f can be written as the
composition of two functions as,

f = goh, where g(x):|x| and h(x)=cosx

[ (goh)(x)=g(h(x))=g(cosx)=|cosx|= f (x)]
It has to be first proves that g (X) = |X| and h(X) = COS X are continuous functions.

g (X) = |X| , can be written as
-x if
J (X) ¢ { X if

Clearly, g is defined for all real numbers.

x<0
x>0

Let ¢ be a real number.

Case I:

If <0, then g(c)=—c and limg(x)=lim(-x)=—c

~limg(x)=g(c)

X—C

Therefore, g is continuous at all points x, such that X <0

Case IlI:

If >0, then g(c)=c and Ixingg(x)zlim(—x):c

~limg(x)=g(c)

X—C
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’ Therefore, g is continuous at all points x, such that X >0

Case IlI:

If c=0, then g(c)=g(0)=0 and limg(x)=lim(-x)=—c

X—>C X—>C

limg(x)=lim(-x)=0

x—0" x—0"
firy ()= iy (x) =0

s limg(x)= XILT g(x)=g(0)

X—C~
Therefore, g is continuous at X =0

From the above three observations, it can be concluded that g is continuous at all
points.

h(x)=cosx

It is evident that h(X) =COS X is defined for every real number.
Let ¢ be a real number. Put X=C+h

If X—>cC,then h—0

h(c)=cosc

limh(x)=limcos x

X—C X—C

=limcos(c + h)
h—0

= lim[cosccosh-sincsinh]
h—0

= limcosccosh— limsincsinh
h—0 h—0

=cosccos0—sincsin0

=coscx1l—sincx0

—limh(x)=h(c)

h—c

Therefore, h(x) = COS X is continuous function/
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It is known that for real values functions g and h, such that (goh)is defined at c, if g

is continuous at ¢ and if f is continuous at g (C) , then ( fog) IS continuous at c.

Therefore, f (X)=(goh)(x)=g(h(x))=g(cosx)=|cosx| isa continuous

function.
33.  Examine that Sin |X| is a continuous function
Solution:

Let f(x)=sin|x

This function f is defined for every real number and f can be written as the composition
of two functions as,

f = goh, where g(x):|x| and h(x)=sinx

[ (goh)(x)=g(h(x))=g(sinx)=|sinx|= f (x)]
It has to be prove first that g (X)=|x| and h(x)=sinx are continuous functions.
g (X) = |X| can be written as

( ) —x if x<O0

X)=

g x if x=0

Clearly, g is defined for all real numbers.
Let ¢ be a real number.

Case I:

If ¢<0, then g(c)=—c and limg(x)=lim(-x)=—c

~limg(x)=g(c)

Therefore, g is continuous at all points x, that X <O

Case IlI:

If ¢>0, then g(c)=c and Ixirrgg(x):limx:c

X—C

~limg(x)=g(c)

X—C
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’ Therefore, g is continuous at all points x, such that X >0

Case IlI:
If c=0, then g(c)=g(0)=0
limg(x)=lim(-x)=0

x—0" x—0"
i ()= lig () =0
+limg(x)=1im g(x)=g(0)

Therefore, g is continuous at X =0

From the above three observations, it can be concluded that g is continuous at all
points.

h(x)=sinx
It is evident that h(x) =sin X is defined for every real number.

Let ¢ be a real number. Put Xx=c +k

If X—>cC,then K—>0
h(c)=sinc

limh(x) = limsin x

X—C X—>C

=Li£rgsin(c+k)

=lim[sinccosk + coscsink]
k—0
= Ligg(sin ccosk)— ngg( coscsink)

=sinccos0+coscsin0
=sinc+0

=sinc
=limh(x)=g(c)

X—C

Therefore, h is continuous function.
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It is known that for real values functions g and h, such that (goh)is defined at c, if g

is continuous at ¢ and if f is continuous at g(c), then ( foh) is continuous at c.
Therefore, f (X) = (gOh)(X) = (h(x)) =g (sin X) = |sin X| is a continuous
function.

34.  Find all the points of discontinuity of f defined by f (X)=|x|—|x+1.
Solution:
The given functionis f (X)=|x|—|x+1]

The two functions, g and h, are defined as

9(x)=|x|and h(x)=|x+1

Then f =g —h

The continuous of g and h is examined first.

g(x)=|X| can be written as

(x) =X if x<0

IV i x20

Clearly, g is defined for all real numbers.
Let ¢ be a real number.

Case I:

If <0, then g(c)=g(0)=— and Ixiggg(x): IXiLrC\(—x):—c
~limg(x)=g(c)
Therefore, g is continuous at all points x, that X <O

Case Il:

If >0, then g(c)=c and limg(x)=limx=c

X—C X—C

~limg(x)=g(c)

X—C
Therefore, g is continuous at all points x, such that X >0

Case IlII:
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If c=0, then g(c): g(O):O

limg(x)=lim(-x)=0

x—0" x—0"
firpo(x)= fify(x) =0
+limg(x)=1im g(x)=g(0)

Therefore, g is continuous at X =0

From the above three observations, it can be concluded that g is continuous at all
points.

h(x)=|x+1
h(X):{—(x+1), if, x<-1

X+1, if, x>-1

Clearly, h is defined for every real number.

Let ¢ be a real number

Case I:
If ¢ <1, then h(c)=—(c+1) and limh(x)=lim[ ~(x+1) |]=~(c+1)
. limh(x)=h(c)

X—>C
Therefore, h is continuous at all points x, such that X < —1

Case Il:

If c>—1,then h(c)=c+1and limh(x)=limx+1=(c+1)

X—C X—C

~limh(x)=h(c)

X—C
Therefore, g is continuous at all points x, such that X > —1

Case IlI:
If c=—1, then h(c)=h(-1)=-1+1=0

limh(x)=lim[ —(x+1) |=—(-1+1)0

X—1" X—1"

limh(x) = lim(x+1) = (~1+1) =0

x—1" x—1"
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- limh=limh(x)=h(-1
x—1" x—1" ( ) ( )

Therefore, h is continuous at X =—1

From the above three observations, it can be concluded that h is continuous at all
points of the real line.

g and h are continuous functions. Therefore, f =g —h is also a continuous function.

Therefore, f has no point of discontinuity.
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Exercise 5.2

1 Differentiate the function with respect to x. sin (x2 +5)
Solution:

Let f(x)=sin(x*+5),u(x)=x"+5,and v(t)=sint
Then, (vou)(x):v(u(x))zv(xz+5):tan(x2 +5)= f(x)
Thus, fis a composite of two functions

Put t=u(x)=x"+5

Then, we obtain

%:%(sint):cost:cos(x%S)

at _d ey 92y, 9 5 _

dx_dx(x +5)—dx(x )+dx(5)_2x+0_2x

Therefore, by chain rule, % = 3—\:% = cos (X" +5)x 2x = 2xcos(x +5)

Alternate method

%[sin(x2 +5)} = cos(x* +5)%(x2 +5)

- cos(x2 +5){%(x2)+%(5)}
=cos(x’ +5)[2x+0]

=2xcos(x2+5)
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2. Differentiate the functions with respect of x. cos(sin x)
Solution:

Let f(x)=cos(sinx),u(x)=sinx, and v(t)=cost

Then, (vou)(x) =v(u (x)) =v(sinx)=cos(sinx)= f (x)

Thus, f is a composite function of two functions

Put t=u(x)=sinx

% = %[cost] =—sint =—sin(sin x)

dt =i(sin X) = COS X

dx dx

By chain rule, ar , &ﬂ = —sin(sin x)cos x = —cos xsin (sin x)

dx dt dx

Alternate method

i[cos(sin x)] =—sin(sin x)i(sin X) = —sin(sin x)—cos x = —cos xsin (sin x)

dx dx
3. Differentiate the functions with respect of x. sin (ax+ b)
Solution:

Let f(x)=sin(ax+b),u(x)=ax+b,and v(t)=sint
Then, (vou)(x) =v(u(x)) =v(ax+b)=sin(ax+b)= f (x)
Thus, fis a composite function of two functions u and v
Put t=u(x)=ax+b

dv. d, .
Therefore, — =—(sint) =cost = cos(ax+b)

dt dt

%:%(ax+b)=%(ax)+%(b)=a+0=a
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’ Hence, by chain rule, we obtain

ar _dvat_ cos(ax+b)a=acos(ax+b)
dx dt dx

Alternate method

%[5in(ax+b)] = cos(ax+b)di(ax+b)

:cos(ax+b)[%(ax)+%(b)}
=cos(ax+b)(a+0)

=acos(ax+b)

4, Differentiate the functions with respect of x. sec(tan (\& ))

Solution:

Let f(x) =sec(tan(\/§)),u(x) = \&,v(t) =tant, and w(s)=secs

Then, (wovou)(x)= W[v(u (x))} = W[v(\/;)} = W(tan \/;) = sec(tan \&) = (x)
Thus, f is a composite function of three functions, u, v and w

Put s=v(t)=tant and t:u(x)=\/§

Then, ((jj_\;v = %(sec s)=secstans=sec(tant)tan(tant) [s=tant]

:sec(tan\/;).tan(tan\/;) [t :\/ﬂ

% = %(tant) =sec’t =sec? /X

dt d d( ) 1 1 1
—=—|VX)=—| X? |=Z=X* =—F=
dx dx(\/_) dx( J 2 2x

Hence, by chain rule, we obtain
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dt_dws dt
dx ds dt dx

:sec(tan J;).tan(tan \/;)xsecz S 2\1/;

= %sec2 &(tan \/;) tan (tan \&)

sec? J/x sec(tan Jx ) tan (tan Jx )
_ 7

Alternate method

%[sec(tan \/;ﬂ = sec(tan ﬁ)tan (tan ﬁ)%(t&n \/;)

= sec(tan ﬁ) tan (tan \/Q)sec2 (ﬁ)i(\/;)

dx
1
=sec(tan+/x ).tan(tan/x }.sec® (Vx ). —
) tnfan ) s () L
sec(tan ﬁ).tan(tan \/Y).secz(\/;)
= o
. \ . . sin(ax+b)
5. Differentiate the functions with respect of X, ————=
cos(cx+d)
Solution:
The given function is f (x) = sin(ax+b) = g(x)’ where g (x)=sin(ax+b)and

cos(cx+d) h(x)
h(x)=cos(cx+d)
~.h(x)=cos(cx+d)

nf=2 hh‘z gn
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Consider g(x)=sin(ax+b)
Let u(x)=ax+b,v(t)=sint
Then (vou)(x) =v(u(x)) =v(ax+b)=sin(ax+b)=g(x)
.".g is a composite function of two functions, u and v

Putt=u(x)=ax+b

dv d

E=a(smt):cost =cos(ax+h)
%:%(ax+b):%(ax)+%(b):a+0: a

Therefore, by chain rule, we obtain

g =&:E&=cos(ax+b).a: acos(ax+h)

Consider h(x)=cos(cx+d)
Let p(x)=cx+d,q(y)=cosy

Then, (qop)(x)=a(p(x))=a(cx+d)=cos(cx+d)=h(x)
..h is a composite function of two functions, p and g

Put y=p(x)=cx+d

%:%(cosy):—sin y=—sin(cx+d)
dy d _d 9 )=
&_dx(cx+d) dX(cx)+dx(d)—c

Therefore, by chain rule, we obtain

h':ﬁzd—qg:—Sin(CX-Fd)XC:—CSin(CX+d)
dx dy dx
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_acos(ax+hb)cos(cx+d)—sin(ax+b){-csincx+d}

L i
[cos(cx+d)]

sin(cx+d) y 1
cos(cx+d) cos(cx+d)

~ acos(ax+b)

= [ b
cos(ox+d) +csin(ax+b)

=acos(ax-+b)sec(cx+d)+csin(ax+b)tan(cx+b)sec(cx+d)

6. Differentiate the function with respect to x. cosx".sin® (x°)
Solution:

cosx3.sin2(x5)

%[cos x3.sin? (xs)] =sin? (x5)x%(cos x3)+cos3x %[sin2 (x5)]

=sin? (x5)x(—sin XS)X%(XS)-FCOS X3 +2$in(x5)%[sin x5]

. . . > . d
The given function is = sin x®sin? (xs)xsx2 +25in x° cos x°.cos x° xd—(xs)
X

—3x%sin xsin’ (x5)+25in x® €os x° cos X° x5x*

—10x" sin x° cos X° cos x° — 3x? sin x® sin? (xs)

7. Differentiate the functions with respect to x.
Zlcot(x°)
Solution:
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sin(xz)

B cos(x*)

x—COSECZ(Xz)x&(Xz)

\/cos x2+/sin x? sin x?
—22x

\/2sin x2 cos x2 sin x2

B —24/2x
sin x2+/sin 2x?

