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Chapter 6: Applications of Derivatives.
Exercise 6. Miscellaneous
1. Using differentials, find the approximate value of each of the following
: 1
17 \4 1
a)l — b)(33)s
@5] ®)
Solution:
1
(a) y=x*
16
X:_
81
Ax=i
81
1 1
Ay =(X+Ax)s =x*
1 1
_[(L7) (16}
1 81
4
_(E)‘*_E
1 3
kL,
17\ 2
=l—| ==+A
( 1) 3
dy:(d—yij: 1 - (Ax)
dx 4(X)Z
__1 {ij: 2r Ao 1 1 oo
={81) 4x8 81 32x3 96
4(16j4

81
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§ ;
Approximate value of (ng IS §+ 0.010=0.667+0.010
=0.677
1
(b) y=x°
X=32
Ax=1
N 1 101

Ay =(x+Ax)s —x° =(33)s —(32)5 =(33) s -

1
~(33)s =Ly ay

2

dy :(g—yj —(ax)=—2 (&%)

" 5(x)¢

1 1
= 1)=—=-0.003
1
Approximate value of (33)s is% +(—0.003) =0.5-0.003=0.497
. . log x .
2. Show that the function given by f (x)= e has maximum at x=¢e
Solution:

log x

f(x)=—=
(x)==2

(0 x(j—logx 1-logx

XX
f'(x)=0

Qe

=1-logx=0
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=logx=1

= X=€

1

) X2 (—Xj—(l— log x)(2x)

X4

_ —x=2x(1-logx)

X4

-3+ 2log x
=—

-3+2loge -3+2 -1

<0

fr(e)

fis the maximumatx =e

3. The two equal sides of an isosceles triangle with fixed base b are decreasing at the
rate of 3cm per second. How fast is the area decreasing when the two equal sides area
equal to the base?

Solution:

Let AABC be isosceles where BC is the base of fixed length b
Let the length of the two equal sides of AABC be a

Draw AD L BC

A

@
o>
c
(e
~

4
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. 1 , b’
Area of triangle ==b,/a" ——
2 4

dA 1 2a da_  ab da
dt 2 2 dt  \faa2_p? dt
2\/""2_2 V4a? -b

%:—3cm/s
dt

_da_ -3ab

Cdt V4a? —b?

When a=b,

e e

dt /4?2 —p? B \/3b?

4. Find the equation of the normal to y* = 4x curve at the point (1, 2)

Solution:

Slope of the normal at (1, 2) is dy_l Lo

} 1
dx 12)

Equation of normal at (1, 2) is y—2=-1(x-1)
y—2=-x+1

X+y—-3=0
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5. Show that the normal at any point 6 to the curve

X=acos@d+adsing,y =asin@—adcos@is at a constant distance from the origin
Solution:
X =acosf+adsinf
dx . .
.'.E:—a3|n0+ asind+adcos@ =adcosd
y=asing—adcosd
dy . .
46 =acosd—acosf+adsinf =adsing
dy :d_yd_e = aosin 0 =tanéd
doé d@ dx adcosé
. I |
Slope of normal at any pointdis —
tan @
Equation of normal at a given point (x, y) is given by,
y—asin 0+a0c036?:_—1(x—acose—a03in 0)
tan @
6. Find the intervals in which the function f given by f (x)= X~ 2X~XC0SX;
2+C0S X

= ysin@d—asin® §+adsin@cosf = —xcos &+ acos’ &+ adsin 6 cos &
= Xc0s0+ ysin&—a(sin® 0 +cos’ 6) =0
= Xcos@d+ysind—a=0

Perpendicular distance of normal from origin is

4| 2|

a
Jcos? @ +sin® 6 A

Perpendicular distance of normal from origin is constant

=|-a], which is independent of ¢

(i) Increasing (i) Decreasing
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Solution:

f(x)= 4sin X —2X — X C0S X
2+cos X

B (2+cos x)(4cosx—2—cos X+ xsin x)—(4sin x—2x—xcos x)(—sin x)

s (X)) =

(2+cosx)’

_ (2+cos x)(3cos x—2+xsin x)+sin x(4sin x —2x—Xxcos )

(2+cos x)2

_ 6C0SX—4+2xsin X +3¢0s* X —2¢0S X + XSin X0 X+ 4sin’ X — 2sin? X — 2xsin X — Xsin XCOS X
- 2
(2+cosx)

_ 4cosx—4+3cos’ X+ 4sin’ X

(2+cosx)’

_ 4cosx—cos®x _ COSx(4—Cosx)
(2+cosx)’ (2+cosx)’

f'(x) 0
= CcosX=0,cosx=4
cosx =4

cosx=0

3z

==
2

In (o,%) and [%”,2;;), f'(x)>0

f (x) is increasing for 0 < x < g and 37” <xX<2r7

In (%,%),f'(xko

] D, V. e
YRS I
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’ f (x)is decreasing for = < x < el
7 Find the intervals in which the function f given by f (x) X +—,x=0is
(1) Increasing (i1) Decreasing
Solution:
1
f(x)=x* +F
, 3 3x°-3
o f (X):3X2 +F:T
f'(x)=0=3x"-3=0=x"=x+1
In (—o0,1) and (L) i.e., when x < -land x>1, f'(x)>0
when x <—-1and x>1, f is increasing
In (-11)i.e, when -1<x<1, f'(x)=0
Thus, when —1<x<1, f is decreasing
8. Find the maximum area of an isosceles triangle inscribed in the ellipse =z +g—2 =1
with its vertex at one end of the major axis
Solution
ellipse —+y—2 =1

Let ABC, be the triangle inscribed in the ellipse where vertex C is at (a, 0)
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’ Since the ellipse is symmetrical with x — axis and y — axis

b
Y1 :ig’\/az_xf

Coordinates of A are (—xiE a’-x ) and coordinates of B are (xl,—E«/a2 — xfj
a a

As the point(—xl, yl) lies on the ellipse, the area of triangle ABC is

1

S o 2T o) 2T o) 2T

A==

= A=baya X +x 2\ X

RN P R S
b
Y G

= -2x? -xa+a’=0

ai\/a2—4(—2)(a2)
ST 2
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| o

K=z

o))
7\
w
QD
N
N——
N

’ X cannot be equal to a

a b [, a® ba J3b
. = — =—,]Jda —— = — —_——
TR T N 4 ZaJ_ 2

G2 _ 2 -2
az—Xf(—4X1—a)—(—2x12_x1a+az)(X1)

d’A b 2 az_xlz
Now, == —

dx;, a a’—x
b (@ %)(-ax ~a)+x (-2¢ ~xa+a?)
T g 2
| (2* )
b | 2x* —3a*x-a°

(@)

a

When x, =—,

% 2

a® ja' a® 3., .
dZA_B 23—3?—8. _ Z—Ea —a
dx! a 342 : a 397 :
RENRRES

| ]

.
= 7 1<0

_T -
Area is the maximum when x, = —
Maximum area of the triangle is
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_ ab\/§+ ab3 _3\3 b
2 4 4
9. A tank with rectangular base and rectangular sides, open at the top is to constructed so

that its depth is 2m and volume is8m?. If building of tank costs Rs 70 per sq meters
for the base and Rs 45 per sq meters for sides. What is the cost of least expensive

tank?
Solution:
Let I, b and h represent the length, breadth and height of the tank respectively
height (h)=2m
Volume of the tank = 8m®

Volume of the tank = I xbx h
8=Ixbx?2

:>Ib:4:>;i

Area of the base =lb =4
Area of 4 walls (A)=2h(l+b)

a=414])

:>d—A=4(l—ij
dl |2

Now, d—A—O
dl
:>I—i—0
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Therefore, we have | =4

A

I 2
d’A 32
o O

2

I = 2,d—f‘ = 32 =4>0

o] 8
Area is the minimum when | =2
We have | =b=h=2
Cost of building base = Rs70x(Ib) = Rs70(4) = Rs280
Cost of building walls =
Rs 2h(| +h)><45: Rs 90(2)(2+21) =Rs 8(90) =Rs720
Required total cost = Rs(280+720)=Rs1000

10.  The sum of the perimeter of a circle and square is k, where k is some constant. Prove
that the sum of their area is least when the side of square is double the radius of the

circle
Solution:

27r +4a =k (where k is constant)

_k—-2zr
4

=a

Sum of the areas of the circle and the square (A) is given by,

(k = 27z'r)2
16
dA 2(k—27z'r)(27r)_2

S— =271+ =27r=—
dr 16

A=rr’+a’=nr’+

z(k—27r)

Now, d—A =0
dr

z(k—27r)
4

=271 =

8r=k—-2zr
=(8+27)r=k
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k k

=>r= =
8+2rx 2(4+7r)

2 2

Now, —'26‘=27r+7[—>0
dr 2
2
. Where r = ,d '20‘>0
2(4+7z) dr
Area is least when r =
2(4+7)
k‘z’{zmk }
+ -
Where r— X e ) _8k+2rk—27k _ k.,
2(4+7r) 4 2(4+7r)><4 4+ 1

11. A window is in the form of rectangle surmounted by a semicircular opening. The total
perimeter of the window is 10 m. Find the dimensions of the window to admit maximum

light through the whole opening
Solution:

x and y be length and breadth of rectangular window

X
Radius of semicircular opening = >

Lb

axv2y+ X210
2
:x[l+%)+2y:10

:>2y=10—x£1+%)
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(1+7rj T+4
4

20 d*A
X=——7?,—<0
T+4 dx

Area is maximum when length X=———m.
T+4

y=5- 20 (2+7x _5_5(2+7z)_ 10 m
Now, 14\ 4 P

The required dimensions
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Length Tt d and breadth Tt
12 A point of the hypotenuse of a triangle is at distance a and b from the sides of the
3
2 2
triangle. Show that the minimum length of the hypotenuse is [a3 +b3]
Solution:
AABC right — angled at B
AB=xand BC =y
P be a point on hypotenuse such that P is at a distance of a and b from the sides AB
and BC respectively
Zc=0
A
ONP
b
)
B ¢
AC = /X% +y?
PC =bcosect
AP =asecd
AC = AP+PC
AC =bcosecH+sect .............. (1)
d(A
(d ) =-bcosecdcotd+asecHtand
d(AC) _,
do

= asecfdtan @ =bcosecldcot
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a sind b cosd
cos@ cos@ sind sin@

= asin®*0=bcos’ 6

1 1

= (a)3sind=(b)s cos@

1
=tanf = (—T
1

.'.sinezﬂand cos@=(ai ...... (2)

/ 2 2 / 22

a®+b? a® +b3

d?(AC 3

Clearly # <0Owhentand = (ET
do a

1

The length of the hypotenuse is the maximum when tan 6 = (EJS

a

1

b3
Now, when tan @ = (—j

ayVas +b

Il Il > =
' QL O 5
it N
N P I
+ win o Il
< + ~—
[N o ® ) |C'
— Y O(;“_\ wIN ~_
N w — + Wl -
(o o
wIN w N
+ +
QD
win
— o)
job] )
Wl
w|N
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2 2)2
Maximum length of the hypotenuse is = (ae’ +b3J

13, Find the points at which the function f given by f (x)=(x-2)"(x+1)has

(1) local maxima (i1) local minima (iii) point of inflexion

Solution:
f ()= (x-2)" (x+1)
L (x)=4(x=2) (x+1) +3(x+1) (x-2)°
= (x=2) (x+1) [4(x+1)+3(x-2)]
=(x=2)" (x+1)" (7x-2)

f'(x)=0=x=-1and x=%or X=2
2 2 .,

For x close to7and to left of 7,f (x)>0
2 . 2 .,

For x close to;and to right of = f'(x)>0

2. . p
X < is point of local minima

As the value of x varies f (x) does not changes its sing

x =—1is point of inflexion

14, Find the absolute maximum and minimum values of the function f given by

f (x)=cos’ x+sinx,x [0, 7]
Solution:
f (x) =cos” x+sin x

f'(x)=2cos x(—sin x)+cosx
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= —25iNn XCOS X + COS X

f'(x)=0
= 2sin xcosx:cosx:>cosx(25in x—1):0
. 1
:>smx:§orcosx:0
=x=2,0or Zas xe[0,7]
6 2
2
f(zj:coszzﬁinz: ﬁ 123
6 6 6 2 2 4
f (0)=cos’0+sin0=1+0=1
f (7)=cos® z+sinz=(-1)" +0=1
f(zjzcoszf+sin£=0+1=1
2 2 2
] . 5 T
Absolute maximum value of f is 2 at x= q
Absolute minimum value of fis1at x=0,x = % and 7
A
S 2

15.  Show that the altitude of the right circular cone of maximum volume that can be

inscribed in a sphere of radius r is %

Solution:
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BC =/r’ —R?
h=r+Jr’—R?

