
   

 

Chapter: 7. Integrals 

Exercise: Miscellaneous. 

1. Find the integral of the function 
3

1
dx

x x−  

Solution: The given integrand is 
3

1

x x−
 

 The given integrand can be written as  

  
( )

( ) ( )

3 2

1 1

1

1

1 1

x x x x

x x x

=
− −

=
− +

 

 Use the concept of partial fractions, suppose that 
( ) ( ) ( )

1

1 1 1 1

A B C

x x x x x x
= + +

− + − +
 

 To get the values of constants, cancel out the common denominator.  

Hence, ( ) ( ) ( )21 1 1 1A x Bx x Cx x= − + + + −  

Plug in 1x =  

 ( )
1

1 2
2

B B=  =  

Plug in 1x = −  

 ( )
1

1 2
2

C C= −  = −  

Plug in 0x =  

 1A =  

Hence,  

 
( ) ( ) ( ) ( )

1 1 1 1

1 1 2 1 2 1x x x x x x
= + −

− + − +
 

Integrate both sides 



   

 

 

( ) ( ) ( ) ( )

3

2 2

2

2

1 1 1 1

1 1 2 1 2 1

1 1 1
log log 1 log 1

2 2

1 1
log log 1

2 2

1
log

2 1

dx dx dx dx
x x x x x x

dx x x x C
x x

x x C

x
C

x

= + −
− + − +

= − − − + +
−

= − − +

= +
−

   


  

 Therefore, 
2

3 2

1 1
log

2 1

x
dx C

x x x
= +

− −  

2. Find the integral of the function 
( )

1

x a x b+ + +
 

Solution: 

( )

1 1 x a x b

x a x b x a x bx a x b

+ − +
= 

+ + + + − ++ + +
 

( ) ( )

( )x a x bx a x b

x b x b a b

+ − ++ − +
= =

+ − − −
 

( )
( )1 1

dx x a x b dx
a bx a x b

 = + − +
−+ + +

   

( )

( ) ( )

( )
( ) ( )

3 3

3 32 2

2 2
1 2

3 3 3

2 2

x a x b
x a x b C

a b a b

 
 + +  

= − = + − + +   − −   
 

 

3. 
2

1 a
Hint x

tx ax x

 
= 

 −
 

Solution: 

2

1

x ax x−
 



   

 

Let 
2

a a
x dx dh

t t
=  = −  

22 2

1 1

.

a
dx dt

tx ax x a a a
a

t t t

 
 = − − 

 −  
− 
 

   

2 2

2 2

1 1 1 1

1 1
dt dt

at a t t

t t t t

= − = −

− −

   

1 1

1
dt

a t
= −

−
  

1
2 1t C

a
 = − − +
   

1
2 1

a
C

a x

 
= − − + 

 
 

2 a x
C

a x

 −
= − + 

 
 

2 a x
C

a x

 −
= − + 

 
 

4. 

( )
3

2 4 4

1

1x x +

 

Solution: 

( )
3

2 4 4

1

1x x +

 

Multiplying and dividing by 3x− , we get 

( )

( )
3

3 4 43

3 2 3
2 3 4 4

1

. 1

x xx

x x
x x x

−
−−

−
−

+
=

−
+

 



   

 

( )

( )

3 3
4 4 4 4

3 5 4
5 4 4

1 1 1

.

x x

x x
x x

−

−

+  +
=  

 
 

3

4

5 4

1 1
1

x x

 
= + 

 
 

Let 
4 5 5

1 4 1

4

dt
t dx dt dx

x x x
=  − =  = −  

( )
( )

3
34
4

3 5 4
2 4 4

1 1 1 1
1 1

4
1

dx t dt
x x

x x

−
− 

 = + = − + 
 

+
    

( )

1

4
1

44

1
1

11 1

1 14 4

4 4

C
t x

C

   + +  +  = − + = − 
 
 

 

1

4

4

1
1 C

x

 
− + + 
 

  

5. 6

1 11 1 1 1

3 32 2 3 6

1 1 1
Hint :

1

Put x t

x x x x x x

 
 
 = =
  

+ + +  
   

 

Solution: 

11 1 1

32 3 6

1 1

1x x x x

=
 

+ + 
 

 

Let 6 56x t dx t dt=  =  

( )

5

11 21 1

32 3 6

1 1 6

1
1

t
dx dx dt

t t
x x x x

 = =
+ 

+ + 
 

    



   

 

( )

3

6
1

t
dt

t
=

+  

On dividing, we get 

( )2

11

32

1 1
6 1

1
dx t t dt

t
x x

 
= − + − 

+ 
+

   

3 2

6 log 1
3 2

t t
t t

    
= − + − +    

    
 

1 1 11

3 6 622 3 6 6log 1x x x x C
 

= − + − + + 
 

 

1 1 1

3 6 62 3 6 6log 1x x x x C
 

= − + − − + 
 

 

6. 
( )( )2

5

1 9

x

x x+ +
 

Solution: 

Consider, 
( )( ) ( ) ( )

( )
2 2

5
......... 1

11 9 9

x A Bx C

xx x x

+
= +

++ + +
 

( ) ( )( )25 9 1x A x Bx C x = + + + +  

2 25 9x Ax A Bx Bx Cx C = + + + + +  

Equating the coefficients of 2 ,x x  and constant term, we get 

0A B+ =  

5B C+ =  

9 0A C+ =  

On solving these equations, we get 

1 1 9
,

2 2 2
A B and C= − = =  



   

 

From equation (1), we get 

( )( ) ( ) ( )2 2

9
5 1 2 2

2 11 9 9

x
x

xx x x

+
−

= +
++ + +

 

( )( ) ( )

( )

( )2

95 1

1 9 2 1 2 9

xx
dx dx

x x x x

 +− 
= + 

+ + + +  
   

2 2 2 2

1 1 9 1 1 1 2 9 1
log 1 log 1

2 2 9 2 9 2 4 9 2 9

x x
x dx dx x dx dx

x x x x
= + + + = − + + +

+ + + +     

2 11 1 9 1
log 1 log 9 . tan

2 4 2 3 3

x
x x −= + + + +  

( )2 11 1 3
log 1 log 9 tan

2 4 2 3

x
x x C−= + + + + +  

7. 
( )
sin

sin

x

x a−
 

Solution: 

( )
sin

sin

x

x a−
 

Put, x a t dx dt− =  =  

( )

( )sinsin

sin sin

t ax
dx dt

x a t

+
=

−   

( )
sin cos cos sin

cos cot sin
sin

t a t a
dt a t a dt

t

+
= = +   

1cos sin log sint a a t C= + +  

= ( ) ( ) 1cos sin log sinx a a a x a C− + − +  

= ( ) 1cos sin log sin cosax a a x a a C+ − − +  

= ( )sin log sin cosa x a x a C− + +  

 



   

 

8. 
5log 4log

3log 2log

x x

x x

e e

e e

−

−
 

Solution: 

Let 
( )
( )

4log log5log 4log

3log 2log 2log log

1

1

x xx x

x x x x

e ee e

e e e e

−−
=

− −
 

2log xe=  

2log xe=  

2x=  

5log 4log 3
2

3log 2log 3

x x

x x

e e x
dx x dx C

e e

−
 = = +

−   

9. 
2

cos

4 sin

x

x−
 

Solution: 

2

cos

4 sin

x

x−
 

Put, sin cosx t xdx dt=  =  

( ) ( )
2 2 2

cos

4 sin 2

x dt
dx

x t
 =

− −
   

1sin
2

t
C−  

= + 
 

 

1 sin
sin

2

x
C−  

= + 
 

 

10. 
8 8

2 2

sin cos

1 2sin cos

x x

x x

−

−
 

Solution: 



   

 

( )( )4 4 4 48 8

2 2 2 2 2 2 2 2

sin cos sin cossin cos

1 2sin cos sin cos sin cos sin cos

x x x xx x

x x x x x x x x

− −−
=

− − −
 

( )( )( )
( ) ( )

4 4 2 2 2 2

2 2 2 2 2 2

sin cos sin cos sin cos

sin sin cos cos sin cos

x x x x x x

x x x x x x

− − −
=

− + −
 

( )( )
( ) ( )

4 4 2 2

2 2 2 2

sin cos sin cos

sin 1 cos cos 1 sin

x x x x

x x x x

− −
=

− + −
 

( )( )
( )

4 4 2 2

4 4

sin cos cos sin

sin cos

x x x x

x x

− − −
=

+
 

cos 2x= −  

8 8

2 2

sin cos sin 2
cos 2

1 2sin cos 2

x x x
dx x dx C

x x

−
 = − = − +

−   

 

11. 
( ) ( )

1

cos cosx a x b+ +
 

Solution: 

( ) ( )
1

cos cosx a x b+ +
 

Multiplying and dividing by ( )sin a b− , we get 

( )

( )

( ) ( )

sin1

sin cos cos

a b

a b x a x b

 −
 

− + + 
 

( )

( ) ( )

( ) ( )

sin1

sin cos cos

x a x b

a b x a x b

 + − +  =  
− + +  

 

( )

( ) ( ) ( ) ( )

( ) ( )

sin .cos cos sin1

sin cos cos

x a x b x a x b

a b x a x b

 + + − + +
=  

− + + 
 

( )

( )

( )

( )

( )

sin sin1

sin cos cos

x a x b

a b x a x b

 + +
= − 

− + + 
 

( )
( ) ( )

1
tan tan

sin
x a x b

a b
= + − +  −

 



   

 

( ) ( ) ( )
( ) ( )

1 1
tan tan

cos cos sin
dx x a x b dx

x a x b a b
= + − +  + + −   

( )
( ) ( )

1
log cos log cos

sin
x a x b C

a b
 = − − + + + −

 

( )

( )

( )

cos1
log

sin cos

x b
C

a b x a

+
= +

− +
 

 

12. 
3

81

x

x−
 

Solution: 

3

81

x

x−
 

Put 4 34x t x dx dt=  =  

3

8 2

1

41 1

x dt
dx

x t
 =

− −
   

11
sin

4
t C−= +  

( )1 41
sin

4
x C−= +  

 

13. 
( )( )1 2

x

x x

e

e e+ +
 

Solution: 

Put, x xe t e dx dt=  =  

( )( ) ( )( )1 21 2

x

x x

e dt
dx

t te e
 =

+ ++ +
   

( ) ( )
1 1

1 2
dt

t t

 
= − 

+ + 
  

log 1 log 2t t C= + − + +  



   

 

1
log

2

t
C

t

+
= +

+
 

1
log

2

x

x

e
C

e

+
= +

+
 

  

14. 
( )( )2 2

1

1 4x x+ +
 

Solution: 

( )( ) ( ) ( )2 2 2 2

1

1 4 1 4

Ax B Cx D

x x x x

+ +
 = +

+ + + +
 

( )( ) ( )( )2 21 4 1Ax B x Cx D x = + + + + +  

3 2 3 21 4 4Ax Ax Bx B Cx Cx Dx D = + + + + + + +  

Equation the coefficients of 3 2, ,x x x  and constant term, we get 

0A C+ =  

0B D+ =  

4 0A C+ =  

4 1B D+ =  

On solving these equations, we get 

1
0, , 0

3
A B C= = =  and 

1

3
D = −  

From equation (1), we get 

( )( ) ( ) ( )2 2 2 2

1 1 1

1 4 3 1 3 4x x x x
= −

+ + + +
 

( )( ) 2 22 2

1 1 1 1 1

3 1 3 41 4
dx dx dx

x xx x
= −

+ ++ +
    

1 11 1 1
tan . tan

3 3 2 2

x
x C− −= − +  

1 11 1
tan tan

3 6 2

x
x C− −= − +  

  

15. 3 logsincos xxe  



   

 

Solution: 

3 logsin 3cos cos sinxxe x x=   

Let cos sinx t xdx dt= − =  

3 logsin 3cos cos sinxxe dx x x dx=   

.t dt= −  

4

4

t
C= − +  

4cos

4

x
C− +  

 

16. ( )
1

3log 4 1xe x
−

= +  

Solution: 

( ) ( )
( )

3
3

1 1
3log 4 log 4

4
1 1

1

x x x
e x e x

x

− −

= + = + =
+

 

Let 4 31 4x t x dx dt+ =  =  

( )
( )

3
1

3log 4

4
1

1

x x
e x dx dx

x

−

 = + =
+

   

1

4

dt

t
=   

1
log

4
t C= +  

41
log 1

4
x C= + +  

41
log 1

4
x C= + +  

 

17. ( ) ( )'
n

f ax b f ax b+ +    

Solution: 

( ) ( )'
n

f ax b f ax b+ +    



   

 

Put, ( ) ( )'f ax b t a f ax b dx dt+ =  + =  

( ) ( )
1

'
n nf ax b f ax b dx t dt

a
 + + =     

( )
( )( )

1
11 1

1 1

n
nt

f ax b C
a n a n

+
+ 

= = + + 
+ + 

 

18. 
( )3

1

sin sinx x +
 

Solution: 

( ) ( )3 3

1 1

sin sin sin sin cos cos sinx x x x x  
=

+ +
 

4 3

1

sin cos sin cos sinx x x 
=

+
 

2

2

1 cos

sin cos cotxsin cos cot sin

ec x

x x   
= =

+ +
 

Put, 2cos cot sin t cosec sin dx dtx x  + = − =  

( )

2

3

1 cos

cos cotxsinsin sin

ec x
dx dx

x x  
 =

++
   

1

sin

dt

t

−
=   

1
2

sin
t C



−
 = +
   

1
2 cos cot sin

sin
x C 



−
 = + +
   

2 cos sin
cos

sin sin

x
C

x






−
= + +  

( )sin2 sin cos cos sin 2

sin sin sin sin

xx x
C C

x x

 

 

+− + −
= + = +  

 

19.  
1 1

1 1

sin cos
, 0,1

sin cos

x x
x

x x

− −

− −

−


+
 

Solution: 



   

 

Let 
1 1

1 1

sin cos

sin cos

x x
I

x x

− −

− −

−
=

+
 

As we know that, 
1 1sin cos

2
x x

− −+ =  

1 1cos cos
2

2

x x

I dx





− − 
− − 

  =   

12
2cos

2
x dx





− 
= − 

 
  

12 4
. 1. cos
2

dx xdx


 

−= −   

( )14
cos .......... 1x xdx



−= −   

Let 
1

1 2 cos .I t dt−=   

2 2
1

2

1
2 cos . .