8. Differentiate the functions with respect to x
cos(\/; )
Solution:
Let f(x):cos(\/;)
Also, let u(x)=+/x
And, v(t)=cost
Then, (vou)(x)=v(u(x))
[
= cos+/x
= f(x)

Clearly, f is a composite function of two functions, u and v, such that t = u(x) =Jx

dt d d(
Then, — =— =—1/ X2
en dx dx(\&) dx( j
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dv d . .
And, — =—(cost)=-sint =—sin/Xx
dt dt( ) x

By using chain rule, we obtain

dt_dvdt
dx dt dx

:—sin(ﬁ)%

=—%sin(\/§)
sin(\/;)

—

Alternate method

o8] =-sin(45) £ ()

X X

:—sin(&)x%[x;J

1 L
=—SIiNYXx=X 2
2

3 —sin«/;
= i

9. Prove that the function f given by f (x)=|x—1],x e Ris not differentiable at x = 1

Solution:
The given functionis f (x)=|x—1],xeR
It is known that a function f is differentiable at a point x = ¢ in its domain if both

lim f(e+h)-f(c) and lim f(c+hg— f(c) are finite and equal

k—0" h—0*

To check the differentiability of the given function at x =1,

Consider the left hand limit of fatx =1

lim f(1+h)-f(1) _lim fl+h-11-1
h

h—0" h h—0"
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|Im| |_ _I|m— (h<0:>|h|:_h)
h—0~ h—-0" h
=-1

Consider the right hand limit of fat x =1

f(1+h)-f(1) _lim fll+h—1—[1-1
h

lim

h—0" h h—0"

im0 i 2 (h>0=|n/=h)
h—0* h h—0" h

Since the left and right hand limits of f at x = 1 are not equal, f is not differentiable at
x=1

10.  Prove that the greatest integer function defined by f (x)=|x],0<x <3is not
differentiable at x=1and x=2
Solution:

The given function fis f(x)=[x],0<x<3

It is known that a function f is differentiable at a point x=cin its domain if both

lim f(c+h)-f(c) and lirm f(c+hg—f(c)

h—0" h h—0*

are finite and equal

To check the differentiable of the given function at x = 1, consider the left hand limit
of fatx=1

o f@en)- 1@ ][]
h

h—0" h h—0"

0-1 -1
= I|m—_ lim—=w
h h—0" h

Consider the right hand limit of fatx =1
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~lim (L+h)-f (1) _ lim [1+h][]
h—0* h he0~

= Iimﬂz lim0=0
h—>0" h h—0*

Since the left and right limits of f at x = 1 are not equal, f is not differentiable at x =1

To check the differentiable of the given function at x=2, consider the left hand limit of

fatx=2

i f@en)=f(2) . [2+h]-[2]
h—0" h h—0"

1-2 . -1
=lim—=Ilim—=w

h—0" h h—0" h

Consider the right hand limit of f at x= 1

i £ F(2) | [2+h]-[2]

h—0* h—0*

—lim 22~ limo=0

h—0" h h—0*

Since the left and right hand limits of f at x = 2 are not equal, f is not differentiable at
X=2
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Exercise 5.3

11.  Find %22X+3y:sinx
Solution:

The given relationship is 2x+3y =sin x

Differentiating this relationship with respect to x, we obtain

diy(2x+3y) :%(sin X)

:>i(2x)+ d

& &(3y) =C0S X

= 2+3—==C0SX
dx

:>3ﬂ:cosx—2

dx

. dx _cosx—2
Cdy 3

12. Find ﬂ:2x+3y=siny
dx
Solution:

The given relationship is 2x+3y =siny

Differentiating this relationship with respect to x, we obtain

2 (2x)+-(3y) = (siny)

:>2+3%:cos yj—i (by using chain rule)

= 2:(cosy—3)%
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Jdy 2
T dx  cosy-3

13. Find %:ax+by2 =Cos Yy

Solution:
The given relationship is ax+by* =cosy

Differentiating this relationship with respect to x, we obtain

d d d
&(ax)Jr&(byz) = &(cos y)

d, o, d
:>a+bdx(by )—dx(cosy)

. . . d d
Using chain rule, we obtain &(yz) = Zy&(cos Y)eennn (1)

From (1) and (2), we obtain

dy =—sin yﬂ

a+bx2y—=-
ydx dx

= (2by +sin y)gy

-2 —_a
X

Ldy  -a
dx  2by+siny

14.  Find %:xy+y2:tanx+y

Solution:

The given relationship is xy + y* =tan x+y

5
o
o
><|Q-
—_
o
o
w
<
N—
Il
28
5
<
o
><|°-
—
N
N—
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Differentiating this relationship with respect to x, we obtain

d d
&(xy+ y2)=&(tanx+ y)

d d d dy
= &(xy)+&(y2) = &(tan x)+&

= {ydi(x) + xi} + Zy% =sec’ x+% [using product rule and chain rule]
X X

dx X

y.1+ x%+2yd—y:sec2 Y

X dx dx

:>(x+2y—1)%:sec2 X—y

(dy _ sec’x-—y

Cdx o (x+2y-1)

15.  Find dy S X2+ xy +y? =100
dx
Solution:

The given relationship is x* +xy + y> =100

Differentiating this relationship with respect to x, we obtain

%(x2 + XY + y2) = %(100) [Derivative of constant function is 0]

d d d
:>&x2+&(xy)+d—x(y2):0

= 2x+{y.i(x)+ xﬂ} + ZyQ =0 [Using product rule and chain rule]
dx dx dx

= 2X+ y.1+x.3—y+2yd—y:0

X dx

= 2X+ y+(x+2y).3—y:0
X
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Cdy _ 2x+y
Tdx x+2y
dy

16.  Find d—:x2 +Xy+xy*+y =81
X

Solution:
The given relationship is x* + x°y +xy* +y* =81

Differentiating this relationship with respect to x, we obtain

d d
&(x3+x2y+xy2 + y3):&(81)

= 3x* + y%(x2)+ x? d—y}+[yzi(x)+ xi(yz)}+3y2ﬂ:0

= 3X° +| y.2x+ X° j—ﬂ+[y2.1+x.2y%}+3y —=0

:>(x2 +2xy+3y2)%+(3x2+2xy+ y2)=0

Cdy —(3x2 +2Xy + y2)
Cdx (x*+2xy+3y°)

17.  Find %:sin2 Y +COSXY =7
y

Solution:
The given relationship is sin® y +cosxy =

Differentiating this relationship with respect to x, we obtain

%(sin2 y+cosxy):%(7r) ............ (1)
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d,. d
=N &(sm2 y)+&(cos xy)=0

Using chain rule, we obtain

d, ., d, . dy
il 2 fhall -2 bl
OIX(sm y)+ smydx(sm y) = 2sin yeosy—
%(cosxy)+—sinxy(xy)=—sinxy[y%(x)+xg—ﬂ ......... (2)
=—sinxy[y.1+xﬂ}:—ysinxy—xsinxyﬂ .......... 3)

dx dx

From (1), (2) and (3), we obtain

dy

2sin ycos y —— ysin xy — xsin xyﬂzo
dx dx

= (2sin ycos y —xsin xy)% = ysin xy

. . dx .
= (sm 2y —xsin xy)d—y = ysinxy

Cox ysin xy
dy  sin2y—xsinxy

18.  Find %:sin2 x+cos’y=1
X

Solution:

The given relationship is sin® x+cos® y =1

Differentiating this relationship with respect to x, we obtains

dy /. d
&(sm2 X + cos® y) = d—x(l)

d, ., d )
= —(sin“ x)+—cos°y=0
dx( ) dx y
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. d, . d
= 2sin x.&(sm X)+2cos y.&(cos y)=0

=> 25iN X COS X + 2cosy(—siny).% =0
X

= sinx—sin ZyQ:O
dx

. dx _sin2x

dy sin2y

19.  Find ﬂ: y :sin‘l( 2x2j
dx 1+Xx

Solution:

The given relationship is y =Sin—1( 2x2j
1+x

y:sin‘l( ZXZJ
1+x

=siny=

1+ x?

Differentiating this relationship with respect to x, we obtain

%(sin y)=%( =2 j

1+ x°

dy d( 2x
COSY—=—| —— |ceerrrrrrn. 1
N ydx dx(1+x2J @

) 2 .
The function —Xz is of the form of 4
1+X v

Therefore, by quotient rule, we obtain

d( 2x j (1+X2);((2X)—2X-i((1+x2)

ax\1+x2 )~ (1+x2)



Infinit})" ., Sri Chaitanya
Learn | Educational Institutions
1+x%).2—-2x[0+2x 2 a3 2142
- ( ) 2[ ] _ 2+ 2X fx _ ( 2) ......... (2)
(1+ XZ) (1+ Xz) (1+ xz)

Also, siny =

1+ x°

1+ x?

2 1 X2 2_4X2)
=Cosy=4/1-sin’y = 1_( 2X j _ (( * ) 2
(1+x2)
(1—X2)2 _1—X2
(1—x2)2 14+ %

From (1) (2) and (3) we obtain

1 dy_2(1-x)
1+x2 T dx (1+X2)2

N 3
20. Find %5 y=tan™ = Xz ,—i<x<
dy 1-3x 3

2
Ng

Solution:

3
The given relationship is y=tan‘1(3x X j

1-3x?
3x—x°
=tan™
4 (1—3x2 J

3x—x*
1-3x2

=tany=

3tan Y —tan* Y
It is known that, tany = S 3

1-3tan?Y
3

I . VB
y
Q.|Q_
< |<
Il
iy
- |™
N
B
=
w
—~
N
N—"
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Comparing equations (1) and (2), we obtain

x=tan
3

Differentiating this relationship with respect to x, we obtain
i(x) :i[tan Xj
dx dx 3

= 1=sec? l.i(lj
3 dx\3

Q_|Q_
X <

—1=sec? Y.
3

Wl

L3 3
dx

sec?y 14tan?Y
3 3

cdx 3
Tdy 1+ X

2

21.  Find ﬂ: ycos™ (1_—)(2
dx 1+X

J,O<x<1

Solution:

The given relationship is,

ycos™ 1§
1+X°

2

= CoSYy =
y 1+x°
2 Y
= = -
1+tan2y 1tX
2

On comparing LHS and RHS of the above relationship, we obtain
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tan? = x

Differentiating this relationship with respect to x, we obtain

seczz.i(ljzi(x)
2 dx\ 2 dx

:seczlxlizl

2 2dx

W2
dx

sec? Y
2
2

X 1, anzY
2

Sdy 1
Tdx 1+ %2

2

XZ],O<X<1
1+x

22.  Find dy . y:sin‘l[
dx

Solution:

2
The given relationship is y:Sinl(l ij
1+X

y=sin™ 1%
1+ x°

_ 2

==siny=1—73

Differentiating this relationship with respect to x, we obtain

1+ %°

2 (sin y):%(l‘xzj ............. )

Using chain rule, we obtain
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dy

i(Sil’l y) =CoSYy.—
dx dx

cosy =41-sin’y = 1_(1 XZJ
1+x

[using quotient rule]

(1+ xz)2

From (1), (2) and (3), we obtain

2x_dy  —4x
1+ X2 dx_(1+xz)2

dy -2
= 2=
dx 1+x?