-V =%7rRz(r+\/r2 —R2)=%7Z'R2I’+%7TR2 r’—R?

_av 2 Rz ( ZR)
. 7Rr + — xR /
"drR 3 + ﬁ \/7R2

2
=—nRr+—ﬁRm
3 m

2zRr(r? —=R?)-zR®
=gﬂRr+ z ( ) .
3 3Jr? —R?

2 27Rr? —=3zRr?

=—7nRr+
3 3 ’I’Z—RZ

TdR?

27rR  37R* —27zRr?
= =
3 3\r? - R?

— 2rJr2—R? = (3R2 —2r2)2

:>4r2(r2—R2)=(3R2_2r2)z
=14r° —4r’R* =9R* +4r* —12R*r?
—9R* —8r?R? =0

=9R* =8r?

:>R2—ﬁ
9
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3Jr? -R? (22r? -97R?)~(27R* - 37R*)(~6) 1

dvV  2zr 2Jr2 —R?
= +
drR?> 3 9(r*—R?)
1
oer 3Jr? —R? (22r? -92R?) - (22R° —3ﬁR3)(3R)m
3 9(r*—R?)
2
When Rzzﬂ,g<0
9 '"drR

i i 8r2
Volume is the maximum when R? = 5

2 2 2
Rz=8L,heiglhtofthecone:r+‘/r2—8R =r+ r—:r+£=£
9 9 9 3 3

16.  Show that the height of the cylinder of maximum volume that can be inscribed in a

: . 2R . .
sphere of radius R is —=, also find the maximum volume

7

Solution:

h=2yR? —r?
V =zr*h=2zr’JR*-r’

2 pa—
PN o )

dr 2JR? —r?

3

= 471y R? —r? P

RZ_rZ
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47zr(R2 —rz)—27rr3

R?—r?
B 47rR* —67r°
- R%—r?

Now, av _ 0= 4xrR*-672r*=0

JR? —r? (42R? ~1871?) ~ (421R? —67rr3)(_2r)

dv _ 24R? —r?
dr?2 (R*-r?)

(R2 - rz)(47zR2 —187zr2)+ r(47rrR2 —67rr3)
3

(R*-r)

B 47R* —227r*R? +1271* + 47r?R?

(R 2

o 2R dV

"3

. . 2R?
Volume is maximum when r? = T

3

2 2
Height of the cylinder is 2 RZ—ﬁ =2 RT_Z2R
\ R J3

Volume of the cylinder is maximum when height of cylinder is 2R

B
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17.  Show that height of the cylinder of greatest volume which can be inscribed in a right
circular cone of height h and semi veritical angle a is one — third that of the cone and

. .4
the greatest volume of cylinder is E;zhz tan®a

Solution:

A
Béé('
F T ‘):)L G
r=htana
Since AAOG is similar to ACEG
A0 _CE
OG EG
h H
= —=—
r r-R
h h 1
=>H=—(r-R)= htana—-R)=——(htana—-R
r( ) htana( ) tana( )
Volume of the cylinder is

2 3
ZR (htan a—R)zﬂth— R
tana tana

V = zR?H =

2
d_V =27Rh 3R
dR tana

v _,

dR
37R?
tana

= 27Rh =

= 2htana=3R
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=R= 2h tan a
3
d 2\2 =27Rh— 67R
dR tana

And, forR = 2—3htan a, we have

=27h—— ?tan aj=27zh—47zh =-27h<0

Volume of the cylinder is greatest when R = 2?htan a

R=2—htana,H:L htana—z—htana =L N2 =D
3 tana 3 tana 3 3

The maximum volume of cylinder can be obtained as

2 2
E(Z—h tan aj (Dj B L (D) _ 2 b tan’a
3 3 9 3) 27
18. A cylindrical tank of radius 10m is being filled with wheat at the rate of 314 cubic

mere per hour. Then the depth of the wheat is increasing at the rate of

(A)lm/h  (B)olm/h (C)Lim/h (D)0.5m/h

Solution:

V= 7z(radius)2 x height

=7r(10)2 h (radius =10m)

=100xh
d—V =100~ ﬁ
dt dt

Tank is being filled with wheat at rate of 314 cubic meters per hour

d—V:314m3/h
dt
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31421007 3"
dt

dh 314 314
- — = = = 1
dt 100(3.14) 314

The depth of wheat is increasing at 1 m/h

The correct answer is A

19.  The slope of the tangent to the curve x =t*+3t—8,y =2t* — 2t —5at the point(2,—1)

.'.%:2t+3and d—y:4t—2
dt dt

Oy _dya a2
dx dtdx 2t+3

Given point is (2,-1)
Atx =2
t*+3t-8=2
—=t*+3t-10=0

= (t—2)(t+5)=0
=>t=20rt=-5

At y=-1 we have
2t° -2t-5=-1
=27 -2t-4=0

:>2(t2—t—2)=0
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=(t-2)(t+1)=0
=>t=20rt=-1

Common value of tis 2

Slope of tangent to given curve at point (2,—1)is

ﬂ} _4(2)-2_8-2 6
dx ), 2(2)+3 4+3 7
The correct answer is B
20.  Theline y=mx+1is tangent to the given curve y* = 4xif the value on m is
(A)1(B)2 (C)3 (D)3

Solution:

Equation of the tangent to curve is y=mx+1
Substituting y =mx+1in y* =4x

= (mx +1)2 =4x

= m?x* +1+2mx—4x =0

= m** +x(2m-4)+1=0 ....... (i)
(2m-4)"-4(m*)(1)=0

= 4m* +16-16m—4m* =0
=16-16m=0

=>m=1

The required value of mis 1

The correct answer is A.

21.  The normal at the point (1, 1) on the curve 2y +x* =3is
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(A)x+y=0 (B)x-y=0 (C)x+y+1=0 (D)x-y=1
Solution:

2—dy+2x=0
dx

W
dx

ﬂ} 1
dx )

Slope of normal to curve at point (1, 1) is

—X

-1
:
dx ()

Equation of normal to given curve at (1, 1) is

=1

= y-1=1(x-1)
=y-1=x-1
=x-y=0

The correct answer is B

22.  The normal to the curve x> =4y passing (1, 2) is

(A)x+y=3 (B)x—y=3 (C)x+y=1(D)x—y=1

Solution:
2x=4d—y
dx
dy _x
X 2

Slope of normal to curve at point (h,k)is
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’ _1 3 _E
dy} h
dx (hK)

Equation of normal at point (h,k)is

-2
—k="2(x-=h
y—k=—-(x-h)

Normal passes through the point (1,2)

2—k:%2(1—h)ork:2+%(1—h) ...... (i)

(h,k) lies on the curves x* = 4y, we have h® =4k

2

4
h? 2
T _24%(1-h
rata

3

2
k=M ko
4

Equation of normal is

= y—1=_72(x—2)

=y-1=(x-2)
=>X+y=3

The correct answer is A
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23.  The points on the curve 9y* = x°, where the normal to the curve makes equal

intercepts with the axes are

(A>[4’i§) (B)(4,%8j (c)(4,¢§} (D)[i4,%j

Solution:

9(2y)(cji—i=3x2

dy_x

dx 6y
Slope of normal to given curve at point (x, ;) is

-1 6y,

dy} X
dx Js, y,)

Equation of normal to curve at (x, Y, ) is

(y—yl)Z%(X—Xl)

= XY+ XY, =6xy, +6xY,
= 6XY, + XY =6XY, + XY,

2
_\ 6xy12 _ Xy2:1
6xy, +xy, Xy, +x7y

X y
= + =
X (6+%) Y, (6+x)

6 X,

Normal makes equal intercepts with axes

X(6+x)  i(6+x)
LT "
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AN
6 X
= Xl2 = 6y1

(%, ;) lies on the curve, so

9y =x;

:>y2—6—4
Y9

8
:>y1=i§

Required points are (4,1%}

The correct answer is A
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Exercise 6.1
1 Find the rate of change of the area of a circle with respect to its radius r when
(@r=3cm (b)r=4cm
Solution:
We know that A= 7zr?
" d—A = i(7rr2) =2xr
dr dr
(@ Whenr=3cm,
d—A = 27r(3) =6r
dr
The area is changing at 6 cm? / swhen radius is 3 cm
(b) When r =4 cm,
9A _ 27 (4)=8x
dr
The area is changing at 8cm? / s when radius is 4 cm
2. The volume of a cube is increasing at the rate of 8cm®/s. How fast is the surface area
increasing when the length of its edge is 12 cm?
Solution:
Let the side length, volume and surface area respectively be equal to x, V and S
V=x
S=6x°
v _ 8cm?® /s
d
_d_V_i( s)_i( 3)%_ Ox_ dx_ 8
dt dt dx dt dt ~dt 3x°
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ds d d d d 8 ) 32
> =2 (6x?) ((3x2)—)t(=12x—’t‘=12x(?j=7

dt dtt ) dx\ . d d 3
So, when x :120m,$ = %cmz /s= §cm2 /s
dd 12 3
3. The radius of a circle is increasing uniformly at the rate of 3 cm/s. Find the rate at
which the area of the circle is increasing when the radius is 10 cm/s
Solution:
We know that A= 7zr?
la = i(m‘z)ﬂ = 27r|’E
dt dr dt dt
ar =3cm/s
dt
d—A =2rr (3) =6xr
dt
So, when r =10 cm,
9A _ 67(10) =607 cm? /s

dt

4. An edge of a variable cube is increasing at the rate of 3 cm/s. How fast is the volume

of the cube increasing when the edge is 10 cm long?

Solution:
Let the length and the volume of the cube respectively be x and V
V=x

. dv _ d (XB) d (Xg)dX —3x2 dx

Tt det T axV ae T de

%=3cm/s
dt
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So, when x = 10 cm,

dv

——=9(10)" =900 cm* /s
dt
5. A stone is dropped into a quiet lake and waves move in circles at the speed of 5 cm/s.
At the instant when the radius of the circular wave is 8 cm, how fast is the enclosed
area increasing?
Solution:
We know that A= 7zr?
B ()= L () Lo O
dt dt dr dt dt

ﬂ:5cm/s
dt

So, whenr =8 cm,

i—':‘ =27(8)(5)=80zcm*/s
6. The radius of a circle is increasing at the rate of 0.7 cm/s. What is the rate of increase

of its circumference?
Solution:
We know that C = 2xr

dC dCdr d dr dr
] - =2r—

2SS B8 o) S
dt dr dt dr dt dt

E:O.7cm/s

dt

. dC_

s —=27(0.7)=14xcm/s
dt

7. The length x of a rectangle is decreasing at the rate of 5 cm/minute and the width y is
increasing at the rate of 4 cm/minute. When x=8 cm and y = 6¢cm, find the rates of

change of (a) the perimeter, and (b) the area of the rectangle.
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Solution:

It is given that % =-5cm/ min,% =4cm/ min,x=8cmand y = 6cm,
(a) The perimeter of a rectangle is given by P = 2(x+ y)
d_P: 2(%+ﬂ)= 2(-5+4)=-2cm/min
dt dt dt
(b) The area of rectangle is given by A= xy
N dA —%y+ xd—y=—5y+4x

When x =8cmand y = 6 cm, z—?=(—5x6+4x8)cm2/min = 2cm? / min

8. A balloon, which always remains spherical on inflation, is being inflated by pumping
in 900 cubic centimeters of gas per second. Find the rate at which the radius of the

balloon increases when the radius is 15 cm

Tdt dt dt
Solution:

We know that V = %721’3

L dVdv dr d(4 erg_ o dr

—=———=—| =7 re—
dt  dr dt dr\3 dt dt

d—V:QOO cm?/s
dt

-.900 = 47r1° '8
dt

ar_ 900 225
dt  4zr?  xr?