2 21

t t
t dt

t

−
 −

= − 
− 

  

2
2 1

2
cos

1

t
t t dt

t

−= +
−

  

2 1 2

2

1
cos 1

1
t t t dt dt

t

−= − − +
−

   

2 1 2 11 1
cos 1 sin

2 2
t t t t− −= − − +  

From equation (1), we get 

2 1 2 14 1
cos 1 sin

2 2

t
I x t t t t



− − 
= − − − + 

 
 

1 14 1
cos 1 sin

2 2

x
x x x x x



− −
 

= − − − + 
 

 

2
1 14

sin sin
2 2 2

x x
x x x x

 



− −
 − 

= − − − +  
   

 

1 2 14 2 2
2 sin sin

x
x x x x x x

  

− −= − + + − −  



   

 

( ) 1 22 2
2 1 sinx x x x x C

 

− = − + − + − +
   

( ) 1 2
2 2 1 2

sin
x

x x x x C
 

−
−

= + − − +  

20. 
1

1

x

x

−

+
 

Solution: 

1

1

x
I

x

−
=

+
 

Put 2cos 2sin cosx dx d   =  =−  

( )

2

2

2sin
1 cos 22sin cos sin 2
1 cos

2cos
2

I d d




    


−
= − = −

+   

sin
2tan .2sin cos 2 2sin cos cos

2 2 2
cos

2

d d


  

    

 

= − = −  
 

   

24 sin cos
2

d


 = −   

2 24 sin 2cos 1
2 2

d
 


 

= − − 
 

  

2 2 24 2sin cos sin
2 2 2

d
  

= − −  

2 2 28 sin cos 4 sin
2 2 2

d d
  

 = − +   

2 22 sin 4 sin
2 2

d d
 

 = − +   

1 cos 2 1 cos
2 4

2 2
d d

 
 

− − 
= − + 

 
   

sin 2 sin
2 4

2 4 2 2
C

      
= − − + − +   

   
  

sin 2
2 2sin

2
C


  = − + + − +  



   

 

sin 2
2sin

2
C


 = + + +  

2sin cos
2sin

2
C

 
 = + + +  

2 21 cos .cos 2 1 cos C   = + − − − +  

1cos 1 . 2 1x x x x C−= + − − − +  

( )12 1 cos 1x x x x C−= − − + + − +  

1 22 1 cosx x x x C−= − − + + − +  

 

21. 
2 sin 2

1 cos 2

xx
e

x

+

+
 

  

Solution: 

2 sin 2

1 cos 2

xx
I e

x

+ 
=  

+ 
  

2

2 2sin cos

2cos

xx x
e

x

+ 
=  

 
  

2

1 sin cos

cos

xx x
e

x

+ 
=  

 
  

( )2sec tan xx x e= +  

Let ( ) ( ) 2tan ' secf x x f x x=  =  

( ) ( )' xI f x f x e dx = +  

( )xe f x C= +  

tanxe x C= +  

22. 
( ) ( )

2

2

1

1 2

x x

x x

+ +

+ +
 

Solution: 

Let 
( ) ( ) ( ) ( ) ( )

( )
2

2 2

1
.......... 1

1 21 2 1

x x A B C

x xx x x

+ +
= + +

+ ++ + +
 



   

 

( ) ( ) ( )2 2 21 3 2 2 2 1x x A x x B x C x x + + = + + + + + + +  

 ( ) ( ) ( )2 21 3 2 2 2x x A C x A B C x A B C + + = + + + + + + +  

Equating the coefficients of 2 ,x x  and constant term, we get 

1

3 2 1

2 2 1

A C

A B C

A B C

+ =

+ + =

+ + =

 

On solving these equations, we get 

From equation (1), we get 

( ) ( ) ( ) ( ) ( )

2

2 2

1 2 3 1

1 21 2 1

x x

x xx x x

+ + −
= + +

+ ++ + +
 

( ) ( ) ( ) ( ) ( )

2

2 2

1 1 1 1
2 3

1 21 2 1

x x
dx dx dx

x xx x x

+ +
= − + +

+ ++ + +
     

( )
1

2log 1 3log 2
1

x x C
x

= − + + + − +
+

  

23. 
1 1

tan
1

x

x

− −

+
 

Solution: 

1 1
I tan

1

x
dx

x

− −
=

+
 

Let cos sinx dx d  =  = −  

( )1 1 cos
tan sin

1 cos
I d


 



− −
=

+  

2

1 1

2

3sin
2tan sin tan tan .sin

2
2cos

2

d d




   


− −= − = −   



   

 

( ) ( )
1 1

.sin . cos 1. cos
2 2

d d       = − = − − − −
    

 
1

cos sin
2

  = − − +  

1 1
cos sin

2 2
  = + −  

1 2 1 21 1 1
cos . 1 cos 1

2 2 2 2

x
x x x C x C− −= − − + = − − +  

( )1 21
cos 1

2
x x x C−= − − +  

24. 
( )2 2

4

1 log 1 2logx x x

x

 + + −
   

Solution: 

( )
( )

2 2
2

2 2

4 4

1 log 1 2log 1
log 1 log

x x x x
x x

x x

 + + − +   = + −
 

 

2 2

4 2

1 1
log

x x

x x

  + +
=   

  
 

2

4 2

1 1
log 1

x

x x

+  
= + 

 
 

2

3 2 2

1 1 1
log 1

x

x x x

+  
= + 

 
 

3 2 2

1 1 1
1 log 1

x x x

 
= + + 

 
 

Let 
2 3

1 2
1 t dx dt

x x

−
+ =  =  

3 2 2

1 1 1
1 log 1I dx

x x x

 
 = + + 

 
  



   

 

1

2
1 1

log .log
2 2

t tdt t tdt= − = −   

Using integration by parts, we get 

1 1

2 2
1

log . log
2

d
I t t dt t t dt dt

dt

   
= − −   

    
   

3 3

2 21 1
log .

3 32

2 2

t t
t dt

t

 
 

= − − 
 
 

  

3 1

2 2
1 2 2

log
2 3 3

t t t dt
 

= − − 
 

  

3 3

2 2
1 2 4

log
2 3 9

t t t
 

= − − 
 

 

3 3

2 2
1 2

log
3 9

t t t= − +  

3

2
1 2

log
3 3

t t
 

= − − 
 

 

3

2

2 2

1 1 1 2
1 log 1

3 3
C

x x

    
= − + + − +    

    
 

25. 
2

1 sin

1 cos

x x
e dx

x





− 
 
− 

  

Solution: 

2

1 sin

1 cos

x x
I e dx

x





− 
=  

− 
  

2

22 2

1 2sin cos cos
2 2 2 cot

2 2
2sin

2

x

x x x
ec

x
e dx dx

x

 

 

   
−   

= = −   
   
   

   



   

 

Let ( ) cot
2

x
f x = −  

( ) 2 21 1
' cos cos

2 2 2 2

x x
f x ec ec

 
 = − − = 

 
 

( ) ( )( )
2

'xI e f x f x dx


 = +  

( )
2

.xe f x dx


 =    

2

.cot
2

x x
e





 
= − 

 
 

2cot cot
2 4

xe e


  
= −  −  

 
 

20 1e e


 
= −  −  

 
 

2e


=   

26. 4
4 40

sin cos

cos sin

x x
dx

x x



+  

Solution: 

Let 4
4 40

sin cos

cos sin

x x
I dx

x x



=
+  

4

4

4 40

4

sin cos

cos

cos sin

cos

x x

x
I dx

x x

x



 
 
  =

 +
 
 

  

2

4
4

tan sec

1 tan

x x
I dx

x




 =

+  

Put, 2 2tan 2tan secx t x xdx dt=  =  



   

 

When 0, 0x t= =  and when , 1
4

x t


= =  

4 1
1

2 00

1 1
tan

2 1 2

dt
I t

t

−  = =  +  

1 11
tan tan 0

2

− − = −   

1

2 4

 
=  

 
 

8


=  

27. 
2

2
2 20

cos

cos 4sin

x dx

x x



+  

Solution: 

 Consider, 
2

2
2 20

cos

cos 4sin

x
I dx

x x



=
+  

 
2

2
2 20

cos

cos 4 4cos

x
I dx

x x



 =
+ −  

 
2

2
2 20

1 4 3cos

3 cos 4 4cos

x
I dx

x x


− −

 =
+ −  

 
2

2 2
2 20 0

1 4 3cos 1 4

3 4 3cos 3 4 3cos

x
I dx dx

x x

 
− −

 = +
− −   

 
2

2 2
20 0

1 1 4sec
1.

3 3 4sec 3

x
I dx dx

x

 
−

 = +
−   

  
( )

2

22
0 20

1 1 4sec

3 3 4 1 tan 3

x
I x dx

x

−
 = +

+ −
  

 
2

2
20

2 2sec

6 3 1 4 tan

x
I dx

x




 = − +
+ ………(1) 

 Consider, 
2

2
20

2sec

1 4 tan

x
dx

x



+  



   

 

 Put, 22tan 2secx t xdx dt=  =  

 When x=0, t = 0 and when ,
2

x t


= =   

 
2

2
2 20 0

2sec

1 4 tan 1

x dt
dx

x t




 =
+ +   

 1

0
tan t


− =    

 ( ) ( )1 1tan tan 0− − =  −   

 
2


=  

Therefore , from (1)we, get 

2

6 3 2 3 6 6
I

     
= − + = − = 

 
  

28. 3

6

sin cos

sin 2

x x
dx

x





+
  

Solution: 

Consider, 3

6

sin cos

sin 2

x x
I dx

x





+
=   

( )

( ) ( )
3 3

6 6

sin cos sin cos

sin 2 1 1 2sin cos

x x x x
I dx I dx

x x

 

 

+ +
 =  =

− − − − + −
   

( )

( )
3

2 2
6

sin cos

1 sin cos 2sin cos

x x
I dx

x x x x





+
 =

− −
  

( )

( )

3

2
6

sin cos

1 sin cos

x x
I

x x





+
 =

− −
  

Let ( ) ( )sin cos sin cosx x t x x dx dt− = − + =  



   

 

When 
1 3

,
6 2

x t
  −

= =   
 

 and when 
3 1

,
3 2

x t
  −

= =   
 

 

3 1

2

1 3 2
2 1

dt
I

t

−

−
=

−
  

3 1

2

1 3 2

2 1

dt
I

t

−

 −
−  
 

 =
−

  

As 

( )
2 2

1 1

11 tt
=

−− −

, therefore, 
2

1

1 t−
 is an even function 

( ) ( )
0

2
a a

a
f x dx f x dx

−
=   

We know that if f(x) is an even function, then  

3 1

2

20
2

1

dt
I

t

−

 =
−

  

3 1
1 2

0
2sin t

−
− =    

1 3 1
2sin

2

−
 −

=   
 

  

29. 
1

0 1

dx

x x+ −
  

Solution: 

 Consider, 
1

0 1

dx
I

x x
=

+ −
  

 

( )
( )
( )

1

0

11

1 1

x x
I dx

x x x x

+ +
= 

+ − + +
  

 
( )1

0

1

1

x x
dx

x x

+ +
=

+ −  



   

 

 
1 1

0 0
1 xdx xdx= + +   

 ( ) ( )
1 1

2 3

3 2

0 0

2 2
1

3 3
x x

   
= +   
   

 

 ( )  
2

3
2 2

2 1 1
3 3

 
= − + 

 
 

 ( )
2

3
2 2.2 2

2
3 3

= =  

 
4 2

3
=  

30. 4

0

sin cos

9 16sin 2

x x
dx

x


+

+  

Solution: 

 Consider, 4

0

sin cos

9 16sin 2

x x
I dx

x


+

=
+  

 Put, ( )sin cos cos sinx x t x x dx dt− =  + =  

 Where 0, 1x t= = −  and when , 0
4

x t


= =  

 ( )
2 2sin cosx x t − =  

 2 2 2sin cos 2sin cosx x t + − =  

 21 sin 2x t − =  

 2sin 2 1x t = −  

 
( )

0

21 9 16 1

dt
I

t−
 =

+ −
  

 
0

21 9 16 16

dt

t−
=

+ −  



   

 

 
( ) ( )

0 0

2 221 125 16 5 4

dt dt

t t− −
= =

− −
   

 
( )

0

1

1 1 5 4
log

4 2 5 5 4

t

t
−

 +
=  

− 
 

 ( )
1 1

log 1 log
40 9

 
= − 

 
 

 
1

log 9
40

=  

31. ( )12

0
sin 2 xtan sin x dx


−

  

Solution: 

 Consider, ( ) ( )1 12 2

0 0
sin 2 xtan sin 2sin cos tan sinI x dx x x x dx

 
− −= =   

 Put, sin cosx t xdx dt=  =  

 When 0, 0x t= =  and when , 1
2

x t


= =  

 ( ) ( )
1

1

0
tan ......... 1I t t dt− =   

 Consider, ( )1 1 1tan tan . tan
d

t tdt t tdt t tdt dt
dt

− − − 
= −  

 
    

 
2 2

1

2

1
tan . .

2 1 2

t t
t dt

t

−= −
+

 

 
2 1 2

2

tan 1 1 1

2 2 1

t t t
dt

t

− + −
= −

+  

 
2 1

2

tan 1 1 1
1.

2 2 2 1

t t
dt dt

t

−

= − +
+   

 
2 1

2

tan 1 1 1
.

2 2 2 1

t t
t dt

t

−

= − +
+

 



   

 

 
2 1

1tan 1 1
. tan

2 2 2

t t
t t

−
−= − +  

 

1
2 1

1
1 1

0
0

tan 1
.tan tan

2 2 2

t t t
t tdt t

−
− − 

 = − + 
 

  

 
1 1 1

1 1
2 4 4 2 2 4 2

      
= − + = − = −   

   
 

 From equation (1), we get 

 
1

2 1
2 2 2

I
  

= − = − 
 

 

32. 
0

tan

sec tan

x x
dx

x x



+  

Solution: 

 Let ( )
0

tan
........ 1

sec tan

x x
dx

x x



+  

 
( ) ( )

( ) ( )
( ) ( )( )0 0 0

tan

sec tan

a ax x
I dx f x dx f a x dx

x x

  

 

 − − 
= = − 

− + −  
    

 
( )

( )0

tan

sec tan

x x
I dx

x x

  − − 
 =  

− +  
  

 
( )

( )
( )

0

tan
.......... 2

sec tan

x x
I dx

x x

  −
 =

+  

 Adding (1) and (2), we get 

 
0 0

sin

tan cos2 2
1 sinsec tan

cos cos

x

x xI dx I dx
xx x

x x

 
=  =

+
+

   

 
0

sin 1 1
2

1 sin

x
I dx

x




+ −

 =
+  



   

 

 
0 0

1
2 1.