Alternate method

y=sin" 1-x
1+ x?

I I I Q—|Q_ . |
| —_ x o g
= o [ PTG ><|Q_ __
¥ l < + [N S =
X% < + |1 “n e
N | X | N L w
N N \/__( ol o > ><N
><w — l ~— ~ = [~
+
l n \_/N lA I P |
2 ¥ = | ot Lo N/—\H
A B M e
N
>
) |~ =, <, J
N
L % ! — oo
' = X < [N
N
= | I
N [N b
N
=z LT =
|
><N —_ _ + N
SN—~——" | gl N < >
N N N
| o
><I\J
|
—_
= —
+ + >,\<,
><'\J ><N
~—
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2

=siny=

1+ %2
= (1+siny)x* =1-siny

W2 = 1-siny
1+siny

2
(cosy—sinyj
2 2 2

=X = .
(cosy+sin YJ
2 X

cosx—sinx
2 2

cosx+sin1
2 2

= X=

T T
=>X=tan| ———
5%

Differentiating this relationship with respect to x, we obtain
i(x)=i. tan(z—lj
dx dx 4 2
:>1=5ec2(£_lj i(g_lj
4 2)dx\4 2
=1= l+tan2(£—lj.(—i.ﬂj
4 2 2 dx

=1=(1+ xz)(—%%j

dx -2
dy 1+x°

>

I
| [EEN
+ [
—+ —
] <Y
= S
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’ 23.  Find ﬂ:yzcos‘l(izj,—l<x<l
dx 1+Xx
Solution:
. . - 4 2X
The given relationship is y = cos ( 2)
1+x
y—cos‘l( 2x j
1+ x°
= C0SYy= 2X
1+ x?
Differentiating this relationship with respect to x, we obtain
i(cos y)—i 2X
dx dx \ 1+ x?
d d
2 2
dy (1+x )&(ZX)—ZX&(I—I—X )
=
1-x*dy -2(1-x%)

= —sin y.&z (1+X2)2

2 -
= - l—coszyd_:(“x )x2 22X-2X
dx (1+ x2)

[Tl

(L) -4x gy _-2(1-x")
o) &)

1+x2 dx (1+X2)2
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dy -2
dx 1+x?

. dy I > 1 1
24, Find -2 :y=sin(2xy/1-x? ), ——= < X< ——
ax J ( ) J2 J2

Solution:

Relationship is y = sin‘1(2x\/1— X2 )
y=sin™ (2x\/1— G )
=siny =2xy1-x?