So, when radius = 15 cm,

dr 225 1
= =—_cm/s

dt 715 7
9. A balloon, which always remains spherical has a variable radius. Find the rate at

which its volume is increasing with the radius when the latter is 10 cm

Solution:
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We know that V :gﬁr2
d—V:i ﬂ7Z'I'3 :i7r(3r2):47ﬂ'2
dr dr3 3

So, when radius = 10 cm, (:j_\: = 47(10)° = 4007

Thus, the volume of the balloon is increasing at the rate of 400z cm®/s

10. A ladder 5m long is leaning against a wall. The bottom of the ladder is pulled along
the ground, away from the wall, at the rate of 2 cm/s. How fast is its height on the
wall decreasing when the foot of the ladder is 4 m away from the wall?

Solution:

Let the height of the wall at which the ladder is touching it be y m and the distance of

its foot from the wall on the ground be x m
Xy =5 =25= y=+/25-%°
dy d > d 7\ dx -X dx
s =—(25-x* | = — (V25— %* | == = —x—
dt dt( ) dx( )dt ./25_)(2 t

%:Zcm/s
dt

Cdy  —2x
Cdt s
So, when X =4 m,
dy —2x4 _ 8

dt 25-16 3

11. A particle is moving along the curve 6y = x* + 2. Find the points on the curve at which

the Y coordinate is changing 8 times as fast as the X coordinate

Solution:
The equation of the curve is 6y = x> +2
Differentiating with respect to time, we have,

6 g ZK_ W _ oK
dt dt dt dt
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According to the question, (ﬂ = 8%j
dt dt

.'.Z(dej:xz%:m%:xz%:(xz —16)%:O:x2 —16=> x=+4

dt dt dt = dt
3
When x=4,y:4 +2=@=11
6 6
—4%)+2
When x:—4,y=(—)=gzﬁ

6 6 3

Thus, the points on the curve are (4, 11) and (—4, _T?’lj

12.  The radius of an air bubble is increasing at the rate of %cm /'s. At what rate is the
volume of the bubble increasing when the radius is 1 cm?

Solution:
Assuming that the air bubble is a sphere,

Vv =£7Z’I’2
3

. dV —1(41 rsj —1(4_72: r3j£ — 47”'2 ﬂ

Cdt dtl 3 ) drl 3 Jdt dt
dr 1

—==-cm/s

dt 2

So, whenr =1 cm, Z—\t/ :47:(1)2 (%)z 2zcmi/s

13.  Aballoon, which always remains spherical, has a variable diameter%(Zx +1). Find
the rate of change of its volume with respect to x

Solution:

We know that V = %ﬂﬁ
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d =g(2x+1):> r =%(2x+1)

.'.d—v=i7ri(2x+1)3=z7r(2x+l)3
dx 116 dx 8

14.  Sand is pouring from a pipe at the rate of 12 cm®/s. The falling sand forms a cone on

the ground in such a way that the height of the cone is always one — sixth of the radius
of the base. How fast is the height of the sand cone increasing when the height is 4

cm?

Solution:

We know that V = %nrzh

hzir:r:Gh
6

nV o= %ﬂ(ah)2 h=127h°

d—V=12ni(h3)@ =127z(3h2)@=367zh2@
dt dt' /dt dt dt

d—\/:12cm2/s
dt

So, when h =4 cm,

12 =367 (4)’ %

dh 12

=—= = cm/s
dt 367:(16) 487

15.  The total cost C(x) in Rupees associated with the production of x units of an item is

given by C(x)=0.007x’ —0.003x* +15x+4000 . Find the marginal cost when 17

units are produced

<
[l
wlhs
3
VR
Nw
N—
w
—~~
N
>
_|_
|_\
N——"
w
1]
'_\
5| ©
3
—~~
N
>
_|_
H
N—"
w




Infinityy ., Sri Chaitanya
Learn ' Educational Institutions

Solution:

Marginal cost is the rate of change of the total cost with respect to the output.

~.Marginal cost MC = ‘:'j—g =0.007(3x*)—0.003(2x) +15 = 0.021x* — 0.006X +15

When x=17,MC =0.021(17)" —0.006(17)+15

=0.021(289)-0.006(17) +15

=6.069-0.102+15
= 20.967

So, when 17 units are produced, the marginal cost is Rs. 20.967.

16.  The total revenue in Rupees received from the sale of x units of a product is given by
R(x)=13x"+26x+15. Find the marginal revenue when x = 7
Solution:
Marginal revenue is the rate of change of the total revenue with respect to the number
of
units sold.
. drR
.. Marginal Revenue MR = ™ =13(2x)+26 = 26x+26
When x=7,MR = 26(7)+26=182+ 26 =208
Thus, the marginal revenue is Rs 208
17.  The rate of change of the area of a circle with respect to its radius r at r =6 cmis
(A)10z  (B)12z (C)8r (D)11r
Solution:

We know that A= zr?

dA d
.'.E:E(ﬂ'rz)ZZH'r
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So, when r :6cm,3—':‘=27z><6=127r cm?/s

Thus, the rate of change of the area of the circle is 127 cm?® /s

The correct answer is option B

18.  The total revenue in Rupees received from the sale of x units of a product is given by
R(x)=3x’+36x+5. The marginal revenue, when x = 15 is
(A) 116 (B) 96 (©) 9 (D) 126
Solution:

Marginal revenue is the rate of change of the total revenue with respect to the number

of units sold.

.Marginal Revenue MR = (;—R =3(2x)+36 =6x+36
X

So, when x=15MR = 6(15)+36 =90+36=126

Hence, the marginal revenue is Rs 126.

The correct answer is option D.
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Exercise 6.2

1. Show, that the function given by f (x) =3x+17is strictly increasing on R.
Solution:

Let x and x,, be any two numbers in R.

X <X, =3% +17 <3%, +17=f (x ) < f(x,)

Thus, f is strictly increasing on R.

Alternate Method
f '(x):3>0 on R.

Thus, f is strictly increasing on R.

§
2. Show, that the function given by f (x) =e* is strictly increasing on R.
Solution:
Letx and x, be any two numbers in R.
X, <X, = 2% <2X, =>e™ <e® = f (x)< f(x,)
Thus, f is strictly increasing on R.
3. Show that the function given by f (x)=sinxis
(A) Strictly increasing in (0%) (B) Strictly decreasing (%7[}

(C) Neither increasing nor decreasing in (0, )
Solution:

f(x)=sinx= f'(x)=cosx

(A) Xe(O,%j:COSX>O:> f'(x)>0
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’ Thus, fis strictly increasing in (0,—}
(B) XG[—,H’)SCOSX<O3 f'(x)<0
Thus, f is strictly decreasing in [%n}
(C) The results obtained in (A) and (B) are sufficient to state that f is neither increasing
nor decreasing in (0, )
4, Find the intervals in which the function f given by f (x)=2x*—3xis
(A) Strictly increasing (B) Strictly decreasing
Solution:
f(x)=2x*-3x= f'(x)=4x-3
f'(x)=0=>x==
—a =
el |
h |
3
4
3 1
In (—oo,—j, f'(x)=4x-3<0
Hence, f is strictly decreasing in (—oo —j

L\

Hence, f is strictly increasing in (%oo}

5. Find the intervals in which the function f given f (x)=2x*—3x*—36x+7is
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’ (A) Strictly increasing (B) Strictly decreasing
Solution:

f (x)=2x*—3x* —36x+7
f'(x)=6x* —6x+36=6(x2 —x—6)=6(x+ 2)(x—3)

S f(x)=0=>x=-23

—
-

\

3
In (—o0,—2)and (3,0), f '(x)>0
In (-2,3), f'(x)<0

Hence, f is strictly increasing (—o0,—2)and (3,00)and strictly decreasing in (-2,3)

6. Find the intervals in which the following functions are strictly increasing or
decreasing
(@) X*+2x-5 (b) 10—6x— 2% (€) =2x* —9x* —12x+1
(d) 6-9x— X2 () (x+1)° (x—-3)’

Solution:

f(x)=x*+2x=5= f'(x)=2x+2= f'(x)=0=>x=1

x = —1divides the number line into intervals (—o,—1) and (—1,20)
In (—o0,—1), f'(x)=2x+2<0

- f is strictly decreasing in (—o0,—1)

In (—o0,-1), f'(x)=2x+2>0, .. f'(x)=2x+2>0

~. f is strictly decreasing in (—1,0)
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(b) f(x)=10-6x-2x*= f'(Xx)=—6-4x= f'(x)=0= x=—%
3 .. . : 3 3
x=—§d|V|des the number line into two intervals —oo,—E and —E,oo
3) ..
In (—oo,—Ej,f (x)=—6-4x<0
o . 3
.. T is strictly increasing for x<—E
3 1
In (—E,ooj,f (x)=—-6-4x>0

.. fis strictly increasing for x > —g

(© f(x)=-2x-9x*-12x+1

o f(x)=-6x* —18x—12 = —6(x2 +3X+ 2) =—6(x+1)(x+2)

P (x)=0=>x=-12

x=—1and x =-2 divide the number line into intervals (—o0,-2),(-2,—1) and (-1, )
In (—o0,—2)and (L), f'(x)=—6(x+1)(x+2)<0

.. T is strictly decreasing for x<—2and x> -1

In (-2,-1), f'(x)=—6(x+1)(x+2)>0

- fis strictly increasing for -2 < x < -1

(d) f(x)=6-9x—x*= f'(x)=-9-2x

[ ] . . e
—h
—
<
N—"
Il
o
© U
<
Il
N|Jo




Infinityy ., Sri Chaitanya

Learn ' Educational Institutions

’ .. T is strictly increasing for x <—=
In (__'Ooj’ f'(x)<0
.. T is strictly decreasing for x > —=
(e) f(x)=(x+1)3(x—3)3
f '(x):3(x+1)2(x—3)3+3(x—3)z(x+1)3
:3(x+1)2(x—3)2[x—3+x+1]
=3(x+1)" (x-3)"(2x-2)
=6(x+1)" (x=3)" (x-1)
f'(x)=0=>x=-131
x =—1,3,1divides the number line into four intervals (—o0,—1),(—1,1)(1,3)and (3,)
In (=o0,~1) and (~1,1), f '(x) =6(x+1)" (x-3)° (x~1) <0
7 Show that y =log(1+x)————,x>-1,is an increasing function throughout its
domain
Solution:
y =log(1+ x)—A

. f is strictly decreasing in (—o0,—1) and (-1,1)
In (1,3) and (3,%0), f '(x)=6(x+1)" (x=3)" (x~1)>0

- f is strictly increasing in (1,3) and (3, )

2+X
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cdy 1 (2+x)(@)-2x(h) 1 4 2

X 1+ X (2+x)  1#x (2+x)  (Q+x)(2+x)

Y
dx

X2

- (2+x)2

=x"=0

=x=0

Because X > —1, x =0divides domain (—], oo) in two intervals —1<x<0and x>0
When -1<x<0,

x<0=x*>0

x>—1:>(2+x)>0:>(2+x)2>0

2

, X
Ly'= (2+x)2 >0
When x > 0,
X
ey
Hence, f is increasing throughout the domain.
8. Find the values of x for which y = [x(x—z)]2 is an increasing function
Solution:

y = [x(x—Z)]2 = [xz —2x]2

%: y'=2(x2 —2x)(2x—2)=4x(x—2)(x—1)

.'.ﬂ=0:>x=0,x=2,x=1
dx

x=0,x=1and x =2divide the number line into intervals

(~0,0),(0,2),(1,2) and (2,0)
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In (—,0)and (1,2),% <0

~. yis strictly decreasing in intervals (—oo,0) and (1,2)

In intervals (0,1) and (Z,w),g—i >0

- yis strictly increasing in intervals (0,1) and (2, )

9. Prove that y = ﬂ—e is an increasing function of din 0,Z
(2+cos8) 2
Solution:
__4sing
(2+cosd)
_dy (2+cos@)(4cosd)—4sinf(—sin0) L
" de (2+c036’)2
_8c050+4c0320+4sin20_1
(2+cos¢9)2
_8cosd+4
(2+cosd)
@ _,
do
8cosf+4 1
(2+cos¢9)2