1 sin
I dx dx

x

 

  = =
+   

   20 0

1 sin
2

cos

x
I x dx

x


 

−
 = −   

 ( )2 2

0
2 sec tan secI x x x dx



  = − −  

  2

0
2 tan secxI x


  = − −  

  22 tan secx tan0 sec0I x  = − − − +  

 ( )22 0 1 0 1I   = − − − − +    

 22 2I   = −  

( )2 2I   = −  

( )2
2

I


 = −   

33. 
4

1
1 2 3x x x dx − + − + −    

Solution: 

 Consider, 
4

1
1 2 3I x x x dx=  − + − + −    

 
4 4 4

1 1 1
1 2 3I x dx x dx x dx = − + − + −    

 ( )1 2 3......... 1I I I I= + +  

 Where, 
4

1
1

1I x dx= −  

 ( )1 0 1 4x for x−     

 ( )
4

1
1

1I x dx = −  



   

 

 

4
2

1

1

x
I x

x

 
 = − 

 
 

 ( )1

1 9
8 4 1 ......... 2

2 2
I

 
 = − − + = 

 
 

 
4

2
1

2I x dx= −  

 2 0x −   for 2 4x   and 2 0x −   for 1 2x   

 ( ) ( )
2 4

2
1 2

2 2I x dx x dx = − + −   

  
2 4

2 2

2 2

1 2

1
2 2 4 2 2 8 8 2 4

2 2 2

x x
I x x I

     
 = − + −  = − − + + − − +     

    
 

 ( )2

1 5
2 .......... 3

2 2
I = + =  

 
4

3
1

3I x dx= −  

 3 0x −   for 3 4x   and 3 0x −   for 1 3x   

 ( ) ( )
3 4

3
1 3

3 3I x dx x dx = − + −   

 

2 4
2 2

3

1 3

3 3
2 2

x x
I x

   
 = − + −   

   
 

 
3

9 1 9
9 3 8 12 9

2 2 2
I

   
 = − − + + − − +   

   
 

   ( )3

1 5
6 4 ......... 4

5 2
I

 
 = − + = 

 
 

 From equations (1), (2), (3), and (4), we get 

 
9 5 5 19

2 2 2 2
I = + + =  



   

 

34. 
( )

3

21

2 2
log

1 3 3

dx

x x
= +

+  

Solution: 

 Consider, 
( )

3

21 1

dx
I

x x
=

+  

 Let, 
( )2 2

1

1 1

A B C

x x x x x
= + +

+ +
 

 ( ) ( ) ( )21 1 1Ax x B x C x = + + + +  

 2 21 Ax Ax Bx B Cx = + + + +  

 Equating the coefficients of 2 ,x x  an constant term, we get 

 

0

0

1

A C

A B

B

+ =

+ =

=

 

 On solving these equations, we get 

 1, 1A C= − = , and 1B =  

 
( ) ( )2 2

1 1 1 1

1 1x x x x x

−
 = + +

+ +
 

 
( )

( )
3

3

21
1

1 1 1 1
log log 1

1
I dx x x

x x x x

    
 = + + = − − + +   +    

  

 

3

1

1 1 4 1 2
log log log 1

3 3 1

x

x x

 +      
= − = − − +      

      
 

 
2

log 4 log 3 log 2
3

= − − +  

 
2

log 2 log 3
3

= − +  



   

 

 
2 2

log
3 3

 
= + 

 
 

 Hence proved 

 

35. 
4

0
1xxe dx =  

Solution: 

 Let 
4

0

xI xe dx=   

 Using integration by pars, we get 

 ( )
4 1

0 0

x xd
I xe dx x e dx dx

dx

  
= −   

  
    

 
11

0 0

x xxe e dx = −    

 
1 1

0 0

x xxe e   = −     

 1e e= − +  

 = 1 

 Hence proved  

36. 
1

17 4

1
cos 0x xdx

−
=  

Solution: 

 Consider, 
1

17 4

1
cosI x xdx

−
=   

 Let ( ) 17 4cosf x x x=  

 ( ) ( ) ( ) ( )
17 4 17 4cos cosf x x x x x f x = − − = − = −  

 ( )f x  is an odd function 



   

 

 We know that if ( )f x  is an odd function, then ( ) 0
a

a
f x dx

−
=  

 
1

17 4

1
cos 0x xdx

−
 =  

 Hence proved 

37. 32

0

2
sin

3
xdx



=  

Solution: 

 Consider, 
32

0
sinI xdx



=   

 
22

0
sin .sinI x x dx



=   

 ( )22

0
1 cos sinx x dx



= −  

 
22 2

0 0
sin cos .sinx dx x x dx

 

= −   

  
3 2

2
0

0

cos
cos

3

x
x



  
= − +  

 
 

  
1 1 2

1 1 1
3 3 3

+ − = − =  

 Hence proved 

38. 34

0
2 tan 1 log 2xdx



= −  

Solution: 

 Consider, 
34

0
2 tanI xdx



=   

 ( )2 24 4

0 0
2 tan tan 2 sec 1 tanI x x dx x x dx

 

= = −   



   

 

 
24 4

0 0
2 sec tan 2 tanx x dx x dx

 

= −   

  
2 4

4
0

0

tan
2 2 logcos 1 2 logcos logcos0

2 4

x
x



    
= + = + −   

  
 

 
1

1 2 log log1 1 log 2 log1 1 log 2
2

 
= + − = − − = − 

 
 

 Hence proved 

39. 
1

1

0
sin 1

2
x dx

− = −  

Solution: 

 Let 
1

1

0
sin xdx−

  

 
1

1

0
sin .1.I x dx− =   

 Using integration by parts, we get 

 
11

1

0 20

1
sin .

1
I x x x dx

x

− = − 
−

  

 
( )11

1

0 20

21
sin

2 1

x
x dx

x

−
−

 = + 
−

  

 Put 21 2x t xdx dt− = − =  

 When 0, 1x t= = and when x= 1 , t = 0 

 
11

1

0 0

1
sin

2

dt
I x x

t

− = +    

 
01

1

0 1

1
sin 2

2
I x x t−   = +     

 ( )1sin 1 1−  = + −
   



   

 

 1
2


= −  

 Hence proved 

40. Evaluate 
1

2 3

0

xe dx−

  as a limit of a sum 

Solution: 

 Let 
1

2 3

0

xI e dx−=   

 We know that, 

 ( ) ( ) ( ) ( ) ( )( )
1

lim ...... 1
b

a x n
f x dx b c f a f a h f a n h

n→
 = − + + + + + −   

 Where, 
b a

h
n

−
=  

 Here, 0, 1,a b= =  and ( ) 2 3xf x e −=  

 
1 0 1

h
n n

−
 = =  

 ( ) ( ) ( ) ( )( )
1

2 3

0

1
1 0 lim 0 0 ....... 0 1x

n
e dx f f h f n h

n

−

→
  = − + + + + + −   

 
( ) ( ) 2 3 1 3 12 2 3 2 3 6 91 1

lim ...... lim 1 ......
n h n hx h h h

n n
e e e e e e e e

n n

− − − −− − − −

→ →

  = + + + = + + + + +
   

 

 
( )
( )

3
3

2 2

33

11 1 1
lim lim

1
1

nh
n

hn n
n

e e
e e

n ne
e

− −

−→ → −

    − −     = =    −       −   

 

 
( )

( )
2 3

2 2 3

3 3

11 1 1
lim 1 lim

1 1
n n

n n

e e
e e e

n n
e e

−

→ →− −

      − −      = = −   
      − −      

 

 ( )
( )2 3

2 3

3 38

3 3
11

1 lim lim
3 3

1 1
n n

n n

e en ne e

e e

−

−

→ →− −

   
− −−    

− − =    
     − −

   

 



   

 

 
( )

( )
2 3 1

1 lim
3 1xx

e e x

e

−

→

− −  
 − 

 

 
1 2

3

e e− +
=  

 21 1

3
e

e

 
= − 

 
  

41. 
x x

dx

e e−+  is equal to 

A) ( )1tan xe C− +  B) ( )1tan xe C− − +  C) ( )log x xe e C−− +  D) 

( )log x xe e C−+ +  

Solution: 

 Consider, 
2 1

x

x x x

dx e
I dx dx

e e e−
= =

+ +   

 Put, x xe t e dx dt=  =  

 
21

dx
I

t
 =

+
 

 1tan t C−= +  

 ( )1tan xe C−= +  

 Thus, the correct answer is A 

42. 
( )

2

cos 2

sin cos

x
dx

x x+
 is 

A) 
1

sin cos
C

x x

−
+

+
  B) log sin cosx x C+ +   

C) log sin cosx x C− +  D) 
( )

1

sin cos
C

x x
+

+
  is equal to 

Solution: 



   

 

 Consider, 
( ) ( )

2 2

2 2

cos 2 cos sin

sin cos sin cos

x x x
I dx I dx

x x x x

−
= =

+ +
   

 
( )( )

( )
2

cos sin cos sin cos sin

cos sinsin cos

x x x x x x
dx dx

x xx x

+ − −
=

++
   

 Let ( )cos sin cos sinx x t x x dx dt+ =  − =  

 
dt

I
t

 =   

 log t C= +  

 log cos sinx x C= + +  

 Thus, the correct answer is B 

43. If ( ) ( )f a b x f x+ − = , then ( )
b

a
x f x dx  is equal to 

A) ( )
2

b

a

a b
f b x dx

+
−   B) ( )

2

b

a

a b
f b x dx

+
+   

C) ( )
2

b

a

b a
f x dx

−
    D) ( )

2

b

a

a b
f x dx

+
  

Solution: 

 Consider, ( ) ( )......... 1
b

a
I x f x dx=   

 ( ) ( )
b

a
I a b x f a b x dx= + − + −   ( ) ( )( )

b b

a a
f x dx f a b x dx= + −   

 ( ) ( )
b

a
I a b x f x dx = + −  

 ( ) ( )
b

a
I a b f x dx I = + −  (Using (1)) 

 ( ) ( )
b

a
I I a b f x dx + = +   



   

 

 ( ) ( )2
b

a
I a b f x dx = +   

 ( )
2

b

a

a b
I f x dx

+ 
 =  

 
  

 Thus, the correct answer is D 

 

44. The value of 
1

1

20

2 1
tan

1

x
dx

x x

− − 
 
+ − 

  is 

A) 1 B) 0 C) -1 D) 
4


  

Solution: 

 Consider, 
1

1

20

2 1
tan

1

x
I dx

x x

− − 
=  

+ − 
  

 
( )

( )

1
1

0

1
tan

1 1

x x
I dx

x x

−
 −

 =   + − 
  

 ( ) ( )
1

1 1

0
tan tan 1 ......... 1I x x dx− −  = − −   

 ( ) ( )
1

1 1

0
tan 1 tan 1 1I x x dx− −  = − − − +   

 ( ) ( )
1

1 1

0
tan 1 tanI x x dx− −  = − −   

 ( ) ( ) ( )
1

1 1

0
tan 1 tan ......... 2I x x dx− −  = − −   

 Adding (1) and (2) we get 

 ( ) ( )( )
1

1 1 1 1

0
2 tan tan 1 tan 1 tanI x x x x dx− − − − = − − − − −  

 2 0I =  

 0I =  

 Thus, the correct answer is B 



   

 

 

Exercise 7.1 

1. Find an antiderivative of the function ( ) sin2f x x=  by inspection method.  

Solution:  

Recall the functions whose derivative is sin 2x  

  ( ) ( )cos2 2sin 2 cos sin
d d

x x ax a ax
dx dx

= − = −  

It implies that   

  

( )
1

sin 2 cos2
2

1
cos2

2

d
x x

dx

d
x

dx

= −

 
= − 

 

 

Therefore, antiderivative of ( ) sin2f x x=  is 
1

cos2
2

x−  

 

2. Find the antiderivative of the function ( ) cos3f x x=  by inspection method.  

Solution: 

Recall the functions whose derivative is cos3x  

  ( ) ( )sin 3 3cos3 sin cos
d d

x x ax a ax
dx dx

= =  

It implies that   

  

( )
1

cos3 sin3
3

1
sin3

3

d
x x

dx

d
x

dx

=

 
=  

 

 

Therefore, antiderivative of ( ) cos3f x x=  is 
1

sin 3
3

x  



   

 

3. Find the antiderivative of the function ( ) 2xf x e=  by inspection method.  

Solution: 

Recall the functions whose derivative is 2xe  

  ( ) ( )2 22x x ax axd d
e e e ae

dx dx
= =  

It implies that   

  

( )2 2

2

1

2

1

2

x x

x

d
e e

dx

d
e

dx

=

 
=  

 

 

Therefore, antiderivative of ( ) 2xf x e=  is 
21

2

xe  

 

 

4. Find the antiderivative of the function ( ) ( )
2

f x ax b= +  by inspection method.  

Solution: 

Recall the functions whose derivative is ( ) ( )
2

f x ax b= +  

  ( ) ( ) ( ) ( )
3 2 1

3
n nd d

ax b ax b ax b n ax b
dx dx

− + = + + = +
 

 

It implies that   

  

( ) ( )

( )

2 3

3

1

3

1

3

d
ax b ax b

dx

d
ax b

dx

+ = +

 
= + 

 

 

Therefore, antiderivative of ( ) ( )
2

f x ax b= +  is ( )
31

3
ax b+  

 

 

 



   

 

 

5. Find the antiderivative of the function 3sin2 4 xx e−  by inspection method.  

Solution: 

Recall the functions whose derivative is ( ) sin2f x x=  

  cos2 2sin 2 cos sin
d d

x x ax a ax
dx dx

= − = −  

It implies that   

  

( )
1

sin 2 cos2
2

1
cos2

2

d
x x

dx

d
x

dx

= −

 
= − 

 

 

Recall the functions whose derivative is ( ) 34 xf x e=  

  
3 33x x ax axd d

e e e ae
dx dx

= =  

It implies that   

  

( )

( )

3 3

3 3

3

1

3

4
4 Multiply 4 on both sides

3

4

3

x x

x x

x

d
e e

dx

d
e e

dx

d
e

dx

=

=

 
=  

 

 

Therefore, antiderivative of 3sin2 4 xx e−  is 
31 4

cos2
2 3

xx e− −  

6. Find ( )34 1xe dx+  

Solution:  

 Consider the given integral ( )34 1xe dx+  



   

 

  

( )3 3

3

3

4 1 4

1 1
4

3

4

3

x x

x ax ax

x

e dx e dx dx

e x C e dx e c
a

e x C

+ = +

 
= + + = + 

 

= + +

  

  

 Therefore, ( )3 34
4 1

3

x xe dx e x C+ = + +  

7. Find 
2

2

1
1x dx

x

 
− 

 
  

Solution:  

Consider the given integral 
2

2

1
1x dx

x

 
− 

 
  

  

2 2

2

3 1

1
1

3 1

n
n

x dx x dx dx
x

x x
x C x dx c

n

+

 
− = − 

 

= − + = +
+

  



 

 Therefore, 
3

2

2

1
1

3

x
x dx x C

x

 
− = − + 

 
  

8. Find ( )2ax bx c dx+ +  

Solution:  

 Consider the given integral ( )2ax bx c dx+ +  

  

( )2 2

3 2

3 2

3 2

3 2

ax bx c dx a x dx b xdx c dx

x x
a b cx D

ax bx
cx D

+ + = + +

   
= + + +   

   

= + + +

   

 

 Therefore, ( )
3 2

2

3 2

ax bx
ax bx c dx cx D+ + = + + +  



   

 

  

9. Find ( )22 xx e dx+  

Solution:  

 The given integral is ( )22 xx e dx+  

  

( )
1

2 2

3

2 2
1

2
3

n
x x n

x

x
x e dx x dx e dx x dx c

n

x
e C

+

+ = + = +
+

= + +

   
 

 Therefore, ( )
3

2 2
2

3

x xx
x e dx e C+ = + +  

10. Find 

2
1

x dx
x

 
− 

 
  