Differentiating this relationship with respect to x, we obtain

P B Y e T vl
cosy_dx_z{xdx(«/l X )+\/1 X dx}

= [1-sin y% = 2{§.i+ 1- xz}

1-x°

_ — |\ [ X +1-x
:>\/1 (2x\/1 x)dx_z{ — }

dy 1-2x?
:>‘/1—4x2(1—x2)—=2[ }
dx | J1-x2

2
= J(1-2x)’ % - 2[ 1;_22‘(2 }

25.  Find ﬂ: y=sec‘1[
dx

N

] ____________________________________________________________9© 9

U U

~~~

gle

I N

>

iy N—"
L~ gle

N I

N
1

=

=

S

x| >

N N
L 1

-
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Solution:

The given relationship is y =sec™ (ZL]
2x° -1
—sec‘l( ! j
Y 2x* -1
=>secy= 1
2x* -1
=cosy=2x"-1
= 2x* =1+cosy
— 2x% =2¢os? Y
2
= X= cos
2
Differentiating this relationship with respect to x, we obtain
i(x) = i COSX
dx dx 2
=1=sin l.i J
2 dx\ 2
-1 _1dy
sind 20X
2
:>ﬂ= —2 = —2
O sinY \/1—coszy
2 2
= y_ 2
dx  {1-x?




Infinit})" .. Sri Chaitanya
Learn | Educational Institutions

Exercise 5.4

X

1. Differentiating the following w.r.t x:—
sin x

Solution:

X

e

Let y=—
sin x

Differentiating wrt X, we obtain

dy sin x(;jx(ex)—eX (;jx(sin X)
dx sin’ x

_sin x.(e*)—e*.(cosx)

sin? x

e*(sin x—cosx)
= — X#=Nnzr,nel
sin’ x

2. Differentiating the following e*" *
Solution:

Let y=¢™" *

Differential wrt X, we obtain

d d sin ' x
prrl G

d sin!x d . _
Sd—i=e .&(sm 'x)

. .
U U
@D CDZ.
%‘ =,L
KN =

; .

H ‘

| ||+
>
N
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. ﬂ ~ esin’lx
N dx 1— X2

,Xe(—l,l)

3. Differentiating the following wrt x: X

Solution:
Let y=¢*

By using the quotient rule, we obtain

dy _d (exz)zex3.i(x3):exs.3x2 =3x%"

dx  dx dx
4. Differentiating the following w.r.t x:sin (tan’1 e’x)
Solution:

Let y=sin(tan'e™)
By using the chain rule, we obtain

% ; %[sin (tan‘1 e )]

= cos(tan‘1 e"‘).%(tan‘1 e‘x)

A, N 1 d,
:cos(tanle ).m.&(e )

_cos(tante™) o d

1+e '&(_X)

e cos(tan’l e’x)

(-1)

1+e72

—e7* cos (tan g )
—-2X

1+e
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5. Differentiating the following w.r.t x: Iog(cos ex)
Solution:
Let y =log(cose”)

By using the chain rule, we obtain

% = (;j—x[log(cos ex)}

1 d )
" cose’ .&(cose )

1, d,.
- .(—sme )&(e )

—-sine*
= e
cose”
T
=—e*tane*, e ¢(2n+1)5,n e N

6. Differentiating the following w.r.t x:e* 405 4o, +e

Solution:

=g +(eX2 2x) +(ex3 3x2)+ (ex4 4x3)+(exs 5x4)

2 3 5
=" +2xe* +3x%* +5x%e*

I I S|
<
m>< E‘|Q— —_—
+ — i
— 3 +
me - o
>
o
e Sl +
—~
= ™
N >
L z
N —
+ + A
@ E‘|Q- ™
><L\J — ><U'|
gl *
< e
>
w
N o
L ><|°'
+ )
I X
><J> N —
+
o
><|Q' §-|Q.
> —_
~ D
S~ *n
L —_
+
—
CD><
o
><|Q- %,
—~
>
o
N—
|
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7. Differentiating the following w.r.t x: Je¥ x>0

Solution:
Let y= el
Then, y? =e¥

By differentiating this relationship with respect to x, we obtain

y? =el [by applying the chain rule]

u, S

8. Differentiating the following w.r.t x:log(logx),x>1
Solution:
Let y=log(logx)

By using the chain rule, we obtain
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’ _ 11
log x X
,X>1
xlog x
9. Differentiating the following w.r.t x: cosx x>0
log x
Solution:
Let y= COSX
log x

By using the quotient rule, we obtain

d d
dy _ &(cos x)log x —cos x&(log X)

dx (log x)*

. 1
—sin xlog x —cos x —
X

(log x)’

_ —[xlog x.sinx+cosx]

> x>0
x(log x)

10. Differentiating the following w.r.t x: cos(log X +ex), x>0
Solution:

Let y=cos(logx+e")

By using the chain rule, we obtain

y =cos(log x+e*)

%:—sin[logx+ex]%(log x+ex)

d

=sin log x+ex)[%(|og X)+&(ex )}
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=—sin(log x+ex)(%+er

:(£+exjsin(logx+ex),x>0
X
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Exercise 5.5
1 Differentiate the following with respect to x.
COS X.COS 2X.C0S 3X
Solution:
Let y = cos x.cos 2x.c0os 3x
Taking logarithm or both the side, we obtain
log y = log(cos x.cos 2x.cos 3x)
= log y =log(cos x) + log(cos 2x) + log (cos 3x)
Differentiating both sides with respect to x, we obtain
1dy =Li(cos X)+ ! i(cost)+ 1 i(cos?»x)
y dx cosx dx COS2X dx cos 3x dx
:ﬂ _ y[— sinx _ sin2x i(Zx)— sin 3x i(sx)}
dx COSX  COS2x dx c0s 3x dx
% = —C0S X.C0S 2X.C0s 3x[ tan X + 2 tan 2x + 3tan 3x|
2 Differentiate the functions with respect to x.
(x-1)(x-2)
(x—3)(x—4)(x-5)
Solution:
Xx—=1)(x-2
Loty 0002
(x—3)(x—4)(x-5)
Taking logarithm or both the side, we obtain
-1)(x-2
Iogy:log\/( (X )(X )

x—3)(x—4)(x-5)
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(x-1)(x-2) }

1
:"°gy:5'°g{<x—s><x—4><x—s>
= log y=%[log{(x—1)(x—2)}—'09{(X_3)(X_4)(X_5)}]

= log y:%[Iog(x—1)+Iog(x—2)—Iog(x—3)—|og(x—4)—Iog(x—5)]

Differentiating both sides with respect to, we obtain

:g_y(1+1 11 1)

dx_E x-1 x—2_x—3_x—4_x—5

.ﬂzl\/ (x-1)(x-2) [1+1 11 1}

Cdx o 2\ (x-3)(x-4)(x=5)[ x-1 x-2 " x-3 x-4 x-5
3. Differentiate the functions with respect to x.

(log X)COSX
Solution:

Let y=(logx)™"
Taking logarithm or both the side, we obtain
log y =cos x.log(log x)

Differentiating both sides with respect to x, we obtain

%% = %(cos x)xlog(log x)+cosxx%[|09(|09 X)]

Y A xlog (log x)+cos xx i ! di(log X)

y dx og x dx

:>d—y: y| —sinxlog(log x)+COSX><l
d log x

X X
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% = (log x)™" [ CIOZX —sin xlog (log x)}

X10g X

4. Differentiate the functions with respect to x.
Xx _ Zsinx

Solution:
Let y — Xx _25inx

Also, let x*=uand 2" =v

y=u-v
dy _du dv
dx dx dx
u=x"

Taking logarithm on both sides, we obtain

logu = xlog x

Differentiating both sides with respect to x, we obtain
l1du | d d
—— =| —(x)xlog x+ xx—(log x
u dx {dx( )X ¢ de( g )}

du 1
:—zu[lxlogx+x><—}
dx X

du
—=x*(l 1
—S x* (log x +1)

du
(1
> x* (1+ log x)

V= 2sinx
Taking logarithm on both the sides with respect to x, we obtain
logv =sin x.log 2

Differentiating both sides with respect to x, we obtain
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1dv d .
i log Za(sm X)

dv
= — =vlog2cos x
dx

= dv_ 2°"* cos xlog 2
dx

% =x*(1+log x)—2""* cos xlog 2
X

5. Differentiate the functions with respect to x.
(x+3)2.(x+4)3.(x+5)4
Solution:
Let y:(x+3)2(x+4)3(x+5)4
Taking logarithm on both sides, we obtain
Iogy:Iog(x+3)2+Iog(x+4)3+log(x+5)4
= logy =2log(x+3)+3log(x+4)+4log(x+5)
P SV W L GV WO T P
y dx X+3 dx X+4 dx X+5 dx
dy [ 2 3 4 }
=>—=Y + +
dx X+3 X+4 x+5
dy 2 3 A 2 3 4
— = 3 4 5
:>dx (x3) (x+ )(X+ ) _x+3+x+4+x+5}
:>d—y=(x+3)2(x+4)3(x+5)4 2(x+4)(x+5)+3(x+3)(x+5)+4(x+3)(x+4)
dx (x+3)(x+4)(x+5)

Differentiating both sides with respect to x, we obtain

:>%=(x+3)(x+4)z(x+5)3.[2(x2 +9x+20)+3(x2 +9x+15)+4(x2 +7x+12)}
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g_i =(x+3)(x+4)" (x+5)’(9x* + 70x +133)

6. Differentiate the function with respect to x.

(xg)xw

X

Solution:

Let y= (X + %}X + x(l%)

X l+E
Also, let u :(X+£j and v = X( X)

X

SLy=Uu+v
dy _du v (1)
dx dx dx

Then, u =(X+£J
X

Taking log on both sides

1 X
:Iogu:log(x+—)
X

1
= logu =x|og(x+—j
X

Differentiating both sides with respect to x, we obtain

lau_d

——(X)XlOg(X+£j+XXi Iog(x+lj
udx dx X dx X )

1du 1 1 d 1
= ——=1xlog| Xx+= |+ Xx —| X+=
u dx X ( 1 X
x+;
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du ( 1) X ( 1)
= —=u|log| x+= |+ X| X+—
dx X ( 1 X
x+;

1
du( 1)* ( 1) X‘X)
=—=|x+—| | log x+; +

= logv = (1+£jlog X
X

Differentiating both sides with respect to x, we obtain

1dv d 1 1\d
——=|—|1+=||xlogx+|1+= |[—]log X
vdx | dx X X ) dx

1dv 1 1)1
:——:[——Zjlog x+[1+—j—
v dx X X )X

1ldv logx 1 1
> ——=———+—+
v dx X X X
dv [—Iogx+x+1}
= =V —m8M8M8

dx X2
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= dv_ X(X%J (Llong ......... (3)

dx x?

Therefore, from (1), (2) and (3), we obtain

( 1jx{x2—1 ( 1}} [x+1j(x+1-|ong
—=| X+— ——+log| X+=||+X —
dx X) | x“+1 X X

dy
7. Differentiate the functions with respect to x.
(log x)* + x"%"
Solution:
Let y=(logx)"+x"*"
Also, let u=(logx)" and v = X"
Ly =U+vV
= dy _du + v (1)
dx dx dx
u=(logx)"
= logu = log [(Iog x)x}
= logu = xlog(log x)
Differentiating both sides with respect to x, we obtain
ldu d d
- &(x) xlog (log x) + x.&[log (logx)]

= % = u[lxlog(log X)+ x.@%(log x)}

= 3—;: = (log x)" [Iog(log x)+$ﬂ
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= 3—2 =(log x)" | log(log x)+$}

_du_ (logx) log(log x).log x+1}
dx log x

:%:(Iog x)"[1+logx.log(logx)] ... (2)

V= Xlogx

= logv =log (x**")

= logv =log xlog x = (log x)2

Differentiating both sides with respect to x, we obtain

1dv_d

—[(Iog x)z}

vdx dx

1dv
=
v dx

dv
—=2x""Mogx . 3
= 5 =X g x (3)

Therefore, from (1), (2) and (3), we obtain

% =(log X)X*1 [1+ log x.log (log X)] + 2% Jog x
8. Differentiate the functions with respect to x
(sinx)* +sin* V/x
Solution:

Let y=(sinx)" +sintx

Also, let u =(sin x)X and v =sin*/x

Ly=Uu+v
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M N
dx dx dx
u=(sinx)"

= logu =log(sin x)"
= logu = xlog(sin x)

Differentiating both sides with respect to x, we obtain

ldu d . d .
== :&(x)xlog(sm X)+ XX&[Iog(sm X) ]
du ) 1 d, .
—=u|l.l —_——
= » u{ 0g(sin x)+ X sinxdx(sm x)}
du . X . X
- | -
= (sinx) [og(sm X)+sinx cosx}
du . X .
:&:(sm )" (xcotx+logsinx) ... (2)
v=sintx
Differentiating both sides with respect to x, we obtain
d 1 d
()
1-(x)
dv 1 1
=S
dx 1-x 24X
dv 1
—= ... 3