=8c0s0+4=4+cos’ @+4cosd
= cos” @ —4cosf =0

= c0sd(cosd—4)=0
=cos@d=0or cosfd=4

Because cos@ #4,cos0 =0

0056:0:0:%
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dy 8003¢9+4—(4+cos2 9+4cos¢9) _ 4cosf—-cos’0  cos6(4-cosd)
do (2+cos6)’ (2+cos6)’ (2+cos6)’

In [0,%},0039>0,

4>c0s0 =4—-cosfd >0

-.cosfd(4—cosd)>0

(2+cos¢9)2 >0

- cos&(4—c0326) -0
(2+cos®)

:ﬂ>0
do

So, y is strictly increasing in (0%)
The function is continuous at x=0and X = %

So, y is increasing in{o,%}
10. Prove that the logarithmic function is strictly increasing on (O,oo)
Solution:

f (x)=logx

s f(x)=

&
X

For x>0,f'(x)=%>0

Thus, the logarithmic function is strictly increasing in interval (O, oo)

11. Prove that the function f given by f (x) = Xx? —x+1is neither strictly increasing nor stricty

decreasing on (—1,1)

Solution:
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f(x)=x"—x+1

sf(x)=2x-1

1
A i =0 ==
(x)=0=x 5

1. . . 1 1
x==divides (-11)into | -1, = |and | =,1
2 (=2) ( 2) (2 j

So, fis strictly decreasing in (—1, %)
1 :
In (E’lj' f'(x)=2x-1>0

So, fis strictly increasing in interval (%1)
Thus, f is neither strictly increasing nor strictly decreasing in interval (—1, 1)

12. Which of the following functions are strictly decreasing on (0%) ?

(A)cosx  (B)cos2x (C)cos3x  (D)tanx

Solution:
(A) f,(x)=cosx

= (X)==sinx
In (0%) f, (x)=-sinx<0
- £, (x) =cosx s strictly decreasing in (Ogj

(B) f,(x)=cos2x

=1
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-, (x)=-2sin2x

0<x<%:>0<2x<7r:>sin2x>0:>—25in2x<0
o f,(x)=—2sin2x <0in [ogj

. f,(x) =cos2xis strictly decreasing in (0%)
(C) f;(x)=cos3x

- f5(x) =-3sin3x

f,(x)=0

=sin3x=0=3x=r,as XE(O,%)

T
=X==
3

x=£divides(0,£j into o,fj (
3 2 3 32

In (0%) f,(x)=—3sin3x <0 [O<x<%:>0<3x<;z}

. fyis strictly decreasing in (0, %)

j,fs(x):—Bsin3x>O %<x<%:>7z<3x<37”}

- f,is strictly increasing in (%%

So, f,is neither increasing nor decreasing in interval (0%)

] - . %
S
7\
wly
NN
QD
oD
o
|8
|8
N—




InfinitQ)
Learn

‘. ori Ghaitanya
(D)f,

Educational Institutions

|
\
(x)=tanx

- f, (X)=sec’ x

In (0%) f,(x)=sec’x>0

- f,is strictly increasing in [0%)

So, the correct answer are A and B

13.  Onwhich of the following intervals is the function f is given by f (x)=x" +sinx—1

strictly decreasing?

A(0,1) B.(%,ﬂ'j C.(O, %} D. None of these
Solution:

f(x)=x*+sinx-1

- f(x)=100x* +cos x

In (0,1),cos x> 0and 100x™ >0

= f'(x)>0

So, f is strictly increasing in (0, 1)

In (%,xj,cosx<0and 100x*° >0

100x* > cosx
- f'(x)>0in (%xj

So, fis strictly increasing in interval (% xj
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’ In interval [0, ZJ,cos x>0 and 100x* >0

-.100x* +cosx >0
= f'(x)>00n (o,%j
.. fis strictly increasing in interval (0, %)
Hence, f is strictly decreasing in none of the intervals.
The correct answer is D.

14. Find the least value of a such that the function f given f (x) = X* + ax +1is strictly
increasing on (1, 2)

Solution:
f(x)=x*+ax+1
= X>—
So, we need to find the smallest value of a such that
x>—,when x&(1,2)
= x>— (whenl<x<2)

- fr(x)=2x+a

- f'(x)>0in(12)
=2x+a>0

= 2X>-a

2
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Hence, the required value of a is — 2
15. Let I be any interval disjoint from (-1, 1), prove that the function f given by

f(x)= X+ < is strictly increasing on |
X

Solution:

o f '(X)ZOS%:X:il

x = 1and x = - 1 divide the real line in intervals (—o,1),(-1,1) and (1 )
In (-1.1),

-1<x<1

—=x*<1

=1< ! X=0

71
:>1—i2<0,x¢0
X
, 1
o f (x):1—7<00n (-1,1)~ {0}

= fis strictly decreasing on (-1,1) ~ {0}
In (—o0,—1)and (1,0)
x<-lorl<x

=x°>1

o —h
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=1> iz
X
=1- % >0

o f '(x):l—%>00n (—o0,—1)and (1,0)

- f is strictly increasing on (—o0,1) and (1,0)

Hence, f is strictly increasing in 1 —(-11)
16.  Prove that the function f given by f (x) =logsin x strictly increasing on [0, %) and
strictly decreasing on (%nj

Solution:

f (x)=logsinx

f '(x):ﬁcosx:cotx

In (0%) f'(x)=cotx>0

.. T is strictly increasing in (Ogj

.. Tis strictly decreasing in (%ﬂj

17.  Prove that the function f given by f (x)=logcosx is strictly decreasing on (0, %) and

strictly increasing on (%nj
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Solution:

f (x)=logcosx

s f(x)= %(—sin X)=—tanx

In (0,%),tanx>0:>—tanx<0

- f'(x)=<0on (o,f)
2
.. T is strictly decreasing on [0%)

In (%,n),tanx<0:>—tanx>0

- f'(x)>00n (f,n)
2
.. T is strictly increasing on [%ﬂ')

18.  Prove that the function given by f (x) =x>—3x*+3x=100is increasing in R

Solution:
f (x)=x>=3x*+3x=100
f'(x)=3x"—6x+3
=3(x* —2x+1)
=3(x-1)°
For x e R(x—l)2 >0

So f'(x)is always positive in R
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So, the fis increasing in R

19.  Theinterval in which y = x’e™*is increasing is
A(—0,0)  B.(-2,0) C.(2,) D.(0,2)
Solution:
2,

y =X

dy _

. 2 X _ 2—x: —X 2_
» xe ¥ —x’e ™ =xe™*(2-x)

ad_,
dx

=x=0and x=2

In (—0,0)and (2,0), f '(x) <0ase™is always positive
- f is decreasing on (—0,0) and (2, )

In (0,2), f'(x)>0

.. Tis strictly increasing on (0, 2)

So, fis strictly increasing in (0, 2)

The correct answer is D.
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Exercise 6.3
1 Find the slope of the tangent to the curve y=3x"-4xatx =4
Solution:
ﬂ} =i(3x4 —4x)=12x° —4} =12(4)’ ~4=12(64)-4=764
dx |, dx x4
2. Find the slope of the tangent to the curve y = :—_; X#2at x =10
Solution:
G _d(xd) (A0 x2ad,
dx dx(x-2 (x—2)° (x-2)°  (x=2)
.dy} 4 ] 4 A
P - 2 = 2 —
i)y (x-2)°]  (10-2)° 64
3 Find the slope of the tangent to curve y = x* — x +1at the point whose X- coordinate is

2
Solution:

.-.d—y=i( 3—x+1)=3x2—1
dx dx

Sdy | Lo _ 2_q_ _
&L =3¢ -1] =3(2)" -1=12-1=11

4. Find the slope of the tangent to the curve y = x* —3x + 2 at the point whose X-

coordinate is 3.

Solution:

d—yzi(x3—3x+2)=3x2—3
dx dx
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ﬂ} =3x"-3] =3(3)'-3=27-3=24
dX 3 x=3

5. Find the slope of the normal to the curve x =acos’ 4,y =asin*fat 6 = %

Solution:

ox _ i(acos3 9) = —3acos’@sing
dé déo

dy _ i(asin3 0)=3asin’ (cos )
de deo

dy
.Q_(dej_ 3asin®*@cosd _ sing _
dx (dx) ~3acos’@sin@  cosé
déo

—tan @

6. Find the slope of the normal to the curve x=1-asin@and y =bcos’*fat 0 = %

Solution:

ﬁzi(l—asine)z—acose

dg déo

ﬂzi(bcosze)z—stinecose

doé dé

)

ﬂ: do :—2bsm¢9c056?:2_bsin6,

dx (dx) —acosd a
do

d_y} :z—bsine} 20 7 2
dx =" 0

a

<2 i
=) ola
3 < |<
| |
= ¥
;’ ENE
o Il
3 |
QO &
>
= S
|
N ¥
[ ~ln
5N I
I i
[ | | =
Rl
I -Plﬁ
= Il
|
H
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Slope of normal at 6 = % __1__2

Bl

a

7. Find the points at which tangent to the curve y = x* —3x* —9x +7 is parallel to the X-
axis

Solution:

.-.ﬂ:i( 3 _3x? —9x+7):3x2 —6x-9
dx dx

Since tangent is parallel to the X- axis, slope =0
23X —6x-9=0

=Xx*-2x-3=0

=(x—-3)(x+1)=0

=x=30rx=-1
x=3,y=(3)"~9(3)+7=27-27-27-7=-20
x=1y=(-1)"~3(~1)" +7=-1-3+9+7=12
Hence, the required points are (3,-20) and (-1,12)

8. Find a point on the curve y = (x—2)2 at which the tangent is parallel to the chord

joining the points (2,0) and (4,4)

Solution:
4-0_4_,
Slope of chord= 4—2 2
W _2(x-2)

Slope of tangent = dx

52(x=2)=2=>x-2=1=x=3
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2
When x=3y=(3-2) =1

Hence, the point is (3,1)
9. Find the point on the curve y = x*—11x+5at which the tangents is y = x—11

Solution:

Equation of tangentisy =x—11
.. Slope of the tangent = 1

dy _ i(x3 —11x+5) =3x*-11
dx dx

X -11=13 =12 X =4 = X =42
x=2,y=(2)-11(2)+5=8-22+5=-9
x=-2,y=(-2)’~11(-2)+5=-8+22+5=19
So, the points are (2,-9)and (-2,19)

10. Find the equation of all lines having slope — 1 that are tangents to the curve

1
=—7,X#1
Y x—1

Solution:

dy -l

dx (x-1)°
-1
(x-1)
x=0,y=-1land x=2,y=1

y—(-1)=-1(x-0)

=Yy+l=—X

=1=(x-1) =>x-1=+1=x=2,0

= y+x+1=0
y-1=-1(x-2)
=>y-1=x+2

=y+x-3=0
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So, the equations of the required linesare y+x+1=0and y+x-3=0

11. Find the equation of all lines having slope 2 which are tangents to the curve

1
== x#3
Y73

Solution:

dy -1
dx (x—3)2

-1 2 2 -1
(x—3)2 =2=2(x-3) =-1=(x-3) =g

Which is not possible
So, there is no tangent to the curve of slope 2.

12. Find the equations of all lines having slope O which are tangent to the curve

1

y= x?—2x+3

Solution:

dy —-(2x-2) -2(x-1)

dx (x2 —2x+3)2 (x2 —2x+3)2

L_l)z=0:>—2(x—1)=0:> x=1
(x2—2x+3)
When x=1,y=1 ;+3=%

=y=

N |~

Y <
|
‘T N
Il
N |~ o
Il —_
o x
|
H
N
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So, the equation of the line is y =%

2 2
13. Find points on the curve % +i/—6 =1at which the tangents are

i. Parallel to x — axis ii. Parallel to y — axis

Solution:

2x, 2ydy _,_ dy -16x
9 16 dx dx 9y

(Y- o x-0
dx 9y

X2 y2 2
—+-—=1forx=0=>y" =16=>y=44
9 16

So, the points are (0, 4) and (0, -4)

—9—=0:>y=0
—16xj 16X

9y

2 2
XY _1tor y=0=x=4%3
9 16

So, the points are (3,0) and (-3,0)

14. Find the equations of the tangents and normal to the given curves at the indicated

points.

l. y=x"—6x"+13x*-10x+5at (0,5)
. y=x"-6x>+13x*-10x+5at (1,3)
. y=x*at(1,1)

IV. y=x*at(0,0)

V. x=cost,y:sintatt=%

Solution:

] . . e
—
=
Q_|Q.