Solution:  

 The given integral is 

2
1

x dx
x

 
− 

 
  

  

2

2

1 1
2

1
2

1
ln 2 ln

2

x dx x dx
xx

xdx dx dx
x

x
x x C dx x c

x

   
− = + −  

  

= + −

= + − + = +

 

  



 

 Therefore, 

2 21
ln 2

2

x
x dx x x C

x

 
− = + − + 

 
  

 

11. Find 
3 2

2

5 4x x
dx

x

+ −
   

Solution: 



   

 

 Consider the integral  
3 2

2

5 4x x
dx

x

+ −
  

  

3 2 3 2

2 2

2

2

5 4 5 4

4
5

8
5

2

x x x x
dx dx

x x

x dx
x

x
x C

x

+ − + −
=

= + −

= + + +

 

  

 Therefore, 
3 2 2

2

5 4 8
5

2

x x x
dx x C

x x

+ −
= + + +  

12. Find 
3 3 4x x

dx
x

+ +
  

Solution:  

 The given integral is 
3 3 4x x

dx
x

+ +
  

 

3 3

5 1 1

2 2 2

5 3 1
1 1 1

2 2 2

7 5 1

2 2 2

3 4 3 4

3 4

3 4
5 3 1

1 1 1
2 2 2

3 4
7 5 1

2 2 2

x x x x
dx dx

x x x x

x dx x dx x dx

x x x
C

x x x

+ + − +

+ +
= + +

= + +

= + + +

+ + − +

= + +

 

  

 

       

7 5 1

2 2 2

7 5 1

2 2 2

2 2 2
3 4

7 3 1

2
2 8

7

x x x C

x x x C

   
= + + +   

   

= + + +

 

 Therefore, 
7 53

2 2
3 4 2

2 8
7

x x
dx x x x C

x

+ +
= + + +  

 



   

 

13. Find 
3 2 1

,
1

x x x
dx

x

− + −

−  

Solution:  

 The given integral is 
3 2 1

1

x x x
dx

x

− + −

−  

  

( ) ( )

( ) ( )

( )

23 2

2

2

3

1 11

1 1

1 1

1

1

3

x x xx x x
dx dx

x x

x x
dx

x

x dx

x
x C

− + −− + −
=

− −

− +
=

−

= +

= + +

 





 

Therefore, 
3 2 31

1 3

x x x x
dx x C

x

− + −
= + +

−  

 

14. Find ( )1 x xdx−  

Solution:  

 The given integral is ( )1 x xdx−  

  

( )
3

2

1 3
1 1

2 2

3 5

2 2

1

1 3
1 1

2 2

2 2

3 5

x xdx x x xdx

xdx x dx

x x
C

x x C

+ +

− = −

= −

= − +

+ +

= + +

 

 

 

 Therefore, ( )
3 5

2 2
2 2

1
3 5

x xdx x x C− = + +  

 



   

 

15. Find ( )23 2 3x x x dx+ +  

Solution: 

 The given integral is ( )23 2 3x x x dx+ +  

  

( )2 2

5 3 1

2 2 2

5 3 1
1 1 1

2 2 2

7 5 3

2 2 2

3 2 3 3 2 3

3 2 3

3 2 3
5 3 1

1 1 1
2 2 2

2 2 3
3 2 3

7 5 2

x x x dx x x x x xdx

x dx x dx x dx

x x x
C

x x x C

+ + +

+ + = + +

= + +

= + + +

+ + +

     
= + + +     

     

 

  

 

    
7 5 3

2 2 2
6 4 9

7 5 2
x x x C= + + +  

Therefore, ( )
7 5 3

2 2 2 2
6 4 9

3 2 3
7 5 2

x x x dx x x x C+ + = + + + Adf 

 

16. Find ( )2 3cos xx x e dx− +  

Solution:  

The given integral is ( )2 3cos xx x e dx− +  

( )

( )
2

2

2 3cos 2 3cos

2 3 sin
2

3sin

x x

x

x

x x e dx xdx xdx e dx

x
x e C

x x e C

− + = − +

= − + +

= − + +

   

 

Therefore, ( ) 22 3cos 3sinx xx x e dx x x e C− + = − + +  

 

 

 



   

 

17. Find ( )22 3sin 5x x x dx− +  

Solution:  

 The given integral is ( )22 3sin 5x x x dx− +  

  

( )

( )

1

2 2 2

1
1

3 2

33

2

2 3sin 5 2 3 sin 5

2 3 cos 5
13 1
2

2 10
3cos

3 3

x x x dx x dx xdx x dx

x x
x C

x
x x C

+

− + = − +

= − − + +

+

= + + +

   

 

 Therefore, ( )
33

2 2
2 10

2 3sin 5 3cos
3 3

x
x x x dx x x C− + = + + +  

 

18. Find ( )sec sec tanx x x dx+  

Solution:  

 The given integral is ( )sec sec tanx x x dx+  

  
( ) 2sec sec tan sec sec tan

tan sec

x x x dx xdx x xdx

x x C

+ = +

= + +

    

 Therefore, ( )sec sec tan tan secx x x dx x x C+ = + +  

19. Find 
2

2

sec

cosec

x
dx

x  

Solution:  

 The given integral is 
2

2

sec

cosec

x
dx

x  



   

 

  

2
2

2

2

2

sec
tan

cosec

sec 1

sec

tan

x
dx xdx

x

x dx

xdx dx

x x C

=

= −

= −

= − +

 



 

 

 Therefore, 
2

2

sec
tan

cosec

x
dx x x C

x
= − +  

 

20. Find 
2

2 3sin

cos

x
dx

x

−
  

Solution:  

 The given integral is 
2

2 3sin

cos

x
dx

x

−
  

  
2

2

2 3sin
2 sec 3 tan sec

cos

2 tan 3sec

x
dx xdx x xdx

x

x x C

−
= −

= − +

    

Therefore, 
2

2 3sin
2 tan 3sec

cos

x
dx x x C

x

−
= − +  

21. The antiderivative of 
1

x dx
x

 
+ 

 
  

1) 
1 1

3 2
1

2
3

x x C+ +     2) 
2 1

3 2
2 1

3 2
x x C+ +    

3) 
3 1

2 2
2

2
3

x x C+ +     4) 
3 1

2 2
3 1

2 2
x x C+ +  

Solution:  

 The given integral is 
1

x dx
x

 
+ 

 
  



   

 

  

1 1

2 2

1 1
1 1

2 2

3 1

2 2

3 1

2 2

1

1 1
1 1

2 2

3 1

2 2

2
2

3

x dx x dx x dx
x

x x
C

x x
C

x x C

−

+ − +

 
+ = + 

 

= + +

+ − +

= + +

= + +

  

 

 Hence, 
3 1

2 2
1 2

2
3

x dx x x C
x

 
+ = + + 

 
  

 Therefore, the option 3 is correct.  

 

22. If ( )( ) 3

4

3
4

d
f x x

dx x
= −  such that ( )2 0f = . Then ( )f x  is  

1) 
4

3

1 129

8
x

x
+ −    2) 

3

4

1 129

8
x

x
+ +  

3) 
4

3

1 129

8
x

x
+ +    4) 

3

4

1 129

8
x

x
+ −  

Solution:  

 Given  ( )( ) 3

4

3
4

d
f x x

dx x
= −  

 It implies that  

  

( ) 3

4

3

4

3 1 4 1

4

3

3
4

1
4 3

4 3
3 1 4 1

1

f x x dx
x

x dx dx
x

x x
C

x C
x

+ − +

= −

= −

= − +
+ − +

= + +



 
 



   

 

Given ( )2 0f =  

 

( ) 4 32 2 2

1
0 16

8

128 1

8

129

8

f C

C

C

−= + +

= + +

+
=

= −

 

Hence, ( ) 4

4

1 129

8
f x x

x
= + −  

Therefore, option 1 is correct.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



   

 

 

Exercise: 7.2 

1. Integrate the function 
2

2

1

x

x+
 

Solution:  

The given integral is 
2

2

1

x
dx

x+  

Put 
21t x= +  so that 2dt xdx=  

Hence, 

 

2

2

2 1

1

log

log 1

x
dx dt

x t

t C

x C

=
+

= +

= + +

 

 

Therefore, 
2

2

2
log 1

1

x
dx x C

x
= + +

+  

2. Integrate the function 
( )

2
log x

x
 

Solution: The given integral is 
( )

2
log x

dx
x  

Put logt x=  so that 
1

dt dx
x

=  

Hence, 

 

( )

( )

2

2

3

3

log

3

log

3

x
dx t dt

x

t
C

x
C

=

= +

= +

 

 



   

 

Therefore, 
( ) ( )

32
loglog

3

xx
dx C

x
= +  

3. Integrate the function 
1

logx x x+
 

Solution:  

The given integral is 
( )

1 1

log 1 log
dx dx

x x x x x
=

+ +    

 Put 1 logt x= +  so that 
1

dt dx
x

=  

Hence, 

 

( )

( )

1 1

log 1 log

1

log

log 1 log

dx dx
x x x x x

dx
t

t C

x C

=
+ +

=

= +

= + +

 

  

Therefore, ( )
1

log 1 log
log

dx x C
x x x

= + +
+  

 

4. Integrate the function ( )sin sin cosx x  

Solution:  

The given integral is ( )sin sin cosx x dx   

 Put cost x=  so that sindt xdx= −  

Hence, 

 

( )

( )

sin sin cos sin

cos

cos cos

x x dx tdt

t C

x C

= −

= +

= +

 
 



   

 

Therefore, ( ) ( )sin sin cos cos cosx x dx x C= +  

 

5. Integrate the function ( ) ( )sin cosax b ax b+ +  

Solution:  

The given integral is ( ) ( )sin cosax b ax b dx+ +   

 Put ( )sint ax b= +  so that ( )cosdt a ax b dx= +  

Hence, 

 

( ) ( )

( )

2

2

1
sin cos

1

2

1
sin

2

ax b ax b dx tdt
a

t
C

a

ax b C
a

+ + =

= +

= + +

 

 

Therefore, ( ) ( ) ( )21
sin cos sin

2
ax b ax b dx ax b C

a
+ + = + +  

6. Integrate the function ax b+  

Solution:  

The given integral is ax bdx+   

 Put ( )t ax b= +  so that dt adx=  

Hence, 

 

( )

3

2

3

2

1

1

3

2

2

3

ax bdx tdt
a

t

a

ax b
a

+ =

=

= +

 

 



   

 

Therefore, ( )
3

2
2

3
ax bdx ax b C

a
+ = + +  

 

7. Integrate the function 2x x +  

Solution:  

The given integral is 2x x dx+   

 Put 2t x= +  so that dt dx=  

Hence, 

 

( ) ( )

( ) ( )

3 1

2 2

5 3

2 2

5 3

2 2

2 2

2

2 2
2

5 3

2 4
2 2

5 3

x x dx t tdt

t dt t dt

t t C

x x C

+ = −

= −

 
= − + 

 

= + − + +

 

 
 

Therefore, ( ) ( ) ( )
5 3

2 2
2 4

2 2 2
5 3

x x dx x x C+ = + − + +  

8. Integrate the function 21 2x x+  

Solution: The given integral is 
21 2x x dx+   

 Put 
21 2t x= +  so that 4dt xdx=  

Hence, 

 

2 21
1 2 4 1 2

4

1

4

+ = +

=

 



x x dx x x dx

tdt

 



   

 

   

( )

3

2

3
2 2

1

34

2

1
1 2

6

= +

= + +

t
C

x C

 

Therefore, ( )
3

2 2 2
1

1 2 1 2
6

x x dx x C+ = + +  

 

9. Integrate the function ( ) 24 2 1x x x+ + +  

Solution:  

The given integral is ( ) ( )2 24 2 1 2 2 1 1x x x dx x x x dx+ + + = + + +    

 Put 
2 1t x x= + +  so that ( )2 1dt x dx= +  

Hence, 

 

( ) ( )

( )

2 2

3

2

3
2 2

4 2 1 2 2 1 1

2

2
3

2

4
1

3

x x x dx x x x dx

tdt

t
C

x x C

+ + + = + + +

=

= +

= + + +

 



 

Therefore, ( ) ( )
3

2 2 2
4

4 2 1 1
3

x x x dx x x C+ + + = + + +  

10. Integrate the function 
1

x x−
 

Solution:  

The given integral is 
( )

1 1

1
dx dx

x x x x
 = 

− −
    



   

 

 Put 1t x= −  so that 
1

2
dt dx

x
=  

Hence, 

 

( )

( )

( )

1 1

1

1 1
2

2 1

1
2

2log

2log 1

dx dx
x x x x

dx
x x

dt
t

t C

x C

 = 
− −

 
=  

− 

=

= +

= − +

 



  

Therefore, ( )1
2log 1dx x C

x x
 = − +

−
  

11. Integrate the function 
4

x

x +
 

Solution:  

The given integral is 
4

x
dx

x +
  

( ) ( )

( )

1 1
1 1

2 2

3

2

4 4

4 4

4 4

4 4

1
4 4

4

4 4
4

3 1

2 2

2
4 8 4

3

x x
dx dx

x x

x
dx

x x

x dx dx
x

x x
C

x x C

+ − +

+ −
 = 

+ +

+
= − 

+ +

= + −
+

+ +
= − +

= + − + +

 



    

Therefore, ( )
2

4 8
34

x
dx x x C

x
= + − +

+
  



   

 

12. Integrate the function ( )
1

3 531x x−  

Solution:  

 The given integral is ( )
1

3 531x x dx−  

  Put 
3 1t x= −  so that 

23dt x dx=  

Hence, 

 

( ) ( ) ( )

( )

( ) ( ) ( )

1 1
3 5 3 2 33 3

1

3

4 1

3 3

7 4

3 3

7 4

3 3

4 1
3 3 33 3

1
1 1 3

3

1
1

3

1

3

1 1

7 43 3

3 3

1 1

7 4

1 1
1 1 1

7 4

x x dx x x x dx

t t dt

t t dt

t t

t t C

x x x C

− = −

= +

= +

   
   

= +   
   
   

= + +

 
= − − + − + 

 

 





 

Therefore, ( ) ( ) ( ) ( )
1 4 1

3 5 3 3 33 3 3
1 1

1 1 1 1
7 4

x x dx x x x C
 

− = − − + − + 
 

  

13. Integrate the function 
( )

2

3
32 3

x

x+
 

Solution:  

 The given integral is 
( )

2

3
32 3

x
dx

x+
  

  Put 
32 3t x= +  so that 

29dt x dx=  

Hence, 



   

 

 

( ) ( )

( )

2 2

3 3
3 3

3

3 1

2

2
3

1 9

92 3 2 3

1

9

1

9 3 1

1

18

1

18 2 3

x x
dx dx

x x

t dt

t

t

C
x

−

− +

=
+ +

=

 
=  

− + 

= −

= − +
+

 



 

Therefore, 
( ) ( )

2

3 2
3 3

1

2 3 18 2 3

x
dx C

x x
= − +

+ +
  

14. Find the integral of the function 
( )

1

log
m

x x
 

Solution:  