dX  24/x—x? ()
Therefore, from (1), (2) and (3) we obtain
dy

—2 = (sinx)” (xcot x+logsin x) +

1
dx 24X — x?

9. Differentiate the function with respect to x.

COSX

X +(sin x)
Solution:

COSX

Let y=x"+(sinx)

sinx

Also u=x"" and v=(sinx)™"
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’ Sy=u+v
= &y _du + L (1)
dx dx dx
u= Xsinx

= logu =log (™)
= logu =sin xlog x

Differentiating both sides with respect to x, we obtain

1du d, . . d
——=—(sinx).lo sinx—(lo
o dx(l x).log x+si de( gx)
du [ ) 1}
= —=u=| cosxlog x+sinXx.—
dx X
:d_”—x“”x[cosxlogx+—smx} (2)
™ 4

v=(sinx)™"

COSX

= logv =log(sinx)
= logv = cos xlog (sin x)

Differentiating both sides with respect to x, we obtain

%% = %(cos x)x log (sin x) + cos Xx%[log (sinx)]

v =v[—sin x.log (sin x)+cos x.ii(sin x)}
dx sin x dx

dv . \cosX . . COS X
= —=(sinx) | —sinx.logsin x+——cos x
dx sin X

= % = (sin x)**[~sin x logsin x + cot xcos X
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’ = —=(sinx)" [cotxcosx—sinxlogsinx] ... (3)
Therefore, from (1), (2) and (3) we obtain
% = X" (cos xlog x+wj (sin x)**"[cos x cot x —sin xlog sin x]
X X
10. Differentiate the function with respect to x.
2
XXCOSX 4 Xz +1
x° -1
Solution:
x*+1

Let XXCOSX

V= x? -1

x?+1
Also, let u=x***and v=—
X -1

dy du dv
:> —_—

dx dx dx
Ly=Uu+v
u — XXOOSX
Differentiating both sides with respect to x, we obtain
B © —(x)cos xlog x+ xi(cos x)log X + xcosxi(log X)
udx dx
:——u{l cos x.log x + x ( sin x)Iogx+xcosx }

X
du

v x*“** (cos x log x — xsin x log x +cos x)
X

d_u — XCOSX

= [cosx(1+logx)—xsinxlogx]| .. (2)
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= logv =log(x* +1)-log(x* 1)
Differentiating both sides with respect to x, we obtain

X x*+1 x*-1

1 dv 2X 2X
v

v _V[2x(x2 ~1)-2x(x* +1)]

dx (x*+1)(x* -1)

:ﬂ:xﬁlx —4Ax
dx x?-1 (x2+1)(x2—1)

dv —4x
== 2
dX (X2 _1)

Therefore, from (1), (2) and (3) we obtain

4x
(x-1)

% = xXeosx [cos X(1+log x)—xsin xlog x] -

11. Differentiate the function with respect to x.
1
(xcosx)" +(xsinx)x
Solution:

Let y =(xcosx)" +(xsin x)%

Also, let u=(xcosx)" and v =(xsin x)%

Ly=Uu+v

dy_du v (1)
dx dx dx

u=(xcosx)’

= logu = log(xcos x )’
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= logu = xlog(xcos )

= logu =x[log x+logcos x]

= logu = xlog x + x log cos x

Differentiating both sides with respect to X, we obtain

%g—z = %(x+ log x)+%(xlog COS X)

du

o 8 g (o) o ) o)

= du_ (xcosx)” (Iog x.1+ x.1j+{log cos x.1+ x.i.i(cos x)}
dx X cosx dx

= du_ (xcosx)” (Iog x.1+ x.lj+{log cosx.1+ x.i.i(cos x)}
dx i X cosx dx |

du «| X o
= log x +1)+11 2 (-
= (xcosx)" | (log x+ )+{ogcosx+cosx( smx)H

= j—i =(xcos X)X [(1+ log x)+ (log cos x— x tan x)]

= g_u = (xcosx)"[1—xtan x+(log x + log cos X) |

X
du X
:az(xcosx) [1-xtanx+log(xcosX)] ... (2)
L
v =(xsin x)x

= logv =log(xsin x)i

= Iogv:%log(xsin X)

= Iogv:l(log x +logsin x)
X
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1 1 .
= logv ==log x+—logsin x
X X

Differentiating both sides with respect to x, we obtain

ldv i[_| ng+di[ Iog(sinx)}

vdx dx X| X

322 o 23 o

v dx

X

= 1dv_ :Iog x.[—%}+%.ﬂ{log(sin x)(—%)+%L di(sm x)}

2

:lﬂ =i2(1—log X){— log(sinx) + 1 .COS X}

vdx X X XSsin x
1 - —log(sin x)+ xcot x
:lﬂ iz(xsm x)x+[ |29X+ 9 2) }
vdx x X X
~ t[1=logx—log(sin x)+ xcot x
= g (xsm x) g 9(2 ) }
X X

1[1-log(xsinx)+xcotx
X X

Therefore, from (1), (2) and (3), we obtain

1
Y (xcosx)*[1-xtan x+log(xcos x) |+ (xsin x)x [XCOtXH '209("5'” X)
dx »
12. Find d—yof function.
dx
X' +y =1
Solution:

The given function is x¥ +y* =1

Let x¥) =uand y* =v



Infinity$ . Sl Chaitanya
Learn | Educational Institutions
’ Then, the function becomes u+v=1

.'.d—u+ﬂ:0 ......... (1)
dx dx

u=x’
= logu =log(x’)
= logu = ylog x

Differentiating both sides with respect to x, we obtain

1 du dy d
——=1 < +y.—(I
u dx oQde+ydx(09X)
:d—u:u[logxﬂ+yl}

dx dx ' x

du dy y)

=x'|logx—=+=| ... 2

:>dx ( g dx X ()
v=y"

= logv =log(y")
=logv=xlogy
Differentiating both sides with respect to x, we obtain

1dv d d
——=| — — (1
v dx ogydx(x)+xdx(ogy)

:y—v Iogy1+x1 a
dx T Ty dx

dv x dy
— =V logy+—=—-Z| oo 3
= y(gy ydxj (3)

Therefore, from (1), (2) and (3) we obtain
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xy(log xﬂ++lj+ y*| log y+5d—y 0
dx X y dx

= (x2 +log x + xyy‘l)% = —(yxy‘l+ y*log y)

cdy _ yx+y*logy

Tdx xVlog x+xy*

13.  Find %Of function y* = x’

Solution:
The given function is y* = x’
Taking logarithm on both sides, we obtain
xlogy = ylog x

Differentiating both sides with respect to x, we obtain

d d d d
log y.&(x)+ x.d—x(log y)=log x.&(y)+ y.—(log x)

dx
:>Iogy.1+x.1.ﬂzlogx.g+y.1
y dx dx X
:>Iogy+5ﬂ=logxﬂ+l
y dx dx X

:(i—longd—yzl—logy
y dx x

:{x—ylongd_yz y—xlogy
y dx X

:{x—ylongd_y: y—xlogy
y dx X

L Oy _y[y-xlogy
dx x{ x-ylogx
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14, Find W of friction (cosx)” =(cosy)"

dx

Solution:

The given function is (cosx)’ =(cosy)’

Taking logarithm on both sides, we obtain
y =logcos x = xlogcos y

Differentiating both sides with respect to x, we obtain

dy d d d
I ——+y.—(I =1 — —(I
0g COS X dX+y dx( ogcos x) =logcos y dX(x)+x dx( 0gcosy)
dy 1 d 1 d
= logcosx.—+y.——.—(cos x) =logcos y.1+ x.———(cos
J dx ycosx dx( )=logcosy cosy dx( v)
dy  y : X o dy
= log cos x—=+—"—(—sin x) =log cos y + ——(—sin y)—=
dx cosx cosy dx
:>Iogcosxﬂ—ytanx=Iogcosy—xtan yd—y
dx dx

= (log cos x + x tan y)%: y tan x + log cos y

. dy _ ytanx+logcosy
dx  xtan y+logcos x

15.  Find g—iof function xy =e*)

Solution:
The given function is xy =)
Taking logarithm on both sides, we obtain
log(xy)=log(e*”)

= logx+logy=(x—y)loge
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=logx+logy=(x—-y)x1
=logx+logy=x-y
Differentiating both sides with respect to x, we obtain

d d d dy
| | —— (x)=2
5 109 %)+ (logy) == (x)

Jdy _y(x=1)
Cdx o x(y+1)

16.  Find the derivative of the function given by f (x)=(1- x)(1+ xz)(l+ x4)(1+ XS) and

hence find '(1)
Solution:
The given relationship is f (x)=(1— x)(1+ xz)(l+ x4)(1+ XB)
Taking logarithm on both sides, we obtain
log f (x)=log(1+x)+log(1+x*) +log (1+x*) + log 1+ x°)

Differentiating both sides with respect to x, we obtain

1 d d d oo d o d 8
W.&[f (x)]= ™ Iog(1+x)+dX log (1+x )+dx log (1+x )+dx log(1+x°)

+X°)+

1+ x* '&(H X4)+1+ x& " dx
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17.

12 4 8x’
L F () = (LX) (147 ) (14 x* ) (1+ XB)L+X+1+)>((2 +1+Xx4 +1+XX8}

3 7
Hence, f '(1)=(1+1)(1+12)(1+14)(1+18)Li1+12:112 +fﬁ4 +fiH

=2x2x2x2 1+g+ﬂ+§
2 2 2 2

ﬂGX(%)

:16x%:120

Differentiate (x2 —5x+8)(x3 + 7x+9) in three easy mentioned below

i. By using product rule

ii. By expanding the product to obtain a single polynomial
iii. By logarithm differentiate

Do they all given the same answer?

Solution:

Let y :(x2 —5x+8)(x°*+7x+9)

(i) Let x=x*-5x+8and u=x*+7x+9

y=uv
dy _ d_uv+ u av (By using product rule)
dx dv dx

:%=%(X2 —5X+8).(X3+7X+9)+(X2 +5X+8)-%(X3+7x+9)

:>d—y=(2x—5)(x3+7x+9)+(x2 —5x+8)(3x2 +7)

:g_i: 2X(X3+7X+9)—5(X3 +7X+9)+ x? (ff.x2 +7)—5X(3X2 +7)—8(3X2 +7)
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= % - (2x4 +14%2 +18x)—5x3 —35x—45+(3x2 + 7x2)—15x3 — 35X+ 24x> +56
X

% =5x* —20x% +45x? —52x +11
X

(i) y=(x*—5x+8)(x*+7x+9)
= xz(x3 +7x+9)—5x(x3+7x+9)+8(x3+7x+9)
=X +7x* +9x% —5x* —35x? — 45X +8x> + 56X + 72

= x> —5x* +15x® —26X? +11x + 72

dy = i(x5 —5x* +15x% — 26X? +11x + 72)
dx dx

d d d d d d d
d—i = &(xs)—Sa(x“)+15&(x3)—26&(x2)+11&(x)+&(72)

=5X* —5x4x° +15x3x* — 26x2X +11x1+0
=5x* —20x° +45x° —52x+11

(iii) Taking logarithm on both sides, we obtain
log y =log(x* ~5x+8)+log(x*+7x+9)

Differentiating both sides with respect to x, we obtain

%%z%log(xz —5x+8)+%log(x3+7x+9)

:lﬂ:%i( 2—5x+8)+3;.i(x3+7x+9)
ydx x°—5x+8 dx X+ 7x+9 dx

dy 1 1 2
Y oy = x(2x-5) = x(3x2+7
~ dx y[x2—5x+8x( X )+x3+7x+9x( T )}

:>ﬂ:(x2 —5x+8)(x3+7x+9){

2x—5 X2 +7
dx

3 + 3
X°—=5x+8 XxX°+7x+9
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2x—5(X° +7x+9)+(3x* +7)(x* ~5x+8)

(x3—5x+8)+(x3+7x+9)

:%:(xz —5x+8)(x3+7x+9)

:>:—i=2x(x3+7x+9)—5(x3+7+9)+3x2(x2—5x+8)+7(x2—5x+8)

= dy _ (2x5 +14x? +18x) —5x* —35x—45+ (3x4 —15x% + 24x2)+ (7x2 —35x +56)
dx

= dy =5x% —20x> +45x* —52x+11

dx
From the above three observations, it can be concluded that all the result of g—y are same
X
18. If u, v and w are function of x, then show that i(u.v.w) = d—uv.w+ u ﬂ.w+ u .vd—W .
dx dx dx dx

In two ways — first by repeated application of product rule, second by logarithmic
differentiation.

Solution:
Let y=uv.w=u.(v.w)

By applying product rule, we obtain

dy _du d
™. ™ (v.w)+u. ™ (v.w)
= i, = d—uv.w+ u y.w+ v.ﬂ (Again applying product rule)
dx dx dx dx
dy du dv dw
= —==—VW+U—.W+UV—
dx dx dx dx

By taking logarithm on both sides of the equation y = u.v.w, we obtain
logy =logu+logv-+logw
Differentiating both sides with respect to x, we obtain

1dy d d d
=o_9 L Ra(
) ox dX(ogu)+dx(ogv)+dx(ogw)
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1dy 1du 1dv 1dw
= = =—— 4

y dx udx vdx wdx
_dy_ (ldu 1dv 1dw

dx “ludx vdx wdx

dy (1du 1dv 1de
-2 _yvw| ==+ 24 =

dx udx vdx wdx

dy _du dv dw