< | X

Il

o

U
N
|
'_\

|
<
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1. g—y =4x°-18x* +26x-10
X
ﬂ} =-10
dx (05)

Slope of tangent at (0, 5) is — 10
y—5=-10(x-0)

= y-5=-10x

=10x+y=5

Slope of normal at (0, 5) is L1
-10 10

1
y—S—E(x—O)

=10y-50=x

= Xx-10y+50=0

1 d_y =4x® —18x*+ 26x-10
dx

ﬂ} =4-18+26-10=2
dx ®3)

Slope of tangent at (1, 3) is 2
y—3=2(x-1)
= y-3=2X-2

=y=2x+1

Slope of normal at (1, 3) is —%

1
—3==(x-1
y=3=-(x-1)
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’ =2y-6=x+1

=X+2y-7=0

III.d—y=3x2
dx

dy} 2

— | =3(1) =3

dx (1) ( )

Slope of tangent at (1, 1) is 3
y—1=3(x-1)

= y=3x-2
.1
Slope of normal at (1, 1) is 3

-1

=3y-3=—x+1

= x+3y-4=0

IV.Q:ZX
dx

ﬂ} -
dx (0.0)

Slope of tangent at (0, 0) is 0

y—0=0(x-0)

=y=0

Slope of normal at (0, 0) is —%, which is undefined

~x=0
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’ V.x=cost y=sint

.'.%:—sint d—y:cos.t
dt dt
dy \dt)_ co_st _ _cott

:>x+y—%—%_
= X+ y—\/§=0

Slope of normal at t = % IS _—i =1

15. Find the equation of the tangent line to the curve y = x* —2x+7 which is
a. Parallel to the line 2x—y+9=0
b. Perpendicular to the line 5y —-15x =13

Solution:
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ﬂ =2X-2
dx

(a)2x-y+9=0=y=2x+9
Slope of line =2

S 2=2X-2=2X=4=>x=2
X=2=y=4-4+7=7

Equation of tangent through (2, 7) is
y—7=2(x-2)=y-2x-3=0

(b)5y-15x=13= y=3x+§

Slope of line =3

2x—2:—1

3

:>2x=_—1+2
3

= 2X =

5
= X==
6

25 10

25-60+252 217
> Y=—F—+7= =
36 6 36 36

Equation of tangent through (% , %) is

217 1 5
y——=— X__
36 3 6

L 3y-217 g, o
36 18
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=36y -217 =-2(6x-5)
=36y -217=-12x+10

=36y +12x—-227=0

16.  Show that the tangents to the curve y =7x>+11at the points where x=2and x =—2

are parallel

Solution:

RRCANPYI
dx

=21(2)" =84

Ax=2

Clearly, the tangents are parallel

17. Find the points on the curve y = x*at which the slope of the tangent is equal to the y-

coordinate of the point

Solution:

LW gye
dx

According to the equation, y = % =3x°

Also, y=x°
23 =X
x*(x—3)=0
Xx=0,x=3

x=0,y=0and x=3,y=3(3)" =27

Q.|D_ Q_|D_
X < X <
I>< ] ]
1
A
I
N
'—\
|
N
N—
N
Il
o
AN




Infinity$ . Sl Chaitanya
Learn | Educational Institutions
So the points are (0, 0) and (3, 27)

18. For the curve y = 4x® — 2x°, find all the points at which the tangents passes through the
origin

Solution:

W _19x2 _10x*
dx

Equation of tangent through (X, Y) is
Y —y=(12x* -10x*)(X —x)

For passing through origin, X =0, Y=0
—y =(12x* -10x*)(x)

y =12x> -10x°

Also, y=4x®-2x°

- 12%% -10x° =4x° —2x°

=8x°-8x’ =0

=x-x*=0

= x° (x2 —1) =0

= Xx=%1

x=1y=4(1)-2(1) =2
x=-1y=4(-1)’-2(-1) =-2

So, the points are (0, 0), (1, 2) and (—1,-2)

x
I
o
<
I
N
~~
o
~
w
|
N
—~~
o
~
[$)]
I
o
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19. Find the points on the curve X* +y> —2x—-3=0 at which the tangents are parallel to

the x- axis

Solution:

2x+2yd—y—2:0
dx

For parallel to X axis,

X 01 x—0=x=1
y

x> +y?—2x-3=0
=y =4,y=142
So, the points are (1, 2) and (1, -2)
20. Find the equation of the normal at the point (amz,am3) for the curve ay® = x°

Solution:

2ayﬂ = 3x°
dx

2
:ﬂ:?’x

dx 2ay

Slope of tangent at (am’,am? ) is

ﬂ} B 3(am2)2 _3a’m' _3m
OX Jiart o) 2a(am®)  2a°m° 2
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Slope of normal = =2
3m

= 3my —3am* = —2x+ 2am’
= 2x+3my—am’(2+3m*)=0

21.  Find the equation of the normal to the curve y = x> +2x+6 which are parallel to the

line x+14y+4=0

Solution:

ﬂ=3x2+2
dx

Slope of the normal = ———

3x° +2

x+14y+4:o:>y:_ix_%
s

3P +2 14

—=3x¢+2=14

=3x* =12

—=x*=4

= X=12

Xx=2,y=8+4+6=18
X=-2,y=—8-4+6=-6
Equation of normal through (2, 18) is

-1
~18=—(x-2
g 172
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’ =14y —-252=x+2

= X+14y—-254=0
Equation of normal through (—2,-6) s

y=(-6)= 7, [x-(-2)]

= y+6zﬂ(x+2)

=14y +84=—-x-2
= X+14y+86=0

22. Find the equations of the tangent and normal to the parabola y* = 4ax at the point

(at2,2at)

Solution:

_dy_2a
dx vy

ﬂ} _2a_1
dx (atz,Zat) 2at t

Slope of tangent = %

Equation of tangent is

1
y—2at:E(x—at2)

=ty —2at’ = x—at’

=ty =x+at’
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Slope of normal = —% =—t
(0

Equation of normal is
y—2at =—t(x-at’)

= y-2at=-tx+at’
= y =—tx+ 2at +at’

23.  Prove that the curves x = y*and Xy =Kk cut at right angles if 8k? =1. [Hint: Tow

curves intersect at right angle if the tangents to the curves at the point of intersection

are perpendicular to each other ]

Solution:
The curves are X =y* and xy =k

Putting x = y* and xy =Kk,

1

y'=k=y=k?

wIN

o x=k

2 1
So, the point of intersection is £k3 , k3J

Differentiating x = y°

1=2 ﬂ:ﬂ:i
dx dx 2y

2 1
So, slope of tangent to x = y’at [k3 , k3j is

] 1

dy:|[k§,k§] Zk%
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’ Differentiating xy = K,

xﬂ+y=0:>ﬂ=_—y
dx dx x

2 1
Slope of tangent to xy =k at [k3 : k3J is

1 11 N "
[ T J[—lJ = —1for perpendicularity condition
2k3 J\ k3

2
= 2k3 =1

2 3
=X (Zk:“J = (1)’
=8k* =1
So, the curves intersect at right angles if 8k =1
Yy
2

24, Find the equations of the tangent and normal to the hyperbola %— . =1at the point

(% Yo)
Solution:

2X 2ydy_0

a’> b? dx

2y dy _2x

b? dx a2

dy b’x
=-L=—"
dx a’y
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Slope of tangent at (X, Y, ) is ﬂ} - bZXO
d (%0:Yo) a yO
Equation of tangent at (x,, Y, )is
= a’yy, —a’y; =b*xx, —b*x;
= b’xx, —a’yy, —b’x? +a’y; =0

Slope of normal at (x,, Y, ) = .
0

Equation of normal at (x,, Y, )is

_a2
Y= Yo = (%)

LYY _—(X=%)

a’y, b’y

_YY (X=%)
a’y,  b’x

25. Find the equation of the tangent to the curve y =+/3x—2 which is parallel to the line
4x—-2y+5=0

Solution:

I 9 9
U U U =<
9’N|O§ 9’,\,|O§ 9’N|O§ <
| | | Il

QT
2R Tz = 2l
I | | kg
= T /‘—\m >
+ <

|,

N——

Il

o
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Slope of tangent at(x, y) is

dy 3
dx 243x-2

The given line is 4x—2y+5=0

4X-2y+5=0=> y=2x+g

Slope of line =2

:>3x—2=g
16

:>3X:i+2:ﬂ
16 16

41

= X=—
48

41
X_

=2 y- 3(ﬂj—2 e
28 18 16

13

=

16

; 4 .
Equation of tangent through| —,—= | is
q g g (48 4)

3 ( 41)
y——=2| Xx——
4 48

4y-3 (48x—4l)

= =2
4 48

:>4y_3:(48x—41j

6

\ﬁ_é
16 4
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=24y -18=48x-41

=48x-24y =23
26.  The slope of the normal to the curve y =2x*+3sinxat x=0 is
1 1
(A)=3(B)=3.(C)=-3(D)=—¢
Solution:
ﬂ} =4x+3cosx] _ =0+3cos0=3
dX x=0 .
-1
Slope of normal :?
The correct answer is D.
27.  Theline y=x+1is a tangent to the curve y* = 4xat the point
(A)(22),(B)(2.2),(C)(L-2),(P)(-L2)
Solution:
2yﬂ =4= dy -4
dx dx vy

Given lineis y=x+1

Slope of line =1

2

y

=>y=2

y=X+l=>x=y-1=x=2-1=1

So, line y =x+1is tangent to curve at point (1, 2)

The correct answer if A
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Exercise 6.4

1. Using differentials, find the approximate value of each of the following up to 3 places
of decimal
(1) V253, (if) 29,5, (iii ) /0.6, (iv)(0.009)3 , (v) (0.999) , (vi) (L5)# ,(vii ) (26)p
(viii) (255)¢ ,(x)(82)¢ ,(X)(401)2 ,(xi)(0.0037)2 , (xii ) (26.57)s , xiii)(815)¢ , (xiv') (3.968)2

(xv)(32.15)¢
Solution:
(i)4253
y=+/x. Let x=25and Ax=0.3
AY =x+Ax =[x =253 =25 = /253 -5
— J25.3=Ay+5

dy = (QJAX = i(0.3)

dx 2\/;

(0.3)=0.03

2
25
253 ~0.03+5=5.03
(i1)V495
y=\/;. Let x=49 and Ax=0.5
Ay =~/x+Ax —/x =/49.5 - /49 = /4957
= 495 =7+ Ay
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dy = [%)Ax = %(0.5)

1 1
— = (05)=—(05)=0.035
> 7ag 0%)=1(05)

J49.5 ~7+0.035=7.035
(iii)~/0.6

y =+/x.Let x=1and Ax =-0.4
Ay =x+Ax —x =+0.6 -1

= 0.6 =1+ Ay

dy = (%) AX = %(Ax)

J0.6 ~1+(-0.2)=1-0.2=0.8
1
(iv)(0.009)z
1
y = x3.Letx =0.008 and Ax = 0.001
ERN 1 1 1
Ay =(x+Ax)z —(x)2 =(0.009) —(0.008)3 = (0.009) —0.2

1
=(0.009)3 =0.2+ Ay

dy:(ﬂij: L (Ax)

o

I > Il
w N
& |
=3
o ©
B w -l>
— —_ ~
o > Il
s 5
= N
I
o".o
i~ o
H

o
Nis

I

o

o

o

o
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1

(0.009)3 is 0.2+0.008 =0.208

(v)(0.999)35

y :(x)% Let x=1and Ax=-0.001
1 1 1

Ay = (X+Ax)10 —(x)10 =(0.999)w0 -1

1
= (0.999)1 =1+ Ay

d 1
dy:(d—iij= 5 (Ax)