 The given integral is 
( )

1

log
m

dx
x x
  

  Put logt x=  so that 
1

dt dx
x

=  

Hence, 

( )

( )

1

1

1 1

log

1

log

1

m m

m

m

dx dt
tx x

t
C

m

x
C

m

− +

− +

=

= +
− +

= +
− +

 

 

Therefore, 
( )

( )
1

log1

1log

m

m

x
dx C

mx x

− +

= +
− +  

15. Integrate the function 
29 4

x

x−
 

Solution:  



   

 

 The given integral is 
29 4

x
dx

x−  

  Put
29 4t x= − , so that 8dt x= −  

 Hence, the integral can be rewrite as  

  

( )

( )

2 2

2

1 8

9 4 8 9 4

1

8

1
log

8

1
log 9 4

8

x x
dx dx

x x

dt

t

t C

x C

−
= −

− −

= −

= − +

= − − +

 


 

 Therefore, ( )2

2

1
log 9 4

9 4 8

x
dx x C

x
= − − +

−  

16. Find the integral of the function 
2 3xe +

 

Solution:  

 The given integral is 
2 3xe dx+

  

  Put 2 3t x= + , so that 2dt dx=  

 Hence, the given integral can be rewrite as  

   

( )2 3 2 3

2 3

1
2

2

1

2

1

2

1

2

x x

t

t

x

e dx e dx

e dt

e C

e C

+ +

+

=

=

= +

= +

 


 

 Therefore, 
2 3 2 31

2

x xe dx e C+ += +  

 



   

 

17. Find the integral of the function 2x

x

e
 

Solution:  

 The given integral is 2x

x
dx

e
  

  Put 
2 ,t x=  so that 2dt xdx=  

 Hence the integral can be rewrite as  

  

2 2

2

1 2

2

1

2

1

2

1

2

1

2

x x

t

t

t

x

x x
dx dx

e e

dt

e

e dt

e C

e C

−

−

−

=

=

=

= − +

= − +

 



  

 Therefore, 
2

2

1

2

x

x

x
dx e C

e

−= − +  

18. Find the integral of the function 

1tan

21

xe

x

−

+
 

Solution:  

 The given integral is 

1tan

21

xe
dx

x

−

+
 

  Put 
1tan ,t x−=  so that 

2

1

1
dt dx

x
=

+
 

 Hence the integral can be rewrite as  

  

1

1

tan

2

tan

1

x
t

t

x

e
dx e dt

x

e C

e C

−

−

=
+

= +

= +

 

 



   

 

 Therefore, 

1

1
tan

tan

21

x
xe

dx e C
x

−

−

= +
+

 

19. Find the integral of the function 
2

2

1

1

x

x

e

e

−

+
 

Solution:  

 The given integral is  

2

2

1

1

x x x

x x x

e e e
dx dx

e e e

−

−

− −
=

+ +  , by dividing both numerator and denominator with 

xe  

  Put 
x xt e e−= +  so that ( )x xdt e e dx−= −  

 Hence the integral can be rewrite as  

  

( )

( )

2

2

1

1

ln

ln

x x x

x x x

x x

e e e
dx dx

e e e

dt

t

t C

e e C

−

−

−

− −
=

+ +

=

= +

= + +

 

  

 Therefore, ( )
2

2

1
ln

1

x
x x

x

e
dx e e C

e

−−
= + +

+  

20. Find the integral of the function 
2 2

2 2

x x

x x

e e

e e

−

−

−

+
 

Solution:  

 The given integral is  

2 2

2 2

x x

x x

e e
dx

e e

−

−

−

+ , by dividing both numerator and denominator with 
xe  

  Put 
2 2x xt e e−= +  so that ( )2 22 x xdt e e dx−= −  

 Hence the integral can be rewrite as  



   

 

  

( )

( )

( )

2 22 2

2 2 2 2

2 2

21

2

1

2

1
log

2

1
log

2

x xx x

x x x x

x x

e ee e
dx dx

e e e e

dt

t

t C

e e C

−−

− −

−

−−
=

+ +

=

= +

= + +

 


 

 Therefore, ( )
2 2

2 2

2 2

1
log

2

x x
x x

x x

e e
dx e e C

e e

−
−

−

−
= + +

+  

21. Find the integral of the function ( )2tan 2 3x −  

Solution:  

 The given integral is ( ) ( )( )2 2tan 2 3 sec 2 3 1x dx x dx− = − −   

  Put 2 3t x= −  so that 2dt dx=  

 Hence the integral can be rewrite as  

  

( ) ( )( )

( )( )

( )( )

( )( )

( ) ( )

( )

2 2

2

2

tan 2 3 sec 2 3 1

1
sec 2 3 1 2

2

1
sec 1

2

1
tan

2

1
tan 2 3 2 3

2

1
tan 2 3

2

x dx x dx

x dx

t dt

t t c

x x c

x x C

− = − −

= − −

= −

= − +

= − − − +

= − − +

 




 

 Therefore, ( ) ( )2 1
tan 2 3 tan 2 3

2
x dx x x C− = − − +  

 

 

 



   

 

22. Find the integral of the function ( )2sec 7 4x−  

Solution:  

 The given integral is ( )2sec 7 4x dx−  

  Put 7 4t x= −  so that 4dt dx= −  

 Hence the integral can be rewrite as  

  

( ) ( ) ( )

( )

( )

2 2

2

1
sec 7 4 sec 7 4 4

4

1
sec

4

1
tan

4

1
tan 7 4

4

x dx x dx

tdt

t C

x C

− = − − −

= −

= − +

= − − +

 


 

 Therefore, ( ) ( )2 1
sec 7 4 tan 7 4

4
x dx x C− = − − +  

23. Find the integral of the function 
1

2

sin

1

x

x

−

−
 

Solution:  

 The given integral is 
1

2

sin

1

x
dx

x

−

−
  

  Put 
1sin ,t x−=  so that 

2

1

1
dt dx

x
=

−
 

 Hence the integral can be rewrite as  

  

( )

1

2

2

2
1

sin

1

2

sin

2

x
dx tdt

x

t
C

x
C

−

−

=
−

= +

= +

 

 



   

 

 Therefore, 
( )

2
11

2

sinsin

21

xx
dx C

x

−−

= +
−

  

24. Find the integral of the function 
2cos 3sin

6cos 4sin

x x

x x

−

+
 

Solution:  

  The given integral is 
2cos 3sin

6cos 4sin

x x
dx

x x

−

+  

   Put ( )3cos 2sint x x= +  so that ( )2cos 3sindt x x dx= −  

  Hence the integral can be rewrite as  

   

( )

2cos 3sin 1 2cos 3sin

6cos 4sin 2 3cos 2sin

1

2

1
ln

2

1
ln 3cos 2sin

2

x x x x
dx dx

x x x x

dt

t

t C

x x C

− −
=

+ +

=

= +

= + +

 


 

 Therefore, 
2cos 3sin 1

ln 3cos 2sin
6cos 4sin 2

x x
dx x x C

x x

−
= + +

+  

25. Find the integral of the function 
( )

22

1

cos 1 tanx x−
 

Solution:  

 The given integral is 
( ) ( )

2

2 22

1 sec

cos 1 tan 1 tan

x
dx dx

x x x
=

− −
   

  Put 1 tant x= −  so that 
2secdt xdx= −  

 Hence the integral can be rewrite as  



   

 

   

( ) ( )

2

2 22

2

1

1 sec

cos 1 tan 1 tan

1

1

1

1 tan

x
dx dx

x x x

dt

t

t

t

x

−

−
= −

− −

= −

= −
−

=

=
−

 



 

  Therefore, 
( )

22

1 1

1 tancos 1 tan
dx

xx x
=

−−
  

26. Find the integral of the function 
cos x

x
 

Solution:  

 The given integral is 
cos x

dx
x

  

  Put t x=  so that 
1

2
dt dx

x
=  

 Hence the integral can be rewrite as  

   

( )

( )

cos cos
2

2

2 cos

2 sin

2sin

x x
dx dx

x x

tdt

t C

x C

=

=

= +

= +

 

  

Therefore, ( )cos
2sin

x
dx x C

x
= +  

 

 



   

 

27. Find the integral of the function  sin 2 cos2x x  

Solution:  

 The given integral is sin 2 cos2x xdx  

  Put sin 2t x= , so that 2cos2dt x=  

 The integral can be rewrite as  

   

( )

3

2

3

2

3

2

1
sin 2 cos2 sin 2 2cos2

2

1

2

1 2

2 3

1

3

1
sin 2

3

x xdx x xdx

tdt

t C

t C

x C

=

=

=  +

= +

= +

 



 

 Therefore, ( )
3

2
1

sin 2 cos2 sin 2
3

x xdx x C= +  

28. Find the integral of the function  
cos

1 sin

x

x+
 

Solution:  

 The given integral is 
cos

1 sin

x
dx

x+
  

  Put 1 sint x= + , so that cosdt xdx=  

 The integral can be rewrite as  

   

cos

1 sin

2

2 1 sin

x dt
dx

x t

t C

x C

=
+

= +

= + +

 

 

 Therefore, 
cos

2 1 sin
1 sin

x
dx x C

x
= + +

+
  



   

 

29. Find the integral of the function  cot logsinx x  

Solution:  

 The given integral is cot logsinx xdx  

  Put logsint x= , so that 
1

cos
sin

dt xdx
x

=  

 The integral can be rewrite as  

   

( )

2

2

1
cot logsin logsin cos

sin

2

1
logsin

2

x xdx x xdx
x

tdt

t
C

x C

=

=

= +

= +

 


 

Therefore, ( )
21

cot logsin logsin
2

x xdx x C= +  

30. Find the integral of the function 
sin

1 cos

x

x+
 

Solution:  

 The given integral is 
sin

1 cos

x
dx

x+  

  Put 1 cost x= + , so that sindt x= −  

 Hence, the given integral becomes  

  

( )

( )

sin sin

1 cos 1 cos

ln

ln 1 cos

x x
dx dx

x x

dt

t

t C

x C

−
= −

+ +

= −

= − +

= − + +

 

  

 Therefore, ( )
sin

ln 1 cos
1 cos

x
dx x C

x
= − + +

+  



   

 

 

31. Find the integral of the function 
( )

2

sin

1 cos

x

x+
 

Solution:  

 The given integral is 
( )

2

sin

1 cos

x
dx

x+
  

  Put 1 cost x= + , so that sindt x= −  

 Hence, the given integral becomes  

  

( ) ( )
2 2

2

sin sin

1 cos 1 cos

1

1

1 cos

x x
dx dx

x x

dt

t

C
t

C
x

−
= −

+ +

= −

= +

= +
+

 


 

 Therefore, 
( )

2

sin 1

1 cos1 cos

x
dx C

xx
= +

++
  

32. Find the integral of the function 
1

1 cot x+
 

Solution:  

 The given integral is 
1

1 cot
dx

x+  

   

( ) ( )

1 1

cos1 cot 1
sin

sin

sin cos

1 2sin

2 sin cos

sin cos sin cos1

2 sin cos

dx dx
xx

x

x
dx

x x

x
dx

x x

x x x x
dx

x x

=
+ +

=
+

=
+

+ + −
=

+

 







 



   

 

  Put sinx cosx t+ = , so that ( )cos sinx x dx dt− =  

  The above integral becomes  

   ( )

( )

1 cos sin 1
1

2 sin cos 2 2

1
ln

2 2

1
ln sin cos

2 2

x x x dt
dx C

x x t

x
t C

x
x x C

− 
− = − + 

+ 

= − +

= − + +

 

  

   Therefore, ( )
1 1

ln sin cos
1 cot 2 2

x
dx x x C

x
= − + +

+  

 

33. Find the integral of the function 
1

1 tan x−
 

Solution:  

 The given integral is 
1

1 tan
dx

x−  

   

( ) ( )

1 1

sin1 tan 1
cos

cos

cos sin

1 2cos

2 cos sin

cos sin cos sin1

2 cos sin

dx dx
xx

x

x
dx

x x

x
dx

x x

x x x x
dx

x x

=
− −

=
−

=
−

+ + −
=

−

 







 

  Put sincosx x t− = , so that ( )sin cosx x dx dt− − =  

  The above integral becomes  

   
1 cos sin 1

1
2 cos sin 2 2

− − 
− = − + 

− 
 

x x x dt
dx C

x x t
  



   

 

      

( )

( )

1
ln

2 2

1
ln cos sin

2 2

= − +

= − − +

x
t C

x
x x C

 

   Therefore, ( )
1 1

ln cos sin
1 tan 2 2

x
dx x x C

x
= − − +

−  

34. Find the integral of the function 
tan

sin cos

x

x x
 

Solution:  

 The given integral is 
tan

sin cos

x
dx

x x  

 The above integral rewrite and simplify as below 

 

  

2

2

2

tan tan

sinsin cos cos
cos

tan sec

tan

sec

tan

x x
dx dx

xx x x
x

x x
dx

x

x
dx

x

=

=

=

 





 

  Put tan x t= , so that 
2sec xdx dt=  

   

2

1

2

sec

tan

1

2

2

2 tan

x dt
dx

x t

t
C

t C

x C

=

= +

= +

= +

 

 

 Therefore, 
tan

2 tan
sin cos

x
dx x C

x x
= +  

 



   

 

35. Find the integral of the function 
( )

2
1 log x

x

+
 

Solution:  

 The given integral is 
( )

2
1 log x

dx
x

+
  

 Put 1 log x t+ = , so that 
1

dx dt
x

=  

 Hence,  

  

( )

( )

2

2

3

3

1 log

3

1 log

3

x
dx t dt

x

t
C

x
C

+
=

= +

+
= +

 

 

  Therefore, 
( ) ( )

2 3
1 log 1 log

3

x x
dx C

x

+ +
= +   

36. Find the integral of the function 
( ) ( )

2
1 logx x x

x

+ +
 

Solution:  

 The given integral is 
( ) ( )1 logx x x

dx
x

+ +
  

  Put logt x x= + , so that 
1

1dt dx
x

 
= + 
 

 

 The integral can be rewrite it as  



   

 

  

( ) ( )
( )

( )

2

2

1 log 1
log 1

2

log

2

x x x
dx x x dx

x x

tdt

t
C

x x
C

+ +  
= + + 

 

=

= +

+
= +

 


 

 Therefore, 
( ) ( ) ( )

2
1 log log

2

x x x x x
dx C

x

+ + +
= +  

  

37. Find the integral of the function 
( )3 1 4

8

sin tan

1

x x

x

−

+
 

Solution:  

 The given integral is 
( )3 1 4

8

sin tan

1

x x
dx

x

−

+  

  Put
1 4tan x t− = , so that ( )3

8

1
4

1
x dx dt

x
=

+
 

 The integral becomes  

  

( )

( )

( )( )

3 1 4

8

1 4

sin tan 1
sin

1 4

1
cos

4

1
cos tan

4

x x
dx tdt

x

t C

x C

−

−

=
+

= − +

= − +

 

 

 Therefore, 
( )

( )( )
3 1 4

1 4

8

sin tan 1
cos tan

1 4

x x
dx x C

x

−

−= − +
+  

 

 

 



   

 

38. 
9

10

10 10 log 10

10

x

e

x

x
dx

x

+
=

+  

1) 1010x x C− +     2) 
1010x x C+ +    

3) ( )
1

1010x x C
−

+ +     4) ( )10log 10x x C+ +  

Solution: 

 The given integral is 
9

10

10 10 log 10

10

x

e

x

x
dx

x

+

+  

  Put 
10 10xt x= + , so that ( )910 10 log 10x

edt x dx= +  

 The integral becomes  

  ( )

( )

9

10

10

10 10 log 10 1

10

log

log 10

x

e

x

x

x
dx dt

x t

t C

x C

+
=

+

= +

= + +

 

 

 Therefore, the option 4 is correct.  