So—=—VW+U.—WH+UV—

(dx - dx dx dx
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Exercise 5.6

1. If x and y are connected parametrically by the equation, without eliminating the
dy

parameter, find R 2at’,y =at’
X
Solution:

The given equation are x =2at* and y =at*

Then,

d d d
d_)t( = a(2at2) = 2a.a(t2) =2a.2t = 4at

d d d
d_i - a(at“)a.a(t“) =a4t®=4at®

2. If x and y are connected parametrically by the equation, without eliminating the

., dy
ter, find —
parameter, fin ™

X=acoséd,y=bcosé

Solution:

The given equations are x =acosé and y=bcoséd

Then, 3—2 = :—g(acose) =a(-sind)=-asing
dy _ i(bcosé’) =b(-sing)=-bsing
de do

dy
_dy (dej_—bsine_b
"dx(dxj_—asine_a
déo
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3. If x and y are connected parametrically by the equation, without eliminating the

parameter, find &
X =sint,y =cos2t
Solution:
The given equations are x =sint and Yy =cos 2t
dx d, .
Then, — =—(sint)=cost
dt dt( )
ﬂzi(cosm):—sin 2t.i(2t):—23in2t
dt dt dt
(&)
ﬂz dx) _—2sin2t —2.2sintcost _ _4sint
dx (dx) cost cost
dt
4. If x and y are connected parametrically by the equation, without eliminating the
. dy
arameter, find —
P dx
4
X=4t,y=—
y t
Solution:
) 4
The equation are x =4t and y=?
dx d
—=—(4t)=4
dt dt( )
dy d(4 d(1 -1\ -4
e Bl e s Bl e ol ey
dt  dtit dt\t t t
dy) (4
dy t t?) -1
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5. If x and y are connected parametrically by the equation, without eliminating the
dy

arameter, find —
P dx

X =C0SH—C0s 26, y =sin&—sin 20

Solution:

The given equations are x =cos&—cos26 and y =sind-sin 260

dx d d d
T 2= —c05260) = — - 2
hen, q q (COS 6 —cos 0) q (COS (9) q (COS 9)

=—sin 6(—23in 249) =2sin260-sind

j—é = ;—H(Sin 6—sin26)= ;—g(sin 0)—dd—9(sin 20)

=Cc0s@—2cosd

dy
. dy _\dé) _ cosd-2cosd

~dx _(dxj - 2sin20-siné
déo

6. If x and y are connected parametrically by the equation, without eliminating the

., dy
arameter, find —
P I dx

x=a(@-sin@),y=a(1+cosh)

Solution:

The given equations are x=a(#—sing) and y =a(1+cosd)

Then, 3—2 = a[;—e(e)—die(sin 9)} =a(l-cosd)

% = a[;—9(1)+£—9(cos 9)} =a[0+(-sing) |=-asing
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’ o Zsinecose cose
cdy \do _asing 2SN, cosy —Cosy )
Tk - - = =—cot—
dx (dx) a(l-cosd) 20 0 >
do 2 >
7. If x and y are connected parametrically by the equation, without eliminating the
. dy
arameter, find —
P dx
‘= sin®t y- cos’t
Jeosx2t 7 Jeos2t
Solution:
The given equations are x = ﬂ and y = cos’t
Joos xat Joos2t

Then dx _d sin®t
' Jcos 2t

dt  dt

Jcos 2t —;(sin%)—sin"‘t—;\/cos 2t

cos 2t

Jcos 2t.3sin? t.gt(sint)—sine’tx cos 2t)

cos 2t

1 d
2Jcos2t dt

=3
3./cos 2t.sin’t cost —&.(—Zsin 2t)

2\/ cos 2t
Cos 2t+/cos 2t

_3cos 2tsin’tcott +sin’ tsin 2t

C0S 2t~/c0os 2t

dy d| cos’t
Jcos 2t

dt  dt

Jcos 2t.3t(cos3 t) —cos® t.jt(\/cos 2t)

cos 2t
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Jcos 2t.3cos? t.gt(cost) —cos’t.

cos 2t

—(cos2t)

1
2Jcos2t 'd

d
t

(=2sin2t)

3\cos 2t cos’t.(—sint)—cos’t.

cos 2t

1
\/cos 2t

_ —3cos2t.cos’t.sint +cos’ tsin 2t

- cos 2t.»\/cos 2t

dy
_ ﬂ(dxj _ —3cos2t.cos’t+cos’ tsin 2t
"dx(de 3cos2tsin”tcost +sin’tsin 2t
dt

_ 3cos 2t.cos’ tsint +cos®t(2sintcost)
B 3cos2tsin”t.cost +sin’t(2sintcost)

sintcost [—3005 2t.cost + 2cos® t]

sintcost[Bcos 2tsint + Zsin3t]

[—3(2c052t—1)cost+2cos3tJ cos 2t :(2coszt—1)

[3(1—23in2t)sint+25in3t] cos 2t =(1-2sin’t)

_ —4cos’t +3cost cos3t =4cos’t—3cost
3sint—4sin®t sin3t =3sint —4sin’t

_ —cos3t
sin 3t

=—cot 3t

8. If x and y are connected parametrically by the equation, without eliminating the
dy

arameter, find —
P dx

t .
X= a(cost+ log Ej’ y =asint

Solution:
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The given equations are x = a(cost+ log %) and y=asint

Then, a._ a i(cost)+i(|og tan l)
dx dt dt 2

L dt\ 2
i t
_ COtE 1 1
=a|-sint+ X : %
sin— cos?~ 2
L 2
=a|-sint+
. t
2sin—cos—
L 2 2
] 1 j
sint
—sin’t+1
=a _
sint
__cos’t
sint
dy

—= ai(sint) = acost
dt  dt

dy
~dy \dt) acost _sint

Ay = =tant
dx (dxj cos’t) cost
ax qcost
dt sint
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9. If x and y are connected parametrically by the equation, without eliminating the
dy

arameter, find —
P dx

X=asec,y=btané

Solution:

The given equations are x=asec and y=btané

Then, o _ a.i(sec 0)=asecftand
de do

ady _ b.i(tan 0)=bsec’ 0

deo deo
Lo0)
a0 2
ﬂ= do = bsec” ¢ =Esec0cot0= bcos¢_9 =E><_ =Ecose00
dx (dxj asecltand a acos@sind a sind a
do
10. If x and y are connected parametrically by the equation, without eliminating the

., dy
arameter, find —
P I dx

x=a(cos@+0sind),y=a(sind—6Hcosh)

Solution:

The given equations are x=a(cos&+6sin6) and y=a(sind—6Ocoso)

Then, X = a[icoséui(@sin 0)} = a[—sin «9+0i(sin 0)+sin 91(0)}
do do do do do

=a[-sinf+6cosd+sind|=adcosé
e a{i(sin 0)—1(90030)} =a cose—{ei(cose)+cos€.i(¢9)}
de déo déo dé dée

=a[cosd+6sinG—cosb]

=afsin@



Infinity)' ., Sri Chaitanya
Learn Educational Institutions
dy
Jdy - (dej _adsing
“dx_(dxj_aesine_
do

tan @

11, If x=+a"™, y=a™™ , show that 3—i =3

X

Solution:

The given equation are x =+/a™* and y = a=
X = ‘\’aSinflt and y — ’acosflt

— X = (asin—lt) and y = (acos—lt )%

lsin -1t lcos—lt

=x=a? and y=a?
. lsin—lt
Consider x =a?

Taking logarithm on both sides, we obtain

log x = %sin‘lt log a

. =1|og a.i(sin‘lt)

xdt 2 dt
dx x 1
= —=—loga.
dad 2 1—1t2
dx _ xloga
dt 21—t

Then, consider

L oost

y=a’

Taking logarithm on both sides, we obtain
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logy = %cos‘lt loga

ldy 1 d .
S ——==loga.—(cos "t

ydx 2 g dt( )
:ﬂ: ylogal -1

dt 2 \/1—1:2
_, %y _-yloga

dt  2y1-t?

(dy) (—y'w‘)
cdy ldx) _\2yi-t* )  y

”dx_(dxj_ xloga  x

) it

Hence proved
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Exercise 5.7

1 Find the second order derivatives of the function x? +3x+2
Solution:

Let y=x*+3x+2

Then,
dy =i(x2)+i(3x)+i(2) =2X+3+0=2x+3
dx dx dx dx
d?y d d d
So——=—(2X+3)=—(2X)+—(3)=2+0=2
dx? dx( ) dx( ) dx( )
2. Find the second order derivative of the function x®
Solution:
Let y=x*
Then,
d _ i(x2°) = 20x*°
dx dx
2
=8 9 (209) 2 209 (%) = 20.19.¢% = 330"
dx dx dx
3. Find the second order derivatives of the function x.cosx
Solution:

Let y = x.cosx

Then,

9 _ 4 cosx) —cosx. ()1 ¢ (cosx) i) cosx—xi
&_dX(x.cosx)_cosx.dx(x)+xdx(cosx)_cosx.1+x( sinx) = cos x—xsinx
d?y d o d,

..W_&[cosx smx]_&(cosx) &(xsmx)
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=—sin x—{sin xdi(x)+xdi(sin x)}

X X
=—sin x—(sin x+cosx)
=—(xcosx+2sinx)

4. Find the second order derivatives of the function log x
Solution:

Let y=1log x

Then,

dy d 1
D_2 =
dx dx(OQX) X

Sy (1)
Tdx? dxlx) x?

5. Find the second order derivatives of the function x°log x
Solution:

Let y=x%logx

Then,

t el

d d
- [ x*log x | = log x.&(x3)+ x3&(log X)

1
= log x.3x* + x*.= = log x.3x* + X°
X

=x"(1+3log x)

d? d
d—le = &I:Xz (1+ 3'09 X):'

=(1+3log x).%(x2)+x2%(l+3log X)
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6.

=(1+3log x).2x+ x?%

=2Xx+6log x+3x
=5x+6xlog x
=x(5+6logx)

Find the second order derivative of the function e*sin5x

Solution:

7.

Let y=e€"sin5x

dy _d .o ey 9 ) e 4 g
d_z(/:&(e sm5x):sm5x&(e )+e &(sm5x)

=sin5x.e* +e*.cos 5x.di(5x) =e*sin5x+e* cos5x.5
X

=e*(sin5x+5c0s5x)

2
% - %[ex (sin5x +5c035x)]

(sin 5x+50055x)%(e*)+ex.%(sin 5x+5c0s5x)

(sin5x +5cos5x)e” +e* {cos 5X.%(5X) +5(—sin 5x).%(5x)}

=" (sin5x+5c0s5x) +e* (5c0s5x — 25sin 5x)
Thus, e*(10cos5x —24sin5x) = 2e* (5cos5x —12sin5x)

Find the second order derivatives of the function e®* cos3x

Solution:

Let y=e®* cos3x
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Then,

ﬂ = i(eﬁx C053X) — COS3X.i(eex ) + er i(COS 3X)
dx - dx dx dx

d . d
= c0s3x.6% — (6x)+ % (—sin 3x)—
cos3x.e dx( x)+e ( sin x)dx(Bx)

= 6e% cos3x —3e®*sin3x........ (1)

2
LAy di(Be6X cos 3x —3e®* sin 3x) - 6.i
X

e (e cosBx)—3.i(e6X sin3x)

dx dx

=6.[ 66" cos3x —3e™ sin3x | —3{sin BX.%(e6X )+ e6x.%(sin 3X)} [using (1)]

— 36e®* cos3x —18e%* sin 3x —3[sin 3x.e%.6+e%.cos3x —3]
=36€e%* cos 3x —18e®* sin 3x —18e®* sin 3x — 9% cos 3x

= 27e** cos3x —36e%* sin 3x

=9e™ (3cos3x —4sin3x)

8. Find the second order derivatives of the function tan™ x
Solution:
Let y=tan™x
Then,
ﬂ:i(tan‘lx) L -
dx dx 1+x
dzy d 1 d 2 -1 2 -2 d 2 1 2X
== =—(1+x7) =(-1)(1+x°) —(1+X")— 2X =—
e dx(1+x2j g 1X) = (D) " (1) (1+X2)2x (1)
9. Find the second order derivative of the function log(log x)
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’ Solution:

Let y=log(logx)
Then,

dy _d _ 1 d 1 1
&_dx[log(logx)]_—Iogx'dx(logx)_—logx_(Xlogx)

__ .Iogx.lx+£}:

(xlog x)2 L X

-1(1+log x)
(xlog x)2

10. Find the second order derivatives of the function sin(log x)
Solution:

Let y=sin(logx)

Then,

dy _d.rg _ d _
= [ sin(log x) | =cos(log x). dx(|0g X) =

cos(log x)

. d’y _ d [cos(logx)
ok dx X

) x.:X[cos(log x) ] —cos(log x)(;jx(x)

X2

x[—sin(log x).(i((log x)}—cos(log x).1

X2
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—xsin(log x).i—cos(log X)

XZ

_ ~[sin(log x)+cos(log x) |

X2

d’y

11.  If y=5cosx—3sinx, prove that F+y=0
X

Solution:

It is given that, y =5c0s x—3sin X

Then,

% =%(5cos x)—%(Ssin X) :53—X(cos x)—B%(sin X)

=5(—sin x)—3cos x =—(5sin x+3cos x)

2
% = %[—(SSin X +3C0S x)]

X X

= —[S.di(sin x)+3.di(cos x)}
=[5cosx+3(-sinx)|

=—[5cos x—3sin x|

d2
Kzlﬂ'yzo

Hence, proved

2
12. If y=cos™x, find % in terms of y alone
X

Solution:

I . VED.
Il
|
<
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It is given that, y =cos™ x

Then,
dy d B -1 -1
&:&(COS 1X): 12 :_(1_)(2)2

y=c0s "' X=>X=cosy
Putting x =cosy in equation (1), we obtain

d’y  —cosy

dx* \/(1—0032 y)3

2 -
:>d y _ cosy

o’ (sin2 y)3

—Cosy
sin’y
_—cosy 1
siny sin’y
d’y

= —— =cot y.cosec’y
dx
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13.  If y=3cos(logx)+4sin(logx), show that x*y, +xy, +y =0
Solution:

It is given that y =3cos(logx)+4sin(logx) and x*y, +xy, +y =0

Then,
y, =3 i[cos(log X)|+4 i[sin(log X)]
b dx “dx

= 3.{—sin(log x).%(log x)}+4.{cos(log x).%(log x)}

Ly —3sin(log x)+4cos(log x) _4cos(log x)—3sin(log x)
e X X - X

d (4cos(logx)—33in(logx)J
LY, =—
dx X

[ 4{cos(logx)} —{-3sin (log x)} {4 cos log x)} ~3sin (log x) ].1

X2

=X

[—4sin (log x).(log x)'—3cos (log x)(log x)']—4cos(|og x)+3sin(log x)

=X >

X

[—4sin(logx)i—Bcos(Iogx)ﬂ—Mos(log x)+3sin(log x)

=X 2

X

_ 4sin(log x) —3cos(log x) —4cos(log x) +3sin (log x)
. —

_ —sin(log x)—7cos(log x)
- —

XY, XY+ Y

2 X

Xz(—sin(log x)~7coslog x)J+X[4cos(log x)—3sin (log x)

J+300$(Iog x)+4sin(log x)
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=sin(log x)—7cos(log x)+4cos(log x)—3sin(log x)+3cos(log x)+4sin (log x)

=0
Hence, proved

2
14.  If y=Ae™ +Be™, show that %—(m+n)%+mny:0
X X

Solution:

Itis given that, y = Ae™ + Be™

Then,
% = A.%(emx)+ B.%(e”*) = A.emx.%(mx)+ Be™ %(nx) = Ame™ + Bne™
d2y d mx nx d mx d nx
W:&(Ame +Bne )=Am.&(e )+Bn.&(e )

mx d nx d 2 mx 2 . nx
= Ame™.—(mx)+bne™.—(nx) = Am®™ +Bn’e

dx dx
2

.'.%—(m+n)%+mny

= Am’e™ + Bn’e™ —(m+ n).(Amemx + Bne"x)+ mn (Aemx + Be”‘x)
= Am?e™ + Bn’e™ — Am?ex™ — Bmne™ — Bn%e™ + Amne™ + Bmne™
=0

Hence, proved

2

15.  If y=500e™ +600e " ,show that % =49y
X

Solution:

It is given that, y =500e"™ +600e "

Then,
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&_ 5oo.i(e” )+ eoo.i(e-”)
dx dx dx

= 500.e7x.%(7x) + 600.e‘7x.%(—7x)

= 3500e"™ —4200e "

d? d . d,
.-.d—xg’=3500.&(e7 )—4200&(e ™)

35006 i(7x)—4200.e-”.i(—7x)
dx dx

=7x3500.™ +7x4200e ™
= 49x500e"™ +49x600e "
= 49(500e™" +600e ™)
=49y

Hence, proved

d’y (dyY
16.  If ' (x+1)=1, show that — :(—j
dx dx

Solution:

The given relationship is e’ (x+1)=1

e’ (x+1)=1

Taking logarithm on both sides, we obtain

1
(x+1)

y =log

Differentiating this relationship with respect to x we obtain
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dy d( 1 1
= (x+1) | = = (X +]) = —
ax (X+)dx{(x+1)j (X+)(x+1)2 X+1
Ly _d (L)__ -1 ] 1
h X+1 (X+1)2 (X+1)2
2 2
:M:(__lj
dx?  (x+1

2 2
:u:(ﬂj
dx?  dx

Hence, proved

17. If y=(tan™ x)z, show that (x* +l)2 Y, +2x(x* +1)y, =2
Solution:

The given relationship is y = (tan‘1 x)2

Then,

4. d A
y, = 2tan 1x&(tan 'x)

=(1+x°)y, = 2tan ' x

Again differentiating with respect to x on both sides, we obtain

(1+%)y, +2xy, = 2(1+1x2 j
= (1+X°)y, +2x(1+x*) =2

Hence proved

I . .
o
2
Il
g
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Exercise 5.8
1 Differentiate the following with respect to x.

COS X.COS 2X.COS3X

Solution-1

2. Differentiate the function with respect to x. \/

Let Y =COS X.COS 2X.COS 3X

Taking logarithm or both the side, we obtain

log y = log(cos x.cos 2x.cos 3x)

= log y = log(cos x) -+ log(cos 2x) + log(cos3x)
Differentiating both sides with respect to x, we obtain

1Q:L.i(cosx) d (cost)

y dx cosx dx cos2x dx
dy [ sinx sin2x d sin3x d
dx COS X c032x dx cosSx dx
dy

o]

;.= =—C0S X.C0S 2X.cos3x[tan x + 2tan 2x + 3tan 3x|

dx

d (cosSx)

(x-1)(x—-2)

Solution-2

x—3)(x-4)(x-5)

Taking logarithm or both the side, we obtain
(x-1)(x-2)

(x-3)(x—4)(x-5)

[ R (x—1)(x—2)
~ J(

logy = Iog

x—1)(x-2
= logy =%'09N(X_(3)(x)—(4)(x)—5)}

(x=3)(x—4)(x

_5)

= logy =~ log (x~1)(x~2)} ~log{(x~3)(x~4)(x-5)}]
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=3 Iogy=%[log(x—1)+Iog(x—2)—|og(x—3)—Iog(x—4)—|og(x—5):|

Differentiating both sides with respect to, we obtain
1 d 1 d

——(x-1)+——

ldy 1 x—1dx( )+ X—2 dx

ydx 2 _Li(x_4)_ _
4 dx x-5d
:ﬂzl(lJrl_l_l_lj
dx 2\x-1 x-2 x-3 1-4 x-5

_d_y_l\/ (x—1)(x—2) [1+1_1_1_1}

Tdx 2 (x=3)(x-4)(x-5)[x-1 x-2 x-3 1-4 x-5

3. Differentiate the function with respect to x. (Iog X)COSX
Solution-3

COS X
Let y =(logx)
Taking logarithm or both the side, we obtain
log y = cos x.log(log x)

Differentiating both sides with respect to x, we obtain

1dy d d
—.—=—(cosx)xlog(logx)+cosxx—1| log(logx
5ok~ o (©0%)log (logx) + cosxx T log(log x)
1 dy . d
—.— =-sinxlog(log x) + cos x .—(log x
:>ydx g(log ) Xlogxdx( 9%)
:>d_y y{ smxlog(logx)+@xl}
dx logx X
dy cosx| COS
. —=(log x ———sinxlog(logx
dx (1og) {Iogx g(log )}
4, Differentiate the function with respect to x. X* — 2%

Solution-4

Let y — Xx . zsinx
Also, let X =u and 2°"* =v
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’ Sy=u-v
dy du dv
dx dx dx
u=x"

Taking logarithm on both sides, we obtain
l1du | d d

——=| —(x)xlogx+xx—(logx
u dx {dx( ) d dx( J )}

dx X

du
= —=x"(logx+1
o =X (logx+1)
du
= —=x"(1+logx
o =X (L+logx)
V= Zsinx
Taking logarithm on both the sides with respect to x, we obtain
logv =sinx.log2
Differentiating both sides with respect to x, we obtain

du 1
:—:u[lxlogx+x><—}

1 dv d, .
—.—=log2.—(sinx
v dx g dx( )
dv
— —=vlog2cosx
dx
:szs"‘xcosxlogz
dx
'd—y—x2(1+lo x)—2""*cos xlog 2
S gx) xlog

5. Differentiate the function with respect to x. (X + 3)2 .(X + 4)3 .(X + 5)4
Solution-5

Let y = (x+3)2 (x+ 4)3.(x+5)4

Taking logarithm on both sides, we obtain.

logy = Iog(x+3)2 + Iog(x+4)3 +log(x +5)4

= logy =2log(x+3)+3log(x+4)+4log(x+5)
Differentiating both sides with respect to x, we obtain

:>%z(x+3)(x+4)z(x+5)3.[2(x2 +9x+20)+3(x2 +9x+15)+4(x2 +7x+12)]
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—

dy [ 2 3 4
— = + +
dx X+3 X+4 Xx+5]

dy 2 3 a2 3 4
= D (03 (x+4) (149 _X+3+X+4+X+5}

:ﬂ=(x+3)z(x+4)3(x+5)4.{

2(x+4)(x+5)+3(x+3)(x+5)+4(x+3)(x+4) 3 4 }
dx

(x+3)(x+4)(x+5) +x+4+x+5

:%=(x+3)(x+4)z(x+5)3.[2(x2 +9x+20)+3(x2 +9x+15)+4(x2 +7x+12)}

%z(x+3)(x+4)2(x+5)3(9x2+7Ox+133)

1

- o 1\ [+

6. Differentiate the function with respect to x. (X+—) +x[ Xj
X

Solutoin-6

( 1
Also, let U=| X+ —
SLYy=Uu+v

dy du dv
-2 _

=t — 1
dx dx+dx @

1 X
Then, U=| X+ —
X

Taking log on both sides

1 X
:Iogu:log(x+;j

1
= logu =x|og(x+—j
X

Differentiating both sides with respect to x, we obtain

—
0]
—
<
Il
7\
>
+
| —
>
> +
N— >
= I/
[
[«}} +
S_ < |~
<
I
>
T
+
< |~
Ne—
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%g—i :%(x)x(log)(x+%)+ Xx%{log(x+%ﬂ

:>1d—u—lx(log)(x+1j+xx ! i(x+£j
1) d X
X

u dx X

Taking log on both sides, we obtain
&
logv=Ilogx: *

= Iogv:(1+£jlogx
X

Differentiating both sides with respect to x, we obtain

1dv d 1 1) d
——=|—|1+=||xlogx+|1+=|.—logx
vdx | dx X X ) dx
1dv 1 1)1
=>——=| - [logx+| X+=|.=
v dx X X)X

l1dv logx 1 1
:>__—_ JR—

vdx  x2  x X2
dv [—Iogx+x+1}
- =V
dx NG
1+1 B —
v A2 L] I — 9
dx X

Therefore from (_1) , (2) and (3), we obtain

A% xit _
ﬂ=(1+1) X 2_1+Iogx(x+lﬂ+x[ XJ(LZIOQXJ
dx X) | X X X
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7. Differentiating both sides with respect to x. (log X)X + X9
Solution-7

Let y =(logx)" + x"**

log x

Also, let U = (Iog X)X and V=X

Sy=Uu+v

Sy _duj v W
dx dx dx

u=(logx)’

= logu = log [(Iog x)x]

= logu = xlog(log x)
Differentiating both sides with respect to x, we obtain
l1du d

o &(x)xlog(log X)+ X,%[Iog(log X)]

:% :u{lxlog(log X)+ x.@.%(log x)}

:3—2 =(logx)" Llog(log x)+$.ﬂ

:% =(logx)*| log(log x)+$}

du X
= I
= (log x)

:Iog(log x).logx +1
log x

& ~(1ogx)' t+logxlog(logx)] .. "

log x

V=X
= logv = log (X"

= logv = log xlog x = (log x)2

Differentiating both sides with respect to x, we obtain

ld_v = i[(Iog x)z}

v dx dx

dv
X

= %'d =2(log x).%(log X)
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:>Q=2x'°gx‘1.logx ........ 3)
dx

Therefore, from (1), (2) and (3), we obtain

% =(logx)"" [ 1+log x.log(log x) |+ 2x"***.log x

8. Differentiating both sides with respect to x. (Sin X)X +sintx

Solution-8

Let y=(sinx)" +sin/x

Also, let U =(Sin X)X and v:sinflx/g

Ly=Uu+v

SOy _du v o O
dx dx dx

u=(sinx)'

= logu =log(sinx)’
= logu = xlog(sinx)
Differentiating both sides with respect to x, we obtain

1du d . d :
T &(x)xlog(sm X) + XX&DOQ(SIH X)]
= 3—2 = u{l.log(sin X)+ x.Si%.%(sin x)}

du X : X
L T | X
= (sinx) { og(sin X)+sinx cosx}

3 =(sinx)"(xcotx+logsinx) ...

dx
v=sin"v/x
Differentiating both sides with respect to x, we obtain
dv 1 d
dx —z&(*&)

1= ()

v 1 1

dx 1-x 2Jx

dv.. 1

=S
dX  24x—x°
Therefore, from (1), (2) and (3), we obtain
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ay = (sinx)”(xcot x + logsin x) +

1
dx 24X — X’

9. Differentiate the function with respect to x. X*"* +(sinx)

COS X

Solution-9

COS X

Let y=x"""+(sinx)

Also U=x"""and v=(sinx)"

SLy=Uu+v

Sy _du v W
dx dx dx