- L (~0.001)=-0.0001
10

1
(0.999) is 1+(-0.0001) = 0.9999

(vi)(15)¢

1

y=x*.Let x=16 and Ax=—1

1

Ay =X+ AX)E —x* = (15)i — (16)4 = (15)¢ ~2

1
= (15)* =2+Ay

1

(15)+ is 2+ (-0.03125) =1.96875

o
<
Il
VR
Q_|Q.
Il X |I<
N ~—
= <
for) |
— I
~lw
[
—_ /i o
| > = —_
[EEN NGV >
~—" Slw ~—
Il AD =
<] =
Ioe) -
Il
00||
N[
Il
|
o
o
w
H
N
(8)]
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(vii)(26)5
y=(x)§.Let x=27and Ax=-1
Ay =(X+Ax)% —(x)% :(26)% _(27)% _ (26)% _3

1
= (26)2 =3+Ay

dy 1
dy=(&ij= 5 (Ax)

(26)% is 3+(~0.0370) = 2.9629
(viii ) (255)¢

1
y=(x)4.Let x=256and Ax=—1

I
PN

Ay:(X+Ax)%—(x) =(255)%—(256) =(255)%—4

1
= (255)+ =4+ Ay

d 1
dy(d_i)sz 3 (Ax)

4(256) 4
(255)¢ is 4+ (—0.0039) = 3.9961

(ix) (82)¢
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1

y=x4Letx=8land Ax=1
1 1 1 1 1
Ay =(x+Ax)s —(x)* =(82)+ —(81)* =(82)+ -3

1
= (82)4 =Ay+3

dy = (g—y)Ax I - (Ax)

A
-1 =L -L 0009
a1y~ 403

1
(82)# is 3+0.009 = 3.009

(x)(401):

1

y =x2.Let x =400 and Ax=1

Ay =X+ Ax =[x = /401 - /400 = /401 - 20

= /401 = 20 + Ay

dy = (ﬂij = i(Ax)

dx 2\/;
-t (=L -002
2x20 40

\/401 is 20+0.025 = 20.025

(xi)(0.037)2

1

y = x2.Let x=0.0036and Ax =0.0001

1
2

Ay = (x+Ax)2 —(x)2 = (0.0037)z —(0.0036)2 =(0.0037)z —0.06
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1
2

= (0.0037)2 = 0.06+ Ay

1
2x0.06

(0.0001)

_0.0001 0.00083
0.12

1
(0.0037)2 is 0.06 +0.00083 =0.6083

(xii) (26.57)3

1

y =x3.Letx =27 and Ax =-0.43

1 1

Ay =(x+Ax)z — X3 = (26.57)% —(27) = (26.57)% -3

1
= (26.57)s =3+Ay

dy=(%}\x= ! (Ax)

1

(26.57)3 is 3+(~0.015) = 2.984

(xiii) (81.5)"

1

y =x*. Letx=8land Ax=0.5

Il
|
N | o
AN
w
I wl 2
| ~| = =
g © e
= |
a1 o
~
w
A
Wl
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Ay = (x+Ax)t —(x)4 =(8L5)¢ —(8L)¢ = (8L5)t -3

Nl

1
= (81.5)4 =3+Ay

d 1
dy = (d—ij Ax = —=—(AX)

! 3 (0.5) = E =0.0046
4(3) 108

1
(81.5)Z 153+ 0.0046 = 3.0046

3
2

(xiv)(3.968)

3

y =X2. Let x =4 and Ax =—0.032

3

2
Ay =(X+Ax)2 —x3 = (3.968)3 —(4)3 = (3.968)3 -8

3
2

= (3.968)2 =8+ Ay

dy (%)Ax X g(x); (Ax)

. g(z)(—o.osz)

=-0.096

3

(3.968)2 is 8+ (~0.096) = 7.904

(xv)(32.15)%

1

y =x5.Let x=32and Ax=-0.15

1 1

Ay = (X+Ax)s — x5 = (32.15)§ —(32)§ = (32.15)§ -2
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= (32.15)% =2+ Ay

dy 1
dy =] — |Ax = (A
y(deX ;‘(X)

= 015 =0.00187
80

1
(32.15)T5 is2+0.00187 =2.00187

2. Find the approximate value of (2.01), where f (x)=4x*+5x+2

Solution:

x=2andAx=0.01

(2.00) = f (X+AX) = 4(X+AX)° +5(x-+ AX) +2
Ay = f (x+A%)- f(x)

F(x+AX) = F (X)+ 4y

~  (%)+ '(X)A

= f(2.01) z(4x2 +5x+2)+(8x+5)Ax

~[4(2) +5(2)+2]+[8(2)+5](0.01)
=(16+10+2)+(16+5)(0.01)

— 28+(21)(0.02)

=28+0.21

=28.21
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f (2.01)is 28.21

}
3. Find the approximate value of f (5.001), where f (x)=x’—4x*+15
Solution:
x=5and Ax=0.001
f(5.001)= f (x+Ax)=(x+Ax)’ =7(x+Ax)" +15
Ay = f (x+Ax)— f (x)
s (x+AX) = (X)+Ay
~ f(x)+f'(x)Ax
= f(5.001) = (x* —7x* +15)+(3x* —14x) Ax
V=x
dv =(d—Vij
dx

=[ (5~ 7(5)" +15+| 3(5)" ~14(5) |(0.002)
= (125-175+15) +(75—70)(0.001)

_-35+(5)(0.001)

=-35+0.005

=-34.995

f (5.001) is —34.995

4. Find the approximate change in the volume V of a cube side x meters caused by

increasing side by 1%

Solution:
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=(3x2)Ax
- (3¢) 0010
=0.03x°

So, the approx change in the volume of the cube is 0.03x°m’

5. Find the approximate change in the surface area of a cube of side x meters caused by
decreasing the side by 1%

Solution:

=(12x) Ax
=(12x)(0.01x)

=0.12x*

So, the approx change in volume of cube is 0.12x*m?

6. If the radius of a sphere is measured as 7m with an error of 0.02m, then find the

approximate error in calculating its volume
Solution:

r=7mand Ar =0.02m

g e < i w
— |Q- I Q_|Q. Il
o
Il Il N Il o
7N\ N ﬁw S/~
o3 3 o_|o.
< - X |
~ N N—
> %
=
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= (47[!‘2 ) Ar

=47(7)(0.02)m* =3.927m’

So, the approx error in calculating the volume is 3.92zm’

7. If the radius of a sphere is measured as 9m with an error of 0.03m, then find the
approximate error in calculating in surface area
Solution:
r=9mand Ar =0.03m
d—S = i(47[!’2) =8zr
dr dr
-.dS = (d—SjAr
dr
=(87r)Ar
=87r(9)(0.03) m?
=2.167m’
So, the approx error in calculating the surface area is 2.16z7m?

8. If f(x)=3x*+15x+5,then the approximate value of (3.02)is
(A)47.66, (B)57.66, (C)67.66 (D)77.66

Solution:
f(3.02)= f (x+Ax)=3(x+Ax)" +15(x+Ax)+5
Ay = f (x+A%)— £ (x)
= (x+AX)=  (X)+Ay

~ f(x)+ f'(x)Ax




Infinity$ . Sl Chaitanya
’ Learn | Educational Institutions
= f(3.02)~ (3x2 +15x +5) +(6x+15) Ax

=|3(3°)+15(3)+5]+[6(3)+15](0.02)
=(27+45+5)+(18+15)(0.02)

— 77+(33)(0.02)

=77+0.66

=77.66

So, approx value of (3.02)is 77.66

The correct answer is D

9. The approximate change in the volume of a cube of side x meters caused by
increasing the side by 3% is

(A)0.06x’m*> (B)0.6x’m*> (C)0.09x°’m® (D)0.9x°’m’

Solution:
V=x
dVv = (d—ij
dx
=(3x*) Ax
=(3x*)(0.03x)
=0.09x’m*

So, the approx change in the volume of the cube is 0.09x°m®

The correct answer is C
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Exercise 6.5
1. Find the maximum and minimum values, if any, of the following given by

(i) f(X)=(2x-1)°+3 (i) f (x)=9x*+12x+2 (iii) f (x)=—(x~1)° +10

(iv) g(x)=x"+1
Solution:
(i) f(x):(2x—1)2+3
(2x-1)° > 0for every xe R
f(x)=(2x-1)"+3>3 for xeR
The minimum value of f occurs when 2x-1=0

2x—1:0,x:i
2

. 1 1 Y
Min value of f > = 2.5—1 +3=3

The function f does not have a maximum value
(i) f (x) =92 +12x+2=(3x* +2) ~2
(3x2+2)2 >0 for xeR

f (x):(3x2+2)2—22—2 for xe R

Minimum value of f is when 3x+2=0

3X+2:O:0,X:_—2
3
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Minimum value of f (%Zj = (3(%2j+ 2)2 —-2=-2
f does not have a maximum value

(iii) f (x)=—(x-1)" +10

(x—1)2 >0 for xeR

f(x) :—(x—l)2 +10<0 for xeR

maximum value of f is when (x—1)=0
(x-1)=0,x=0

Maximum value of f = f (1)=—(1-1)"+10=10

F does not have a minimum value

(iv) g(x)=x"+1

2. Find the maximum and minimum values, if any, of the following functions given by
(Df (X)=|x+2]-1 (ii)g(x)=—|x+1+3 (iii) h(x)=sin(2x)+5
(iv) f(x)=|sindx+3 (v)h(x)=x+4,xe(-11)
Solution:
(i) f (x)=[x+2-1
[x+2>0 for xeR
f (x)=|x+2/-1>—1 for xeR
minimum value of f is when |x+2/=0

g neither has a maximum value nor a minimum value.

|x+2|=0

= X=-2
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’ minimum value of f = f(-2)=]-2+2-1=1

f does not have a maximum value
(i) g(x)=—|x+1+3
—|x+1<0 for xeR
g(x)=—|x+1+3<3 for xeR
maximum value of g is when [x+1=0
x+1=0
=x=-1
Maximum value of g =g(-1)=-[1+1]+3=3
g does not have a minimum value
(iii) h(x)=sin2x+5
-1<sin2x<1
—1+5<sin2x+5<1+5
4<sin2X+5<6

maximum and minimum values of h are 6 and 4 respectively
(iv)f (x)=[sin4x+3|

—-1<sin4x<1

2<sin4x+3<4

2<[|sin4x+3 <4

maximum and minimum values of f are 4 and 2 respectively

(V)h(x)=x+4,xe(-11)
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’ Here, if a point x, is closest to — 1, then we find %114 X, +1for x, (-11)

Also if x,is closet to — 1, then we find x, +1< X12+1+1for all x, e(-11)
Function has neither maximum nor minimum value in (—1,1)

3. Find the local maxima and minima, if any, of the following functions. Find also the
local maximum and the local minimum values, as the case may be
(i) f (x)=x* (ii)g(x)=x>=3x (iii)h(x)=sinx+c0s.0<X <%
(iv) f (x)=sinx—cosx,0<x <2z (v)f(x)=x>—-6x*+9x+15 (vi)g(x)=§+g,x>0

X

vii X)= vii) f (x)=x41-x,x>0
(vii) g (x) =~ (i) f (x)

Solution:

f'(x)=0=>x=0
We have f'(0)=2,

by second derivative test, x =0 is a point of local minima and local minimum value of

atx=0is f(0)=0

(i) g (x)=x*>—3x
5g'(x)=3x*-3
5g'(X)=0=3x*=3=x=1%1

g'(x)=6x
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9'(1)=6>0

9'(-1)=-6>0
By second derivative test, X = 1 is a point of local minima and local minimum value of
g
At x=1is g(1)=1-3=1-3=-2
x=-1is a point of local maxima and local maximum value of g at
x=-1is g(1)=(-1)’ -3(-1)=-1+3=-2
(iii)h(x):sinx+cos.0<x<%
- h'(x)=cosx+sinx
.'.h'(x)=O:>sinx=cosx:>tanx=1:>x:%e(o,%j
h'(x) =sinx—cosx =—(sin x+cos x)
1 1
(g e
Z 7R

Therefore, by second derivative test, x :% is a point of local maxima and the local

Maximumvalueofhatx=% is h(4j sm—+cos%=— r— =2

(iv) f (x)=sinx—cosx,0<x <27
- f'(x)=cosx+sinx

3z In
Z I

s f'(x)=0=cosx=-sinx=>tanx=-1= x= 0,27)

f*(x)=—sinx+cosx
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f 3z :—sin3—ﬁ+c053—ﬂ=—i—i=— 2>0
4 4 4

Z 7

4 4 4

NERNG)

R 3 . . .
Therefore, by second derivative test, x = Tﬂ is a point of local maxima and the local

) 37 .
maximum value of fatx = o is

3 . 3 3z 1 1
fl —|= —+COS—=—+—=\/§
(4j 4 4 2 2

X= 77” Is a point of local minima and the local minimum value of f at x = 7% IS

(V)  (X) =X ~6x+9x-+15
o £(x) =3 ~12%+9

f (x)=0=3(x" —4x+3)=0
= 3(x~1)(x-3)=0

= x=13
f(x)=6x-12=6(x~2)
£(1)=6(1-2)=—6<0
£(3)=6(3-2)=6<0

By second derivative test, x = 1 is a point of local maxima and the local maximum value

offatx=1is f (1)=1—6+9+15:19

_
7\
4>|§‘
N
1l

w, %2)
> >
4>|§,'
|
(@]
o
wn
sy
1l
|
N
|
5
1]
|
)
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x =3 is a point of local minima and the local minimum value of f at x = 3 is

f(3)=27-54+27+15=15

(vi)g(x)=§+g,x>0

X
el 2
..g(x)_2 "
: 2 ;

9 (X)=0:>7=—:>x =4=x=1=
X>0,x=2

" 4
g (x)=?