39. 
2 2sin cos

dx

x x
=  

1) tan cotx x C+ +     2) tan cotx x C− +    

3) tan cotx x C+     4) tan cot 2x x C− +  

Solution:  

 The given integral becomes  

  

( )

2 2

2 2 2 2

2 2

2 2

sin cos

sin cos sin cos

1 1

cos sin

sec csc

tan cot

dx x x
dx

x x x x

dx
x x

x x dx

x x C

+
=

 
= + 

 

= +

= − +

 





 

 Therefore, option 2 is correct. 



   

 

 

Exercise: 7.3 

 

1. Find the integral of the function ( )2sin 2 5x +  

Solution: 

From trigonometry we have 
2 1 cos2

sin
2




−
=  

( )
( )

( )

2 1 cos2 2 5
sin 2 5

2

1 cos 4 10

2

x
x

x

− +
+ =

− +
=

 

 Use the integrals 
1

cos sinkxdx kx C
k

= +  

Consider the integral 

( )
( )

( )

( )

( )

2 1 cos 4 10
sin 2 5

2

1 1
1 cos 4 10

2 2

sin 4 101 1

2 2 4

1 1
sin 4 10

2 8

x
x dx dx

dx x dx

x
x C

x x C

− +
+ =

= − +

+ 
= − + 

 

= − + +

 

 
 

Therefore, ( ) ( )2 1 1
sin 2 5 sin 4 10

2 8
x dx x x C+ = − + +  

 

2. Find the integral of the function sin 3 .cos 4x x  

Solution: 

From trigonometry, we have ( ) ( ) 
1

sin cos sin sin
2

A B A B A B= + + −  



   

 

 Use the integrals 
1

sin coskxdx kx C
k

= − +  

 

Consider the integral  

 

( ) ( ) 

( ) 

 

1
sin 3 cos4 sin 3 4 sin 3 4

2

1
sin 7 sin

2

1
sin 7 sin

2

1 cos7
cos

2 7

cos7 cos

14 2

x x dx x x x x dx

x x dx

x x dx

x
x C

x x
C

= + + −

= + −

= −

 
= − + + 

 

= − + +

 



  

Therefore, 
cos7 cos

sin 3 cos4
14 2

x x
x x dx C= − + +   

3. Find the integral of the function cos 2 cos 4 cos 6x x x  

Solution: 

From trigonometry we have ( ) ( ) 
1

cos cos cos cos
2

A B A B A B= + + −  

Consider the product cos4 cos6x x  

( ) ( ) 

( ) ( )

( )

1
cos4 cos6 cos 4 6 cos 4 6

2

1
cos 10 cos 2

2

1
cos10 cos2

2

x x x x x x

x x

x x

= + + −

= + −

= +

 

 Hence, the given product can be written as  



   

 

  

( )

( )

( ) ( )( )

( )

2

1
cos2 cos4 cos6 cos2 cos10 cos2 cos2

2

1
2cos2 cos10 2cos 2

4

1
cos12 8 1 cos4

4

1
1 cos12 8 4

4

x x x x x x x

x x x

x cos x x

x cos x cos x

= +

= +

= + − + +

= + + +

 

 Use the integrals 
1

cos sinkxdx kx C
k

= +  

Consider the integral  

  

1
cos2 cos4 cos6 1 cos12 8 4

4

1 sin12 sin8 sin 4

4 12 8 4

sin12 sin8 sin 4

4 48 32 16

x x xdx x cos x cos xdx

x x x
x C

x x x x
C

= + + +

 
= + + + +  

= + + + +

 

 

 Therefore, 
sin12 sin8 sin 4

cos2 cos4 cos6
4 48 32 16

x x x x
x x xdx C= + + + +  

4. Find the integral of the function ( )3sin 2 1x+  

Solution: 

Method 1: 

 From trigonometry, we have 
3sin3 3sin 4sin  = −  

  ( ) ( ) ( )( )3 1
sin 2 1 3in 2 1 sin 6 3

4
x x x+ = + − +  

 Use the integrals 
1

sin coskxdx kx C
k

= − +  

Consider  

  

( ) ( ) ( )( )

( ) ( )

3 1
sin 2 1 3sin 2 1 sin 6 3

4

3 1
sin 2 1 sin 6 3

4 4

+ = + − +

= + − +

 

 

x dx x x dx

x dx x dx

 



   

 

    

( ) ( )

( ) ( )

cos 2 1 cos 6 33 1

4 2 4 6

3 1
cos 2 1 cos 6 3

8 24

+ +   
= − − − +   

   

= − + − + +

x x
C

x x C

 

 Therefore, ( ) ( ) ( )3 3 1
sin 2 1 cos 2 1 cos 6 3

8 24
x dx x x C+ = − + − + +  

Method: 2 

 Consider the integral  

   

( )

( ) ( )

( ) ( )( )

( ) ( ) ( )

3

2

2

2

sin 2 1

sin 2 1 .sin 2 1

1 cos 2 1 sin 2 1

sin 2 1 cos 2 1 sin 2 1

I x

x x dx

x x dx

x dx x x dx

= +

= + +

= − + +

= + − +  +







 

 

Suppose that  

 
( )

( )

cos 2 1

2sin 2 1

x t

x dx dt

+ =

− + =
 

  Use the integrals 
1

sin coskxdx kx C
k

= − +  

( ) ( ) ( ) ( )( )

( )

( )

( ) ( )

3 2

2

3

3

1
sin 2 1 sin 2 1 cos 2 1 2sin 2 1

2

cos 2 1 1

2 2

cos 2 1

2 6

cos 2 1 cos 2 1

2 6

x dx x dx x x dx

x
c t dt

x t
C

x x
C

+ = + + +  − +

+
= − + +

+
= − + +

+ +
= − + +

  


 

Therefore,  ( ) ( ) ( )3 31 1
sin 2 1 cos 2 1 cos 2 1

2 6
x dx x x C+ = − + + + +  

 

 



   

 

5. Find the integral of the function 
3 3sin cosx x  

Solution: 

Consider the integral  

 

( )

3 3 2 3

3 2

sin cos sin cos sin

cos 1 cos sin

x xdx x x x dx

x x x dx

=

= −

 


 

Put cos x t= , so that sin xdx dt− =  

The integral becomes  

 

( )( )

( )

3 3 3 2

3 5

4 6

4 6

sin cos 1

4 6

1 1
cos cos

4 6

x xdx t t dt

t t dt

t t
C

x x C

= − −

= − −

 
= − − + 

 

= − + +

 


   

Therefore, 
3 3 4 61 1

sin cos cos cos
4 6

x xdx x x C= − + +  

  

6. Find the integral of the function sin sin 2 sin 3x x x  

Solution: 

 From the trigonometry, use the formula ( ) ( ) 
1

sin sin cos cos
2

A B A B A B= − − +  

 The given function is sin sin 2 sin 3x x x                

         ( )( )
1

sin sin 2 sin 3 sin 2sin 2 sin 3
2

=x x x x x x  

( )( )
1

sin cos cos5
2

= −x x x  

    ( )
1

sin cos sin cos5
2

= −x x x x  



   

 

    

( )

( )

1
2sin cos 2sin cos5

4

1
sin 2 sin 6 sin 4

4

= −

= − +

x x x x

x x x

 

 Use the integral 
1

sin coskxdx kx C
k

= − +  

Consider the integral  

  

( )
1

sin sin 2 sin 3 sin 2 sin 6 sin 4
4

1 cos2 1 cos6 1 cos4

4 2 4 6 4 4

1 1 1
cos2 cos6 cos4

8 24 16

x x xdx x x x dx

x x x
C

x x x C

= − +

     
= − − − + − +     

     

= − + − +

 

 

 Therefore, 
1 1 1

sin sin 2 sin 3 cos2 cos6 cos4
8 24 16

x x xdx x x x C= − + − +  

 

7. Find the integral of the function sin 4 sin 8x x  

Solution: 

From trigonometry ( ) ( )2sin sin cos cosA B A B A B= − − +  

Hence,  

 

( ) ( )( )

( )( )

( )

1
sin 4 sin8 cos 4 8 cos 4 8

2

1
cos 4 cos12

2

1
cos4 cos8

2

x x x x x x

x x

x x

= − − +

= − −

= −

 

Use the integral 
1

cos sinkxdx kx C
k

= +  

Consider the integral 



   

 

 

( )
1

sin 4 sin8 cos4 cos8
2

1 sin 4 sin8

2 4 8

1 1
sin 4 sin8

8 16

x xdx x x dx

x x
C

x x C

= −

 
= − + 

 

= − +

 

 

Therefore,
1 1

sin 4 sin8 sin 4 sin8
8 16

x xdx x x C= − +  

8. Find the integral of the function 
1 cos

1 cos

x

x

−

+
 

Solution: 

From the trigonometric formula 
2 21 cos 2sin ,1 cos 2cos

2 2

x x
x x− = + =  

Hence,  

 

2

2

2

2

2sin
1 cos 2

1 cos
2cos

2

tan
2

sec 1
2

x

x

xx

x

x

 
 −  =

+  
 
 

 
=  

 

 
= − 

 

 

Consider the integral  

 

( ) ( )2 21 cos 1
sec 1 sec tan

1 cos 2

2 tan
2

x x
dx dx kx dx kx c

x k

x
x C

−  
= − = + 

+  

 
= − + 

 

  
 

9. Find the integral of the function 
cos

1 cos

x

x+
 

Solution: 

From trigonometry,  



   

 

 

2 2

2

cos cos sin
2 2

1 cos 2cos
2

x x
x

x
x

= −

 
+ =  

 

 

Hence,  

2 2

2

2

2

2

2

cos sin
cos 2 2

1 cos 2cos
2

1 1
tan

2 2 2

1 1
sec 1

2 2 2

1 1 1
sec

2 2 2 2

1
1 sec

2 2

x x
x

xx

x

x

x

x

−
=

+

= −

 
= − − 

 

= − +

= −

 

 Consider the integral  

  

( )2 2cos 1 1
1 sec sec tan

1 cos 2 2

1
2 tan

2 2

tan
2

x x
dx dx kx dx kx c

x k

x
x C

x
x C

= − = +
+

 
= − + 

 

= − +

  

 

 Therefore, 
cos

tan
1 cos 2

x x
dx x C

x
= − +

+  

10. Find the integral of the function 
4sin x  

Solution: 

From trigonometry  

( )
2

4 2

2

sin sin

1 cos 2

2

=

− 
=  
 

x x

x
 



   

 

( )

( )

21
1 cos 2 2cos 2

4

1 1 cos 4
1 2cos 2

4 2

1
3 cos 4 4cos 2

8

= + −

+ 
= + − 

 

= + −

x x

x
x

x x

 

 Use the integrals 
1

cos sinkxdx kx C
k

= +  

Consider the integral  

  

4 1
sin 3 cos4 4cos2

8

3 sin 4 1 sin 2

8 32 2 2

3 sin 4 sin 2

8 32 4

xdx x xdx

x x x
C

x x x
C

= + −

= + − +

= + − +

 

 

Therefore, 
4 3 sin 4 sin 2

sin
8 32 4

x x x
xdx C= + − +  

 

11. Find the integral of the function 
4cos 2x  

Solution: 

From trigonometry  

( )

( )

( )

2
4 2

2

2

cos 2 cos 2

1 cos4

2

1
1 cos 4 2cos4

4

1 1 cos8
1 2cos4

4 2

1
3 cos8 2cos4

8

x x

x

x x

x
x

x x

=

+ 
=  
 

= + +

+ 
= + + 

 

= + +

 

Use the integrals 
1

cos sinkxdx kx C
k

= +  



   

 

Consider the integral  

  

4 1
cos 2 3 cos8 2cos4

8

3 cos8 1 cos4

8 64 4 4

3 cos8 cos4

8 64 16

xdx x xdx

x x x
C

x x x
C

= + +

= + + +

= + + +

 

 

Therefore, 
4 3 cos8 cos4

cos 2
8 64 16

x x x
xdx C= + + +  

 

12. Find the integral of the function 
2sin

1 cos

x

x+
 

Solution: 

 Consider the integral 
2sin

1 cos

x
dx

x+
 

  
( ) ( )

( )

2 2sin 1 cos

1 cos 1 cos

1 cos 1 cos

1 cos

1 cos

sin

x x
dx dx

x x

x x
dx

x

x dx

x x C

−
=

+ +

− +
=

+

= −

= − +

 





   

Therefore, 
2sin

sin
1 cos

x
dx x x C

x
= − +

+
 

 

13. Find the integral of the function 
cos 2 cos 2

cos cos

x

x





−

−
 

Solution: 

Use the trigonometry 



   

 

  

( )

( )

( )

2 2

2 2

2cos 1 2cos 1cos2 cos2

cos cos cos cos

2 cos cos

cos cos

2 cos cos

xx

x x

x

x

x



 







− − −−
=

− −

−
=

−

= +

 

Consider the integral  

 
( )

cos2 cos2
2 cos cos

cos cos

2sin 2 cos

x
dx x dx

x

x x C








−
= +

−

= + +

   

Therefore, 
cos2 cos2

2sin 2 cos
cos cos

x
dx x x C

x






−
= + +

−  

 

14. Find the integral of the function 
cos sin

1 sin 2

x x

x

−

+
 

Solution: 

From trigonometry, use the formula 
2 2cos sin 1,sin2 2sin cosx x x x x+ = =  

 

( )

2 2

2

cos sin cos sin

1 sin 2 cos sin 2sin cos

cos sin

cos sin

x x x x

x x x x x

x x

x x

− −
=

+ + +

−
=

+

 

Put cos sin ,t x x= +  so that ( )cos sindt x x dx= −  

Hence,  

 

( )
2

2

cos sin cos sin

1 sin 2 cos sin

1

1

cos sin

x x x x
dx dx

x x x

dt

t

C
t

C
x x

− −
=

+ +

=

= − +

= − +
+

 


 



   

 

Therefore, 
cos sin 1

1 sin 2 cos sin

x x
dx C

x x x

−
= − +

+ +  

 

15. Find the integral of the function 
3tan 2 sec2x x  

Solution: 

From trigonometry  

( )