UIXSinX

= logu =log (")
= logu =sin xlog x
Differentiating both sides with respect to x, we obtain

ldu d,. ) d
—— =—(sinx).log x +sin x.—(log x
u dx dx( ) gx+ dx( J )
du { . 1}
— — =U=| cosxlog X +sinx.—
dx X
du o, [ sinx}
= —=Xx""=|cosxlogx+—
dx X

- COS X
v=(sinx)
= logv =log(sinx)™"

= logv =cos xlog(sin x)

Differentiating both sided with respect to x, we obtain

ldv d : d ;
N, 3 &(cos x)x log(sin x) + cos x x &[Iog(sm x)]

W v{—sin x.log(sin x)+ cos X.L.i(sin x)}
dx sinx dx

dv . \COSX ) . COS X
= —=(sinx)" | —sinxlogsin x + ——cos x
dx sin X

(sinx)™*[~sin xlogsin x + cot xcos x|

dv
:> —_
dx

=N % =(sinx)™"[cot xcosx —sin xlogsin x]
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Therefore, from (1), (2) and (3), we obtain

dv sin X : i
x| cosxlog x + == |+(sinx)" [cosxcotx —sin xlogsin x]

dx X
. . o wsx X241
10. Differentiate the function with respecttox. X~ + 2—1
X J—
Solution-10
2
X“+1
Let y XXCOSX >
X° =1
2
X“+1
Also, let U= X"**" and V= —
X° -1
dy du d
_dy _du dy
dx dx dx
SLYy=u+v
u — XXCOSX
Differentiating both sides with respect to x, we obtain
ldu_d d d
=—(x).cosxlog x + x.—(cos x).log x + x cos x.—(log x)
udx dx dx dx

du : 1
=5 =Y 1.cosxlogx + x.(—sin x).log x + xcos x.=
X X

du
= —
dx
i du XCOSX
dx
X'+l
x* -1
= logv = log(x* +1) - log(x* 1)
Differentiating both sides with respect to x, we obtain
1 dv_  2x 2X

v dx x2+1 x2-1
:ﬂ _y 2x(x2 —2)—2x(x2 +1)
dx (x2+1)(x2—1)

x"****(cos xlog x — xsin x.log x + cos x

[cosx(1+logx)—xsinxlogx | ... @)

:ﬂ x+1 —4X
dx x—l (x2+1)(x2—1)
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v A 3)
dx

2
(¢ -1)
Therefore, from (1), (2) and (3), we obtain

ﬂ — XXCOSX
dx

4x
(x -1y
1

11.  Differentiate the function with respecttox  (XCOSX)" +(Xsinx)x

[ cosx(1+log x) — xsinxlog x | -

Solution-11

1
Let y =(xcosx)" +(xsinx)x
1
Also, let U=(xcosx)" and V= (Xsin x)x

Sy=U+v
u:(xcosx)2

= logu = log(xcosx)"
= logu = xlog(xcosx)"

= logu = x[log x+ logcos x|

= logu = xlog x + xlog cos x

Differentiating both sides with respect to x , we obtain

18 :%(x+ log x)+%(xlogcosx)

du d d d d
&, uHIog x.&(x) + x.&(log x)} + {Iog cos x.&(x) + x.&(log cos X)H

du «| 1 1 d
— =(Xcosx logx.1+ x.— |+<logcosx.1+ X.——.—(cos X
:>dx ( ) _( J xj { J COS X dx( )H

du x_ X .
= =(xcosx) _(Iogx+1)+{logcosx+ﬁ.(—sm X)H

= g—z =(xcosx)"[ (1+logx) +(1+logcosx — xtanx) |

zg—iz(xcosx)x 1 xtan x +(log x + logcos X) |

[ ] . . .
c |
2|
x
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:g_iz(xcosx)X[l—xtanx++|og(xcosx)] .............. )
1
=(xsin x)x

1
= logv =log( xsin x)x

= logv :%Iog(xsin X)
= logv :%(Iogx+ logsin x)

1 1 :
= logv ==log x + =logsin x
X X

Differentiating both sides with respect to x , we obtain

lav_d (1I ng d (1Iog(sinx)j
vdx  dx dx \ x

=22 Liogn 22+ 2 (1o 4 toa(sinx) & 1]+ 2. L pog(sin) |
1

X

d
:lﬂ— lo x(— ]+31 +| log(sinx). (—ij+£ Li(smx)
vax 4% x2 ) X x g x? ) x sinx dx

=12 (1 10g x)+[— log(sinx) , 1 .COSX}

2

vdx X X XSin X

1 — —log(sin x)+ xcot x
Nl —(xsin x)x +{ I(;gx+ 9 2) }
v dx NG X X

:ﬂz(xsinx)x >

1[1-logx —log(sinx)+ xcot
dx X

dv )
:&—(xsmx) _ 2

Therefore, from (1), (2) and (3), we obtain

1[1-log(xsinx)+ xcotx}

— =(xcosx)’[1-xtan x + log(xcos x) | +(xsin x)x {

xcot X +1—log(xsinx)
dx

2

d
12, Find 2 of function. X’ + y =1

dx
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Solution-12

The given function is X* + y* =1
Let XY =uand y* =v
Then, the function becomes U+Vv =1

Jdu v (1)
dx dx
u=x’

= logu = log(x")
= logu = ylog x
Differentiating both sides with respect to x , we obtain

1ldu dy d
i Iogx&+y&(logx)
:d—u—u{logxd—y+y 1}
dx dx X
:>d—u_x (Iogxd—y+lj ........... (2)
dx dx x
v=y*

= logv =log(y")
= logv=xlogy
Differentiating both sides with respect to x , we obtain

1dy Iogyc(lj( )+x.%(logy)

v dx

:ﬂ:v logy.1+ xlﬂ
dx y dx

:>ﬂ:yX |ogy+5d—y ........... ©)
dx y dx

Therefore, from (1), (2) and (3), we obtain
xy(logxcIy yj+y Iogy+1ﬂ =0
dx x y dx
o\ dy _
X? +logx+xy' ™)L =—(yx"* + y*lo
= (X" +logx+xy" )2 ==(y<' + y*log y)
Jdy _ yx"+y"logy

Tdx o xYlogx + xy**
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d
13.  Find d_y of function y* = x’
X

Solution:13

The given function y* = x”
Taking logarithm on both sides, we obtain
xlogy = ylogx

Differentiating both sides with respect to x, we obtain

d d d d
log y.&(x) + x.&(log y)=log x.&(y).&(log X)

:>Iogy.1+x.1.ﬂzlogx.ﬂ+y.1
y dx dx X
x dy dy 'y
—logy+—.—=logx.—+=
y dx dx x
:Lﬁ—longd—yzl—logy
y dx x
:{x ylongdy y—logy
y dx X
Loy y y—xlogy
Tdx x|\ x— ylogx )

14.  Find % of function (cosx)’ =(cosy)"

Solution:14

The given function (COS X)y = (COS y)x

Taking logarithm on both sides, we obtain
y =logcosx = xlogcosy
Differentiating both sides with respect to x, we obtain

d d d d
log cos o y.&(log cosx)=logcos y.—(x).+ x&(log cosy)

dx
dy 1 d 1 d
= logcosx.— + y——.—(cos x) =logcos y.1+ X.——.—(cos
J dx ycosx dx( )=logcosy cosy dx( y)
dy  y : X oy dy
= logcosx.—~ + ——.(-sinx)=logcos y + ——(—siny)—=
dx cosx Cosy dx
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= Iogcosx.ﬂ— ytan x =logcosy — xtan yﬂ
dx dx

= (logcosx + xtan y)g—i’: ytan x + logcos y

. dy _ ytanx+logcosy
" dx  xtany+logcosx

15.  Find j—y of function Xy = e
X

Solution-15

The given function is Xy = e

Taking logarithm on both sides, we obtain.
log(xy)= Iog(ex‘y)

= logx+logy=(x—y)loge
=logx+logy=(x—y)x1

= logx+logy=x-y

Differentiating both sides with respect to x , we obtain

d d d dy
— (I —( =—(x)——
dX(ogx)+dX(ogy) dx(x) dx
lg 1 IVENNL
x ydx = x
:[14_1)%:)(__1
y )dx X
ﬂ:y(x—l)
dx x(y-1)

16. Find the derivative of the function given by

f (X) :(1— X)(1+ XZ)(1+ X4)(1+ X8) and hence find f (1)

Solution-16

The given relationship is  (X)=(1- X)(l+ XZ)(1+ X4)(l+ x8)

Taking logarithm on both sides, we obtain
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log f (x)=log(1-x)+ Iog(1+ x2)+ Iog(1+ x4)+ Iog(1+ x8)
Differentiating both sides with respect to x, we obtain.

1 d d d d d
F(x) & f(x)]:&Iog(l—x)+alog(l+x2)+&log(l+x4)+&log(1+x8)
1d, LI S T A G SV
1+x'dx(1 x)+1+x2.dx(1+x )+1+X4.dxlog(1+x )+1+X8.dxlog(1+x
1 1 1 1
f 2 8x’
(X)[1+x+1+x2 T e }

=N ) g B

1+x 1+x°

Hence, f'(l):(1+1)(1+12)(1+14)(1+18)|: 1 \ 2x1  4xP . 8><17}

+
1+1 1+22 1+x* 1+

=2x2x2x2 l+g+ﬂ+§
2 2 2 2

:16[1+2+4+8}

:16x%:100

17.  Differentiate (X2 —5X + 8)(x3 + 71X+ 9) in three ways mentioned below

I By using product rule
ii. By expanding the product to obtain a single polynomial
iii. By
iii. By logarithm Differentiate

Do they all given the same answer?
Solution-17

Let y =(X* —5x+8)(x*+7x+9)

(i) Letx=X*"-5x+8andu=x>+7x+9
: y=uv

(By using product rule)

= (;jx(xz ~5x+8).(x*+ 7x+9)+(x’ —5x+8).%(x3 +7x+9)

[ ] . .
J u U
g|le gl Jngp=
| I < =
| Q_|Q_ T —
< | C Py
i Na
- I
Q_|Q_
< | <
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:g—i:(Zx—S)(x3+7x+9)+(x2 —5x+8)(3x2 +7)

:%: 2x(x3 +7x+9)—5(x3 +7x+9)+ X (3x2 +7)—5x(3x2 +7)—8(3x2 +7)

= % - (2x4 +14X° +18x) _5x3—35x—45+ (3x4 ¥ 7x2)—15x3 —35x +24x2 +56
X

% =5x* — 20x> + 45x* —52x +11
X

(i) Y :(x2 —5x+8)(x3 +7x+9)
:xz(x3+7x+9)—5x(x3+7x+9)+8(x3+7x+9)
=x°+ 7x3 +9x% —5x* —35x% — 45x + 8x> + 56X + 72
= x> —5x* +15x° —26X? + 11X + 72

% = % :(x5 —5x* +15%° — 26X° +11x+72)
d d d d d d
= :(x5)—5&(x4)+15&(x3)— 26&(x2)+11&(x)+&(72)

=5X* —5x4x® +15x3x* —26x 2X +11x1+0

=5x* — 20x> + 45x* —52x +11
(iii) Taking logarithm on both sides, we obtain.

log y =log(x* +5x+8) +log(x* + 7x+9)
Differentiating both sides with respect to x, we obtain

%%:%Iog(x2 —5x+8)+%log(x3+7x+9)

Differentiating both sides with respect to x, we obtain

1d d d
:yd—izalog(xz —5x+8).&log(x3 +7x+9)

:lﬂ:%i( 2—5x+8)+3;.ilog(x3+7x+9)
X —5x+8 dx X"+ 7X+9 dx

1 1
=yl —— x(2Xx-5)+——— x(3x*+7
y[x2—5x+8 ( ) X*+7x+9 ( )}
2x—5 3X* +7
+
x> —5x+8 X*+7x+9

d :(x2—5x+8)(x3+7x+9){

1 . . e
T
2le gle<
| x
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(2x—5)(x3 +7x+9)+(3x2 +7)(x2 —5x+8)
(x2 —5x+8)+(x3 +7x+9)

:%:(xz —5x+8)(x3+7x+9)

:%:2x(x3+7x+9)—5(x3+7x+9)+3x2(x2—5x+8)+7(x2—5x+8)

. =(2x" +14x* +18x) - 5x° —35x — 45+ (3x" —15X° + 24x°) +(7x* — 35x + 56)
dx

= ady =5x* —20x> + 45x* —52x +11

dx
) i dy
From the above three observations, it can be concluded that all the result of d— are
X
same
18. If U,Vand w are functions of x, then show that
d du dv dw
—(UV.W)=——VW+U—W+UV—
dx dx dx dx
In two ways-first by repeated application of product rule, second by logarithmic
differentiation.
Solution — 18

Let y =uv.w=u.(V.w)
By applying product rule, we obtain

dy du d
——=—(V.W)+u.—.(v.w
dx dx ( ) \ dx ( )
dy du dv dv _ .
=>-—==—VW+Ul —W+V.— (Again applying product rule)
dx dx dx dx
dy du dv dw
= ——=—VW+U—W+UV—
dx dx dx dx

By taking logarithm on both sides of the equation Y =U.V.W, we obtain
logy =logu +logv + logw
Differentiating both sides with respect to x, we obtain
1dy d d d
—.—=—(logu)+—(logv)+—(logw
y dx dx(g)dx(g)dx(g)

l1dy 1d 1d 1d
=>———=——t——t——

y dx udx vdx wadx

dy (1 du ldv 1dw
=>—=y—+——+——

dx udx vdx wadx
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dy (ldu 1dv 1de
> —=uUvVWw ——— 4+ _

dx udx vdx wdx

dy du dv dw
So=—=—=—UW+U—W+UV—

dx dx dx dx