" 4
g (2)=?=—>0

By second derivative test, x = 2 is a point of local minima and the local minimum value

ofgatx=2is g(2)=§+%=1+1=2

—2X
(x3 +2)

5 =0=x=0

9'(x)=0=

For value close to x = 0 and left of 0, g'(x)>0

For value close to x= 0 and to right of 0 g*(x)<0

By first derivative test x = 0 is a point of local maxima and the local maximum value

. 1 1
ofg(0)is —— ==
9(0) 0+2 2
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(viii) f (x)=xy1-x,x>0

-'-f'(X)=X\/1—_X+x.2\/11__X(_1)=\/1___ X

_ 2(1_X)—X 2-3x

- 21— x _2 1-x

f'(x)=0=

23X —0:>2—3x=0:>x:%

2J1—x -

()2 o)

1-x

«/1—_x(—3)+2(2—3x)[

2(1-x)

e

_ —6(1-x)+2(2-3x)

B 3
2

4(1-x)

— 2. . . .
By second derivative test, x=§ is a point of local maxima and the local maximum

value of f at x:% is

f(Zj_Z /1_Z_E\ﬁ_i_&
3)73V 3733 33 9

—
—
wilnN
—
Il I
B w I
- / \ = w
| Wi | P
N |
N w &~ N | w
Il
/i\ N
wl - |
N N
N | w
Il
N
\ |
[OSRN
- |
N w
N
o
N
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4. Prove that the following functions do not have maxima or minima

§
(i) f(x)=€* (ii)g(x)=logx (iii)h(x)=x"+x*+x+1
Solution:
(i) f(x)=¢
f'(x)=e
If f (x) =0,e* =0. But exponential function can never be 0 for any value of x
There is no ¢ e Rsuch that f'(c)=0
f does not have maxima or minima
(i) We have, g(x)=logx
~9'(x) :i
log x is defined for positive x, g (x) > Ofor any x
there does not existc € R such that g'(c)=0
function g does not have maxima or minima
(i) We have, h(X)=x>+x*+x+1
~h'(x)=3x* +2x+1
there does not exist ¢ € R such that h'(c)=0
function h does not have maxima or minima
5 Find the absolute maximum value and the absolute minimum value of the following
functions in the given intervals
(i) f (x)=x*,xe[-2,2] (ii) f (x)=sinx+cosx,x [0, 7]
(i) £ (x) = 4x—2x2, XE[_Z,_} (i) £ (x)=(x-1) +3x[-31]

Solution:
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(i) f(x)=x°

Hence, the absolute maximum of f on[-2,2]is 8 at x=-2
The absolute minimum of f on[-2,2]is -8 at x =2

(i) f (x)=sinx+cosx

- f'(x)=cosx—sinx

f'(x):0:>sinx:cosx:>tanx:1:>x:£

V4 . z 1 1 2
fl = |=sin=+cos—=— —=42
(4) 4 4

NN

f (0)=sin0+cos0=0+1=1

f(z)=sinz+cosz=0-1=1
The absolute maximum of f on [0, z]is J2 at x =%

The absolute minimum of f on [O, 72'] is-lat x=7

1,
(iii) f (x)=4x—5x

o f '(x)=4x—%(2x):4—x

—_ —_ —_ -

) 0 o =< -
~— ~— NaY —_
Il T Il I x
—_ —
N /? © o Il

© N U ®
C||D ~ < N
Il Il
| o
(o]
[l
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o f I(X):0:>X:4

f(4):16—%(16):16—8:8

f(—2)=—8—%(4)=—8— 10

2
f[gj:{gj—i(gj _18-8%_18_10125-7.875
2 2) 212 8

The absolute maximum of f on {—2,

N | ©

}BSMX:4

The absolute minimum of f on [—2,

N | ©

}is-lOatx:-Z

(iv) f (x):(x—l)2 +3

s f(x)=2(x-1)

f'(x)=0=2(x-1)=0,x=1
f(1)=(1-1)"+3=0+3=3
f(-8)=(-3-1)°"+3=16+3=19

Absolute maximum value of f on[-3,1]is 19 at x=- 3

Minimum value of fon [-3,1]isatx =1

6. Find the maximum profit that a company can make, if the profit function is given by

p(x)=41-24x—18x’
Solution:

p(x)=41-24x—18x’

. p'(x)=—24—-36x
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p"(x)=-36
-24 2
=0=—=-=
p'(x) = s
-2
"—1=-36<0
p(sj

L 2 . . .
By second derivative test, x = -3 is the point of local maximum of p

.. Maximum profit = p =(—§J
2
:41—24(—Ej—18(—2j
3 3
—41+16-8
=49
7. Find the intervals in which the function f given by f (x)=x’+ % x#0is
(i) Increasing (i) Decreasing
Solution:
1
f(x)=x° ts
g , 3 3x°-3
od (X) ~ 3X —7 = T

f'(x)=0=3x*-3=0=x"=1=x=1
In (—o0,—1)and (L,0), f'(x)>0

when x<—1and x >1,f is increasing

In (-1,1), f (x)<0

when —1< x <1, f is decreasing
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8. At which point in the interval [0, 27], does the functionsin 2x attain, its maximum

value?

Solution:
f(x)=sin2x
-~ f'(x)=2cos2x

f'(x)=0=c0s2x=0

7w 3 57 Trn
:>2)(=_1_)_1_
2 2 2 2
7w 37 57 In
:>X:_1_1_’_
4 4 4 4
f z =sin£:1,f 3—7[ =sin3—ﬂ=—1
4 2 4 2
f ST :sinz—ﬂ=1,f 4 =sin7—ﬂ=—1
4 2 4 2
f (0)=sin0=0, f (27) =sin2z =0
. . T 57
Absolute maximum value of f[0,27]is at x=zand X =
9. What is the maximum value of the function sin x +cos x?
Solution:
f(x)=sinx+cosx
- f'(x)=cosx—sinx
f'(x):0:>sinx=cosx:>tanx=1:>x=%,57” ...... ,
f'(x)=—sin x—cos x =—(sin x+cosx)
f *(x)will be negative when (sin x+cosx) is positive

We know that sin x and cos x are positive in the first quad5rant
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f*(x)will be negative when x e [0%)

Consider x = %

f "(%)=—[sin%+cos%)=—(%j:— 2<0

By second derivative test, f will be that maximum at x= % and the maximum

value of fis

f(j) sin= +cos J_ \/_ \/_ =2

10. Find the maximum value of 2x* —24x+107 in the interval [1, 3]. Find the maximum

value of the same function in [—3, —1]

Solution:
f (x)=2x>—24x+107
f'(x)=6x’ —24=6(x2 —4)
f'(x)=0=6(x"-4)=0=>x" =4 = x==+2
Consider [13]
f (2)=2(8)—24(2)+107=16-48+107 =75
f (1)=2(1)—24(1)+107 = 2—24+107 =85
f (3)=2(27)—24(3)+107 =54—72+107 =89
Absolute maximum of f (x)in the [1,3]is89atx =3
Consider [-3,—1]
f (-3)=2(-27)—24(~3)+107 =54+ 72+107 =125
f (1) =2(~1)—24(~1)+107 = 2+ 24+107 =129
f (=2)=2(-8)—24(~2)+107 =—16+48+107 =139

Absolute maximum of f (x)in [-3,—1]is 139 at x= - 2
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11.  ltis given that at x=1, the function x* —62x* + ax+9 attains its maximum value, on the

interval [0, 2] . Find the value of a

Solution:
f (x)=x*-62x*+ax+9
s f1(x)=4x* -124x+a
- f(1)=0
=4-124+a=0
=a=120
The value of a is 120

12.  Find the maximum and minimum values of x+sin2xon [O, 27r]
Solution:

f (X)=x+sin2x

- f'(x)=1+2c0s2x

f '(x)=0:cost=—%=—cos%:cos(7r—%):cos%[

2X:277J_r2?ﬂnez

T
3X=7Ii_,nez

27 4r 5S¢

27 AT DT 19 9
333 <102l

T
= X==,
3

(27 gn2r 7, B
3 3 3 3 2
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( J__ﬂ .47[_2_71'_£

3 3 3 2
()t 8

3 3 3 3 2
(2] v sinl0® _5r_3

3) 3 3 3 2

f(0)=0+sin0=0
f (27r)=27r+sin47r=27z'+0=27r
Absolute maximum value of f(x)in[0,27] isatx =2z

Absolute minimum value of f (x)in [0,27]isatx =0

13. Find two numbers whose sum is 24 and whose product is as large as possible
Solution:

Let number be x

The other number is (24—x)

p(x)denote the product of the two numbers
P(x)=x(24—x)=24x—x’

- P'(x)=24-2x

P"(x)=-2

P'(x)=0=>x=12

P"(12)=—2<0

x =12 is point of local maxima of P

Product of the numbers is the maximum when numbers are 12 and 24-12=12
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14.  Find two positive numbers x and y such that x+y =60 and xy®is maximum

Solution:

Numbers are x and y such that x+y =60

y =60—-X

f(x)=xy°

= f(x)=x(60-x)’

- £'(x)=(60+x)’ —3x(60—x)’
=(60+x)’[60—x—3x]
=(60+x)’[60—4x]

f"(x) =-2(60—x)(60—4x)—4(60—x)’
=—2(60-x)[ 60—4x+2(60—X) |
=-2(60—-x)(180—6x)
=-12(60-x)(30-X)

f'(x)=0=x=600r x=15

x=60, f"(x)=0

x=15, f "(x) =—-12(60-15)(30-15) =12x 45x15 < 0

x =15 is a point of local maxima of f

function xy® is maximum when x=15and y =60-15=45

required numbers are 15 and 45
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15.  Find two positive numbers x and y such that their sum is 35 and the product x*y® is a

maximum
Solution:

One number be x

Other number is y =(35—x)

p(x)=x"y’

P(x)=x*(35-x)’

- P'(x)=2x(35-x)’ —5x (35— )’

=x(35-x)"[2(35-x)~ 5]

=x(35-x)" (70-7x)
=7x(35-x)*(10-x)

And P*(x)=7(35-x)" (10~x)+7x ~(35-5)" ~4(35-x)’(20-x)
=7(35-x)" (10-x) - 7x(35-x)" ~28x(35-X)"(10-x)
=7(35-x)"[ (35— x)(10~x) - X(35-X) - 4x(10-X)]
=7(35—x)’[ 350 45X + X* —35x + X — 40X + 4X° |
- 7(35- (66 ~120x+350)

P'(x)=0=>x=0,x=35,x=10

x=35,f'(x)=f (x)=0and y=35-35=0

x =0,y =35-0=34and product x’y* will be 0

x=0and x =35cannot be the possible values of x
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x =10,
P"(x)=7(35-10)’ (6x100—120x10+350)
=7(25)° (-250) <0

P (x) will be the maximum when x=10and y =35-10=25

The numbers are 10 and 25
16.  Find two positive numbers whose sum is 16 and the sum of whose cubes is minimum
Solution:

One number be x

The other number is (16— x)

Sum of cubes of these numbers be denote by S (x)
~.8'(x)=3x* ~3(16-x)",S"(x) =6x+6(16 - X)
$'(x)=0=3x"-3(16-x*)=0

= x*—(16-x)" =0

= x?—256—x*+32x=0

x:@:8
32
S"(8):6(8)+6(16—8):48+48=96>0

By second derivative test, x = 8 is point of local minima of S.