3 2

2

2

tan 2 sec2 tan 2 tan 2 sec2

sec 2 1 tan 2 sec2

sec 2 . tan 2 sec2 tan 2 sec2

x x x x x

x x x

x x x x x

=

= −

= −

 

 Consider the integral  

  3 2tan 2 sec2 sec 2 . tan 2 sec2 tan 2 sec2x xdx x x x x xdx= −   

 Put sec2 ,t x=  so that 2sec2 tan 2dt x x=  

 The above integral becomes  

  

3 2

2

3

3

tan 2 sec2 sec 2 . tan 2 sec2 tan 2 sec2

1 1
t

2 2

1

2 3 2

sec 2 sec2

6 2

x xdx x x x x xdx

dt dt

t t
C

x x
C

= −

= −

 
= − + 

 

= − +

 

 
 

Therefore, 
3

3 sec 2 sec2
tan 2 sec2

6 2

x x
x xdx C= − +  

16. Find the integral of the function 
4tan x  

Solution: 

( )

( )( )

2
4 2

4 2

2 2 2

tan sec 1

sec 1 2sec

sec sec 1 2sec

= −

= + −

= + −

 





xdx x dx

x xdx

x x xdx

 



   

 

 

( )( )

( )

2 2 2

2 2 2 2

2 2 2

1 tan sec 1 2sec

sec tan sec 1 2sec

tan sec sec 1

= + + −

= + + −

= − +





  

x x xdx

x x x xdx

x xdx xdx dx

 

Put tan x t= , so that 
2sec xdx dt=  

Hence, the above integral becomes  

 

4 2

3

3

tan tan

tan
3

1
tan tan

3

xdx t dt x x C

t
x x C

x x C

= − + +

= − + +

= − +

 

 

Therefore, 
4 31

tan tan tan
3

xdx x x C= − +  

17. Find the integral of the function 
3 3

2 2

sin cos

sin cos

x x

x x

+
 

Solution: 

Consider the integral  

 

3 3

2 2 2 2

sin cos sin cos

sin cos cos sin

tan sec cot csc

sec csc

x x x x
dx dx dx

x x x x

x xdx x xdx

x x C

+
= +

= +

= − +

  

   

Therefore, 
3 3

2 2

sin cos
sec csc

sin cos

x x
dx x x C

x x

+
= − +  

18. Find the integral of the function 
2

2

cos 2 2sin

cos

x x

x

+
 

Solution: 

Consider the integral  



   

 

2 2 2 2

2 2

2 2

2

2

2

cos2 2sin cos sin 2sin

cos cos

cos sin

cos

1

cos

sec

tan

x x x x x
dx dx

x x

x x
dx

x

dx
x

xdx

x C

+ − +
=

+
=

=

=

= +

 







 

Therefore, 
2

2

cos2 2sin
tan

cos

x x
dx x C

x

+
= +  

19. Find the integral of the function 
3

1

sin cosx x
 

Solution: 

Consider the integral is 
3

1

sin cos
dx

x x  

2 2

3 3

3

2

2

2
2

1 sin cos

sin cos sin cos

sin 1

cos sin cos

1
tan sec

sin
cos

cos

sec
tan sec

tan

x x
dx dx

x x x x

x
dx dx

x x x

x xdx dx
x

x
x

x
x xdx dx

x

+
=

= +

= +

= +

 

 

 

 

 

Put tan x t= , 
2sec xdx dt=  

 

( )

2
2

3

2

2

1 sec
tan sec

sin cos tan

1

log
2

tan
log tan

2

x
dx x xdx dx

x x x

tdt dt
t

t
t C

x
x C

= +

= +

= + +

= + +

  

 
 



   

 

 Therefore, ( )
2

3

1 tan
log tan

sin cos 2

x
dx x C

x x
= + +  

20. Find the integral of the function 
( )

2

cos2

cos sin

x

x x+
 

Solution: 

Consider the integral  

( ) ( )

( ) ( )

( )

( )
( )

2 2

2 2

2

cos2 cos sin

cos sin cos sin

cos sin cos sin

cos sin

cos sin

cos sin

x x x
dx dx

x x x x

x x x x
dx

x x

x x
dx

x x

−
=

+ +

− +
=

+

−
=

+

 





 

 Put cos sinx x t+ = , so that ( )sin cosx x dx dt− + =  

 The above integral becomes 

  

( )

( )
( )2

cos sincos2

cos sincos sin

log

log cos sin

x xx
dx dx

x xx x

dt

t

t C

x x C

−
=

++

=

= +

= + +

 

  

 Therefore, 
( )

2

cos2
log cos sin

cos sin

x
dx x x C

x x
= + +

+
   

21. Find the integral of the function ( )1sin cos x−
 

Solution: 

Consider the integral  

( )1 1sin cos sin sin with restricted domain
2

− −   
= −  

  
 x dx x dx


 



   

 

  
2

 
= − 

 
 x dx


 

  
2

2 2
= − +

x x
C


 

 Therefore, ( )
2

1sin cos
2 2

x x
x dx C

− = − +  

22. The functional expression for the integral 
( ) ( )

1

cos cos
dx

x a x b− −  

Solution: 

Rewrite the integrand as below.  

( ) ( ) ( )
( )

( ) ( )

( )

( ) ( )

( ) ( )

( )

( ) ( ) ( ) ( )

( ) ( )

( )
( ) ( )

sin1 1

cos cos sin cos cos

sin1

sin cos cos

sin cos cos sin1

sin cos cos

1
tan tan

sin

a b

x a x b a b x a x b

x b x a

a b x a x b

x b x a x b x a

a b x a x b

x b x a
a b

 −
=  

− − − − − 

 − − −  =  
− − −  

 − − − − −  =  
− − −  

= − − −  −

 

Use the integral ( )tan log cosxdx x c= − +  

The given integral becomes  

( ) ( ) ( )
( ) ( )

( )
( ) ( )

( )
( )
( )

1 1
tan tan

cos cos sin

1
log cos log cos

sin

cos1
log

sin cos

dx x b x a dx
x a x b a b

x b x a
a b

x a
C

a b x b

= − − −  − − −

 = − − + − −

 −
= + 

− −  

 

 

Therefore, 
( ) ( ) ( )

( )
( )

cos1 1
log

cos cos sin cos

x a
dx C

x a x b a b x b

 −
= + 

− − − −  
   



   

 

23. The functional expression
2 2

2 2

sin cos

sin cos

x x
dx

x x

−
  is equal to  

A) tan cotx x C+ +     B) tan cosecx x C+ +  

C) tan cotx x C− + +    D) tan secx x C+ +  

Solution: 

The given integral is  

( )

2 2 2 2

2 2 2 2 2 2

2 2

sin cos sin cos

sin cos sin cos sin cos

sec cos

tan cot

x x x x
dx dx

x x x x x x

x ec x dx

x x C

 −
= − 

 

= −

= + +

 

  

Thus, the correct answer is ( )A  

24. The functional expression for the 
( )

( )2

1

cos

x

x

e x
dx

e x

+
  equals 

A) ( )cot xxe C− +  B) ( )tan xxe C+  C) ( )tan xe C+  D) ( )cot xe C+  

Solution: 

The given integral is 
( )

( )2

1

cos

x

x

e x
dx

e x

+
  

Put 
xxe t= , so that ( ) ( )1x x xxe e dx dt e x dx dt+ =  + =  

Hence, the integral becomes  

 
( )

( ) 22

1

coscos

+
= 

x

x

e x dt
dx dt

te x
 

( )

2sec

tan

tan

=

= +

= +



x

tdt

t C

xe C

 

Therefore, the option ( )B  is correct.  

 



   

 

 

Exercise: 7.4 

1. Integrate the function 
2

6

3

1

x

x+
 

Solution: The given integral is 
2

6

3

1

x
dx

x+
 

 Put 
3t x=  so that 

23dt x dx=  

Hence, 

 ( )

( )

2

6 2

1

1 3

3

1 1

tan

tan

x dt
dx

x t

t C

x C

−

−

=
+ +

= +

= +

 

 

Therefore, ( )
2

1 3

6

3
tan

1

x
dx x C

x

−= +
+

 

2. Integrate the function 
2

1

1 4x+
 

Solution: The given integral is 
2

1

1 4
dx

x+
  

 Put 2t x=  so that 2dt dx=  

Hence, 

 

( )

( )

2 2

2

1

1

1 1 2

21 4 1 4

1

2 1

1
tan

2

1
tan 2

2

dx
dx

x x

dt

t

t C

x C

−

−

=
+ +

=
+

= +

= +

 


 

Therefore, ( )1

2

1 1
tan 2

21 4
dx x C

x

−= +
+

  



   

 

3. Integrate the function 

( )
2

1

2 1x− +
 

Solution: The given integral is 

( ) ( )
2 2

1 1

2 1 2 1
dx dx

x x

−
= −

− + − +
    

 Put 2t x= −  so that dt dx= −  

Hence, 

( ) ( )

( )

( ) ( )( )

2 2

2

2 2

2

2

1 1

2 1 2 1

1
log 1

1 1

log 2 2 1

1
log

2 4 5

dx dx
x x

dt
dx x x C

t x

x x C

C
x x x

−
= −

− + − +

= − = + + +
+ +

= − − + − + +

 
= + 

− + − + 

 

 
 

Therefore, 

( )
2 2

1 1
log

2 4 52 1
dx

x x xx

 
=  

− + − + − +
  

 

4. Integrate the function 
2

1

9 25x−
 

Solution:  

The given integral is 
2

1

9 25
dx

x−
   

 Put 
5

3

x
t =  so that 

5

3
dt dx=  

Hence, 



   

 

 

2 2

2

1

1

1 3 1 5

5 39 25 5
3 1

3

1 1

5 1

1
sin

5

1 5
sin

5 3

dx dx
x

x

dt
t

t C

x
C

−

−

=
−  

−  
 

=
−

= +

 
= + 

 

 

  

Therefore, 
1

2

1 1 5
sin

5 39 25

x
dx C

x

−  
= + 

 −
  

5. Integrate the function 
4

3

1 2

x

x+
 

Solution:  

The given integral is 
4

3

1 2

x
dx

x+   

 Put 
22t x=  so that 2 2dt xdx=  

Hence, 

 

( )

( )

24
2

2

1

1 2

3 3 2 2

1 2 2 2 1 2

3

12 2

3
tan

2 2

3
tan 2

2 2

x dx
dx

x x

dt

t

t C

x C

−

−

=
+ +

=
+

= +

= +

 


 

Therefore, ( )1 2

4

3 3
tan 2

1 2 2 2

x
dx x C

x

−= +
+

 

6. Integrate the function 
2

61

x

x−
 

Solution:  



   

 

The given integral is 
2

61

x
dx

x−
  

 Put 
3t x=  so that 

23dt x dx=  

Hence, 

 

( )

2 2

26 3

2

3

3

1 3

1 3 1

1

3 1

1 1
log

3 1

1 1
log

3 1

x x
dx dx

x x

dt

t

t
C

t

x
C

x

=
− −

=
−

+ 
= + 

− 

 +
= + 

− 

 


 

Therefore, 
2 3

6 3

1 1
log

1 3 1

x x
dx C

x x

 +
= + 

− − 
  

7. Integrate the function 
2

1

1

x

x

−

−
 

Solution:  

The given integral is 
2

1

1

x
dx

x

−

−
   

 Put 
2 1t x= −  so that 2dt xdx=  

Hence, 

 

( ) ( )

2 2 2

2

2

2 2

1 1 2 1

21 1 1

1 1 1

2 1

1
2 log 1

2

1 log 1

x x
dx dx dx

x x x

dt dx
t x

t x x C

x x x C

−
= −

− − −

= −
−

= − + − +

= − − + − +

  

 
 



   

 

Therefore, 2 2

2

1
1 log 1

1

x
dx x x x C

x

−
= − − + − +

−
  

8. Integrate the function 
2

6 6

x

x a+
 

Solution:  

The given integral is 
2

6 6

x
dx

x a+
   

 Put 
3t x=  so that 

23dt x dx=  

Hence, 

 

( ) ( )

( )

( )

( )

2 2

6 6 2 2
3 3

2
2 3

2 6

3 6 6

1 3

3

1

3

1
log

3

1
log

3

x x
dx dx

x a x a

dt

t a

t t a C

x x a C

=
+ +

=

+

= + + +

= + + +

 


 

Therefore, ( )
2

3 6 6

6 6

1
log

3

x
dx x x a C

x a
= + + +

+
  

 

 

 

9. Integrate the function 
2

2

sec

tan 4

x

x +
 

Solution:  

The given integral is 
2

2

sec

tan 4

x
dx

x +
   

 Put tant x=  so that 
2secdt xdx=  



   

 

Hence, 

 ( )

( )

2

2 2 2

2

2

sec

tan 4 2

log 4

log tan tan 4

x dt
dx

x t

t t C

x x C

=
+ +

= + + +

= + + +

 

 

Therefore, ( )
2

2

2

sec
log tan tan 4

tan 4

x
dx x x

x
= + +

+
  

10. Integrate the function 
2

1

2 2x x+ +
 

Solution:  

The given integral is 

( )
2 2

1 1

2 2 1 1
dx dx

x x x
 = 

+ + + +
    

 Put 1t x= +  so that dt dx=  

Hence, 

 

( )

( )

( )

2 2

2

2

1 1

11 1

log 1

log 1 2 2

dx dx
tx

t t C

x x x C

 = 
++ +

= + + +

= + + + + +

 

 

Therefore, 

( )
( )2

2

1
log 1 2 1

1 1
dx x x x

x
 = + + + +

+ +
  

11. Integrate the function 
2

1

9 6 5x x+ +
 

Solution:  

The given integral is 
2

1

9 6 5
dx

x x+ +  

( )
22 2

1 1

9 6 5 3 1 2
dx dx

x x x
=

+ + + +
   



   

 

          Put, 3 1x t+ = , so that 3dx dt=  

Hence,  

 

( )
22 2

2 2

1

1

1 1 3

9 6 5 3 3 1 2

1

3 2

1 1
tan

3 2 2

1 3 1
tan

6 2

dx dx
x x x

dt

t

t
C

x
C

−

−

=
+ + + +

=
+

    
= +    
    

+ 
= + 

 

 


   

Therefore, 1

2

1 1 3 1
tan

9 6 5 6 2

x
dx C

x x

− + 
= + 

+ +  
  

 

12. Integrate the function 
2

1

7 6x x− +
 

Solution:  

 The given integral is 
2

1

7 6
dx

x x− +
  

  Put 
3 1t x= −  so that 

23dt x dx=  

Hence, 

 
( )

( ) ( )

2 2

22

1 1

7 6 3 2

1

3 2

dx dx
x x x

dx

x

=
− + − −

=

− −

 


 

 Use the formula ( )2 2

2 2

1
logdx x x a c

x a
= + − +

−
  

 

( ) ( )
( )2

22

1
log 3 6 7

3 2

dx x x x C

x

= − + − + +

− −
  



   

 

Therefore, ( )2

2

1
log 3 6 7

7 6
dx x x x C

x x
= − + − + +

− +
  

 

13. Integrate the function 
( ) ( )

1

1 2x x− −
 

Solution:  

 The given integral is 
( )( ) 2

1 1

1 2 3 2
dx dx

x x x x
=

− − − +
   

 The quadratic expression 
2 3 2x x− +  can be written as below. 