Sum of the cubes of the numbers is minimum when the numbers are 8 and 16 -8 =8
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17.  Asquare piece of tin od side 18 cm is to made into a box without top, by cutting a
square from each corner and folding up the flaps to form the box. What should be the
side of the square to be cut off so that the volume of the box is the maximum

possible?
Solution:

Side of the square to be cut off be x cm

Length and breath of the box will be (18—2x)cm each and the height of the box is
X cm.
V(x)= x(18—2x)2
~V'(x)=(18-2x)" —4x(18—2x)
=(18—2x)[18—2x—4x]
=(18—2x)(18—6x)
=6x2(9-x)(3-X)
=12(9—-x)(3-x)
V'(x)=12[-(9-x)—(3-x)]
=-12(9—x+3-X)
=-12(12-2x)
=—24(6—X)
V'(x)=0=x=90r x=3
x =9, then the length and the breadth will become 0

SX#9

=x=3
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V"(3)=-24(6-3)=-72<0

.. By second derivative test, x = 3 is the point of maxima of V

18. A rrectangular sheet of tin 45 cm by 24 cm is to be made into a box without top, by
cutting off square from each corner and folding up the flaps. What should be the side

of the square to be cut off so that the volume of the box is the maximum possible?
Solution:
Side of the square to be cut be x cm

Height of the box is X, the length is 45—2x,
Breadth is 24 —2x
V (x)=x(45-2x)(24-2x)
= x(1080—90x —48x +4x°)
= 4x°> —138x° +1080x
~V'(x) =12x* ~276x+1080
=12(x* —23x+90)
=12(x~18)(x-5)
V"(x)=24x—276 =12(2x—23)
V'(x)=0=x=18and x=5

Not possible to cut a square of side 18cm from each corner of rectangular sheet, x

cannot be equal to 18

x=15
\Y (5) = 12(10— 23) = 12(—13) =-156<0

X =5 is the point of maxima
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19.  Show that of all the rectangles inscribed in a given fixed circle, the square has the

maximum area
Solution:
A rectangle of length | and breadth b be inscribed in the given circle of radius a.

The diagonal passes through the centre and is of length 2a cm

o "l
!
(2a)° =12 +b?
=b’=4a"-1°
=b=+4a’-I?
A=Iy4a®>-1?
dA \/ﬁ 1 2 |2 1
D a1 e (2) =8 1
dl 2\/4a2—|2( ) N/TONTE
_ 4a° —|?
NZEGSE

aZz—12 (-4l -(4a% - 2(_72”
OI2A_\/4 12 (-41)-(4 Zl)zm

e (42> -1%)

(42 —17)(-41)+1(4a* - 217)

- 3
(4a2 —I2)E
12a%1+21° -2(6a%-1%)
(4a2 —I2)2 (4a2 —I2)2
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z—?=0gives4a2=2lzz>l=\/£

—b=+/4a?—2a% =+[2a2 =+2a

when I:JZ_,

d2A —2(\/5)(63.2—2&12) _8@
diz N S

when| = «/2a, then area of rectangle is maximum

4<0

Since | =b =+/2a, rectangle is a square

20.  Show that the right circular cylinder of given surface and maximum volume is such

that is heights is equal to the diameter of the base
Solution:
S =2xr*+2xrh

B S—27xr?
2rr

=h

d—V=§—37rr2,d - =—bxr

dr 2 r

d—V:0:>—:37rr2:>r2:—

dr T

zzi,dZ\Z/——&r S <0
6z dr 6r

. . S
Volume is maximum when r? = 6_
T
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2
Whenr? =i,then h= 6rr (lj—l‘=3r—r:2r
67z 2 \r

21.  Ofall the closed cylindrical cans (right circular), of a given volume of 100 cubic
centimeters, find the dimensions of the can which has the minimum surface area?
Solution:
V =zr*h =100
n=100
zr
S =27%+2xrh=2xr? +@
r
ds 200 d°S 400
.'.—=47Z'r——2,—2:4ﬂ'+—3
dr re dr r
as =0=4zxr= g
dr r
:_200_50
dr
1
%)
=>r=|—
T
Bl 2
When r :(S—OJ d—? 0
T dr
1
The surface area is the minimum when the radius of the cylinder is (@T cm
T
1 1
r= (5_0)3 h= Z(S—OT cm
VA VA
22. A wire of length 28 m is to be cut into two pieces. One of the pieces is to be made into

a square and the other into a circle. What should be the length of the two pieces so

that the combined area of the circle is minimum?
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’ Solution:

Piece of length | be cut from wire to make square

Other piece of wire to be made into circle is (28—1)m

Side of square = !I

27zr =281 :r:i(ZB—I)
27

|2 1 ?
bl e
16 27

L PRI
16 4z

dA 21 2 I 1
So—=—+—(28-1)(-1)=———(28-1I
dl 16+47Z'( )(=) 8 27r( )

d’A 1 1
-=—+—>0
dl 8 2n

d—A=O:>I——I—(28—I):0

dl 8 2«

:>7Z'|—4(28—|)
87

=0

(z+4)1-112=0

112
==
T+4

112 d2A

When | —
x+4 dl

>0

112
T+4

The area is minimum when | =
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23.  Prove that the volume of the largest cone that can be inscribed in a sphere of radius R

i328—7 of the volume of the sphere

Solution:

Let r and h be the radius and height of the cone respectively inscribed in a sphere of
radius R.

V = 17z'r2h
3

h=R+AB=R++R?—r?
Y =%7ZI"2(R+\/R2—F2)

=17zr2R+%7rr2\/R2 +r?

3

. dv _2 2 , 2 2 1 2 (—Zr)
..W—gﬂ'rRﬁ‘gﬂ'r R —r +§7Z'r Z—W

3
=§7Z’I’R+§7Z’FN/R2—I'2—%7Z’ r

2 27rr(R2—r2)—7rr3
=—nrR+
3 3JR?—r?
27rR? =371

=—nrR+
3

3WR? —r?
3R — 17 (22R? ~971) — (27 1R? —37rr3)(_2r)

d?v 27zR+ 6+/R? — 2

dr? a 3 9(R2—r2)

I . VED.
|
N
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~ 2R+ 9(R*—r?)(27R* —97r )+ 271°R + 371"

27(R2—r2)2

3 2
dv —0:>7;er:37” 27R

dr 3 3JR?—r?

3 2
:>2R:M:2Rx/R2— 2 _3¢2 _9R?

JRZ—r
= 4R?(R? —1?) =(3r? ~2R?)’
— 4AR* —4R2r2 =9r* + 4R* —12r2R?

=9r* =8R’r’

<0

= 3p dv
9 dr?

Volume of the cone is the maximum when r? = g R?

r2=§R2,h=R+,/R2—§R2 =R+ PRZ —R+R 2R
9 9 9 3 3
(o )s")

35

= % x (volume of the sphere)

Wl

24.  Show that he right circular cone of least curved surface and given volume has an
altitude equal to J2 time the radius of the base
Solution:
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V= i7rr2h —h= ﬂz
37[ r

S =zl

= zryr? +h?

, 9v? ry9%ré +Vv?2
= |r’+—— 7= >
Tr r

=3\/7z2r6+9v2
"

67Z2r5 2 6 2
r.——\/n r’r+9v
odS ozt ov?

dr r?

B 37°r® —%r® —9v?

r2\z2ré +9v 2
277 —ov?
r2z2r® +9v 2
2
d—s=0:>27z2r6=9V2:>r6=9V—2
dr 27
2 2
re =9L2,d—§>0
275 dr

2

. 9
Surface area of the cone is least when r® = F
T

272" ar?  xr? 9 r

1
2 2,62 3
ooV :3\/(27zrj B 32\/2;” _ o

25.  Show that the semi — vertical angle of the cone of the maximum volume and of the

given slant height is tan™ /2
Solution:

Leté be semi — vertical angle of cone
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by

r=Isin@dand h=1cosé@

V = 17rr2h
3
:ln(lzsinze)(lcose)
3
= %nlz"‘sin2 6cosd

3
3—\; = I?ﬁ[sin2 0(—sin)+cosd(2sin 00030)]

1z : .
- —[—S|n3+ 2sin 6.cos’ 6’]
3

3
dz\i S I—7[[—35in2 6cos6 +2cos® 0—4sin? QCOSH:I
do 3

3
=—”[200529—7sin26?cos€}
3

v,
do
—=sin®@=2sindcos’ &
—=tan’6=2

—tand=+/2

— @ =tan*\2
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When 6 = tan*+/2, then tan? @ = 2 or sin? & = 2¢cos? 6

3
d*v :I_”[2C033 6 —14cos® .9] =-4r1*cos’9@<0 forH e {0%}

do? 3
Volume is the maximum when @ =tan™ \/E

26.  The point on the curve x* =2y which is nearest to the point (0,5)is
(#)(2v2.4).(B)(242.0).(C)=(0.0),(D)=(2.2)

Solution:
XZ
Position of point is [x,?j

2

Distance d ( x) between points(x, X?j and (0,5)is

. (2 Y x* x*
d(x)=,/(x-0) +(?—5J = x2+7+25—5x2= Z_4X2+25

(x3—8x) B (x3—8x)
2\/X4—4x2+25 B Jx* —16x% +100

~d'(x)=

d'(x)=0=x’-8x=0
:>x(x2—8)=0

— x=0,+22

4x3 —32x

2_16x2+100(3x2—8)—(x*-8
«/X X"+ ( X ) (X X)Z\/X“ —16x%+100

d"(x)=

(x2 ~16x? +1oo)

_ (x*~16x* +100)(3x* —8) - 2(x* -8x)(x* -8x)

(x2 —16X2 +100)Z
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(x* ~16x +100)(3x* ~8)-2(x° —8x)2
= 3
2

(x2 —16x> +1oo)

x=0, thend"(x) = 366(53_8) <0

x:J_rZ\/E,d"(x)>0
d(x) is the minimum at x =+22

(203

=4
2

x=4_r2«/§,y=

The correct answer is A

1-X+x2 .
= is
1+ Xx+Xx

27. For all real values of x, the minimum value of
1
(A)0.(B)L(C)3.(D)3
Solution:

C1-x+X
1+ X+ X

f(x)

()= (1= x+x*)(-1+ 2x)—(i—2x+ x?)(1+2x)
(1+x+x%)

12X X+ 2% = X+ 2%7 = 1= 2%+ X+ 2X7 = X2 = 2%

(1+ X+ xz)2

oxt-2  2(¥-1)

(1+x+x2)2 (1+x+x2)2

LX) =0=>x =1=>x=%1

2[(1+ X+ xz)(2x)—(x2 —1)(2)(1+ X+ xz)(1+ ZX):|

(1+x+x2)4

f(x)=
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oo (- 20

(1+ X+ x2)4

[x+ x? +x3—x2—2x3+1+2x]
=4

(1+x+x2)3
_ 4(1+x+x2)3
(1+x+x2)3
f"(1):4(1+3—13) :4(33 4,
(1+1+1) (3) 9
o A3
(=)= (1+1+1)° =4(1)=4<0

f is the minimum at x = 1 and the minimum value is given by

C1-1+1 1

()_1+1+1_3

The correct answer is D

1
28.  The maximum value of [x(x+1)+1:|5 0<x<1is

(83 (13011 (D)0
Solution:
£ (x)=[x(x+1)+1]

2x-1

s f(x)= 5
3[x(x+1)+1]?

1
fl :O = —
(x)=0=x 5

f(0) =[o(0—1)+1]§ =1
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f(2) =[1(1—1)+1]§ -1

{BAEGRRD

Maximum value of f in[0,1]is 1

[

The correct answer is C