  

2

2

2

2 2

3 9
3 2 2

2 4

3 1

2 4

3 1

2 2

x x x

x

x

 
− + = − + − 

 

 
= − − 
 

   
= − −   
   

 

 Hence,  

  

( ) ( ) 2

2 2

2

1 1

1 2 3 2

1

3 1

2 2

3
log 3 2

2

dx dx
x x x x

dx

x

x x x C

=
− − − +

=

   
− −   

   

 
= − + − + + 

 

 

  

 Therefore, 
( ) ( )

21 3
log 3 2

21 2
dx x x x C

x x

 
= − + − + + 

 − −
  

14. Find the integral of the function 
2

1

8 3x x+ −
 

Solution:  



   

 

 The given integral is 
2

1

8 3
dx

x x+ −
  

The quadratic expression 
28 3x x+ − can be written as  

2

2

2

9 3
8 3 8

4 2

41 3

4 2

x x x

x

   
+ − = + − −   

   

 
= − − 

 

 

 Hence, the integral becomes  

  
2 2 2

1 1

8 3 41 3

2 2

dx dx
x x

x

=
+ −    

− −   
  

   

 Use the formula 
1

2 2

1
sin

x
dx C

aa x

−  
= + 

 −
  

 It gives  

  

2 2 2

1

1

1 1

8 3 41 3

2 2

3

2sin
41

2

2 3
sin

41

dx dx
x x

x

x
C

x
C

−

−

=
+ −    

− −   
  

 
− 

= + 
 
 
 

− 
= + 

 

 

 

  

 

Therefore, 
1

2

1 2 3
sin

418 3

x
dx C

x x

− − 
= + 

 + −
  

15. Integrate the function 
( )( )

1

x a x b− −
 

Solution:  



   

 

 The given integral is 
( )( )

1
dx

x a x b− −
  

 The quadratic expression can be written as  

  

( ) ( ) ( )2

2 2

2 2

x a x b x a b ab

a b a b
x ab

− − = − + +

 + +    
= − + −             

 

 Hence, the integral can be rewrite as  

  
( ) ( ) 2 2

1 1

2 2

dx dx
x a x b a b a b

x ab

=
− −  + +    

− + −             

   

 Use the formula ( )2 2

2 2

1
logdx x x a C

x a
= + + +

+
  

   

( ) ( )

( ) ( )

2 2

1 1

2 2

log
2

dx dx
x a x b a b a b

x ab

a b
x x a x b C

=
− −  + +    

− + −             

+ 
= − + − − + 

 

 

 

 Therefore, 
( ) ( )

( ) ( )
1

log
2

a b
dx x x a x b C

x a x b

+ 
= − + − − + 

 − −
  

16. Find the integral of the function 
2

4 1

2 3

x

x x

+

+ −
 

Solution:  

 The given integral is 
2

4 1

2 3

x
dx

x x

+

+ −
  

 Put
22 3t x x= + − , so that ( )4 1dt x dx= +  

 Hence, the given integral becomes  



   

 

  

2

2

4 1

2 3

2

2 2 3

x dt
dx

tx x

t C

x x C

+
=

+ −

= +

= + − +

 

 

 Therefore, 2

2

4 1
2 2 3

2 3

x
dx x x C

x x

+
= + − +

+ −
  

17. Find the integral of the function 
2

2

1

x

x

+

−
 

Solution:  

 The given integral is 
2

2

1

x
dx

x

+

−
  

  Put 
2 ,t x=  so that 2dt xdx=  

 Hence the integral can be rewrite as  

  

2 2 2

2

1

2 1

2 1 2 2

21 1 1

1 1
2

2 1

2sin

1 2sin

x x
dx dx dx

x x x

dt
dx

t x

t x C

x x C

−

−

+
= +

− − −

= +
−

= + +

= − + +

  

   

 Therefore, ( )2 2

2

2
1 2log 1

1

x
dx x x x C

x

+
= − + + − +

−
  

18. Find the integral of the function 
2

5 2

1 2 3

x

x x

−

+ +
 

Solution:  

 The given integral is 
2

5 2

1 2 3

x
dx

x x

−

+ +  

 Suppose that ( )25 2 1 2 3
d

x P x x Q
dx

 
− = + + + 

 
 



   

 

 It gives ( )5 2 6 2x P x Q− = + +  

 Comparing coefficient of x  from both sides  

  
5

6 5
6

P P=  =  

 Comparing the constant terms from both sides  

  

2 2

5
2 2

6

5
2

3

11

3

P Q

Q

Q

− = +

 
+ = − 

 

= − −

= −

 

 Hence, the given integral becomes  

  

( )2

2 2

2
2

5 11
3 2 1

5 2 6 3

1 2 3 1 2 3

5 6 2 11 1

2 16 1 2 3 3
3

3 3

d
x x

x dx
dx dx

x x x x

x
dx dx

x x
x x

 
+ + − −  =

+ + + +

+
= −

+ +  
+ + 

 

 

 
 

 Use the formula 
( )
( )

( )log
f x

dx f x c
f x


= +  to find the first integral 

    

2

2

2

22

5 11 1
log 1 2 3

6 9 1 1 1

3 3 9

5 11 1
log 1 2 3

6 9 1 2

3 3

x x dx

x

x x dx

x

= + + −
 

+ + − 
 

= + + −
  

+ +   
   




 

Use the formula 1

2 2

1 1
tan

x
dx C

x a a a

−  
= + 

+  
  



   

 

      

2 1

2 1

1
5 11 3 3log 1 2 3 tan
6 9 2 2

3

5 11 3 1
log 1 2 3 tan

6 3 2 2

x
x x C

x
x x C

−

−

 
+  

= + + − +  
   

 
 

+ 
= + + − + 

 

 

 Therefore, 2 1

2

5 2 5 11 3 1
log 3 2 1 tan

1 2 3 6 3 2 2

x x
dx x x C

x x

−− + 
= + + − + 

+ +  
  

19. Find the integral of the function 
( )( )

6 7

5 4

x

x x

+

− −
 

Solution:  

 The given integral is 
( ) ( )

6 7

5 4

x
dx

x x

+

− −
  

 Suppose that ( )26 7 9 20
d

x P x x Q
dx

 
+ = − + + 

 
 

 It gives ( )6 7 2 9x P x Q+ = − +  

 Comparing coefficient of x  from both sides  

  2 6 3P P=  =  

 Comparing the constant terms from both sides  

  
( )

7 9

9 3 7

7 27

34

P Q

Q

Q

= − +

− + =

= +

=

 

 Hence, the given integral becomes  

  
( )( )

( )2

2

3 9 20 34
6 7

5 4 9 20

 
− + + +  =

− − − +
 

d
x x

x dx
dx dx

x x x x
 



   

 

( )
2 2

3 2 9 34

9 20 9 81
20

2 4

−
= +

− +  
− + − 

 

 
x

dx dx
x x

x

 

 Use the formula 
( )

( )
( )2

f x
dx f x c

f x


= +  to find the first integral 

    2

2 2

34
6 9 20

9 1

2 2

x x dx

x

= − + +

   
− −   

   

  

Use the formula ( )2 2

2 2

1
logdx x x a C

x a
= + − +

−
  to find the second integral 

      2 29
6 9 20 34log 9 20

2
x x x x x C

 
= − + + − + − + + 

 
 

 Therefore, 

( ) ( )
2 26 7 9

6 9 20 34log 9 20
25 4

x
dx x x x x x C

x x

+  
= − + + − + − + + 

 − −
  

 

20. Find the integral of the function 
2

2

4

x

x x

+

−
 

Solution:  

 The given integral is 
2

2

4

x
dx

x x

+

−
  

 Suppose that ( )22 4
d

x P x x Q
dx

 
+ = − + 

 
 

 It gives ( )2 4 2x P x Q+ = − +  

 Comparing coefficient of x  from both sides  

  
1

2 1
2

P P− =  = −  

 Comparing the constant terms from both sides  



   

 

  

2 4

1
4 2

2

2 2

4

P Q

Q

Q

= +

 
− + = 
 

= +

=

 

 Hence, the given integral becomes  

  

( )2

2 2

2 2

1
4 4

2 2

4 4

1 4 2 4

2 4 4

d
x x

x dx
dx dx

x x x x

x
dx dx

x x x x

 
− − + +  =

− −

−
= − +

− −

 

 

 

 Use the formula 
( )

( )
( )2

f x
dx f x c

f x


= +  to find the first integral 

    ( )
( )

2

22

1 4
2 4

2 2 2
x x dx

x
= − − +

− −
  

Use the formula 
1

2 2

1
sin

x
dx c

aa x

−  
= + 

 −
  to find the second integral 

      2 1 2
4 sin

2

x
x x C− − 

= − − + + 
 

 

 Therefore, 
2 1

2

2 2
4 sin

24

x x
dx x x C

x x

−+ − 
= − − + + 

 −
  

  

21. Find the integral of the function 
2

2

2 3

x

x x

+

+ +
 

Solution:  

 The given integral is 
2

2

2 3

x
dx

x x

+

+ +
  

 Suppose that ( )22 2 3
d

x P x x Q
dx

 
+ = + + + 

 
 



   

 

 It gives ( )2 2 2x P x Q+ = + +  

 Comparing coefficient of x  from both sides  

  
1

2 1
2

P P=  =  

 Comparing the constant terms from both sides  

  

2 2

1
2 2

2

2 1

1

P Q

Q

Q

= +

 
= + 

 

= −

=

 

 Hence, the given integral becomes  

  

( )

( )

( )

2

2 2

2 2

1
2 3 1

2 2

2 3 2 3

1
2 2

12

2 3 1 3 1

d
x x

x dx
dx

x x x x

x
dx dx

x x x

 
+ + + +  =

+ + + +

+
= +

+ + + + −



 

 

 Use the formula 
( )

( )
( )2

f x
dx f x c

f x


= +  to find the first integral 

    ( )
( ) ( )

2

22

1 1
2 2 3

2
1 2

x x dx

x

= + + +

+ +
  

Use the formula ( )2 2

2 2

1
logdx x x a C

x a
= + + +

+
  to find the second integral 

      ( )2 22 3 log 1 2 3x x x x x C= + + + + + + + +  

 Therefore, ( )2 2

2

2
2 3 log 1 2 3

2 3

x
dx x x x x x C

x x

+
= + + + + + + + +

+ +
  

 



   

 

22. Find the integral of the function 
2

3

2 5

x

x x

+

− −
 

Solution:  

 The given integral is 
2

3

2 5

x
dx

x x

+

− −  

 Suppose that ( )23 2 5
d

x P x x Q
dx

 
+ = − − + 

 
 

 It gives ( )3 2 2x P x Q+ = − +  

 Comparing coefficient of x  from both sides  

  
1

2 1
2

P P=  =  

 Comparing the constant terms from both sides  

  

3 2

1
2 3

2

3 1

4

P Q

Q

Q

= − +

 
− + = 

 

= +

=

 

 Hence, the given integral becomes  

  

( )

( )

2

2 2

22

1
2 5 4

3 2

2 5 2 5

1 2 2 1
4

2 2 5 1 5 1

d
x x

x dx
dx dx

x x x x

x
dx dx

x x x

 
− − + +  =

− − − −

−
= +

− − − − −

 

 

 

 Use the formula 
( )
( )

( )log
f x

dx f x c
f x


= +  to find the first integral 

    

( ) ( )
2

22

1 1
log 2 5 4

2 1 6
x x dx

x
− − +

− −
  

Use the formula 
2 2

1 1
log

2

x a
dx C

x a a x a

− 
= + 

− + 
  



   

 

      

2

2

1 4 1 6
log 2 5 log

2 2 6 1 6

1 2 1 6
log 2 5 log

2 6 1 6

x
x x C

x

x
x x C

x

 − −
= − − + + 

− + 

 − −
= − − + + 

− + 

 

 Therefore, 2

2

3 1 2 1 6
log 2 5 log

2 5 2 6 1 6

x x
dx x x C

x x x

 + − −
= − − + + 

− − − + 
  

23. Find the integral of the function 
2

5 3

4 10

x

x x

+

+ +
 

Solution:  

 The given integral is 
2

5 3

4 10

x
dx

x x

+

+ +
  

 Suppose that ( )25 3 4 10
d

x P x x Q
dx

 
+ = + + + 

 
 

 It gives ( )5 3 2 4x P x Q+ = + +  

 Comparing coefficient of x  from both sides  

  
5

2 5
2

P P=  =  

 Comparing the constant terms from both sides  

  

3 4

5
4

2

10

7

P Q

Q

Q

Q

= +

 
= + 

 

= +

= −

 

 Hence, the given integral becomes  



   

 

  

( )

( )

( )

2

2 2

2 2

5
4 10 7

5 3 2

4 10 4 10

2 45 7

2 4 10 2 6

d
x x

x dx
dx dx

x x x x

x
dx dx

x x x

 
+ + − +  =

+ + + +

+
= −

+ + + +

 

 

 

 Use the formula 
( )

( )
( )2

f x
dx f x c

f x


= +  to find the first integral 

    ( )
( ) ( )

2

22

5 1
2 4 10 7

2
2 6

x x dx

x

= + + −

+ +
  

Use the formula ( )2 2

2 2

1
logdx x x a C

x a
= + + +

+
  to find the second integral 

      ( )2 25 4 10 7log 2 4 10x x x x x C= + + − + + + + +  

 Therefore, ( )2 2

2

5 3
5 4 10 7log 2 4 10

4 10

x
dx x x x x x C

x x

+
= + + − + + + + +

+ +
  

24. 
2 2 2

dx

x x+ +  equals 

A) ( )1tan 1x x C− + +    B) ( )1tan 1x C− + +   

C) ( ) 11 tanx x C−+ +    D) 
1tan x C− +  

Solution: 

 The given integral is 
( )

22 2 2 1 1

dx dx

x x x
=

+ + + +
   

 Use the formula 1

2 2

1 1
tan

x
dx C

x a a a

−  
= + 

+  
  

  Hence, 
( )

( )1

2
tan 1

1 1

dx
x C

x

−= + +
+ +

  

 Therefore, the option ( )B , is correct. 



   

 

   

25. 
29 4

dx

x x−
  equals 

A) 11 9 8
sin

9 8

x
C− − 

+ 
 

  B) 11 8 9
sin

2 9

x
C− − 

+ 
 

 

C) 11 9 8
sin

3 8

x
C− − 

+ 
 

  D) 11 9 8
sin

2 9

x
C− − 

+ 
 

 

Solution:  

 The given integral is 
2 2 2

2

1

299 4 9 92
4 8 8

dx dx dx

x x
x x x

= =
−    − − −   

   

    

 Use the formula 
1

2 2

1
sin

x
dx C

aa x

−  
= + 

 −
  

 Hence,   

  

2
2

2 2

1

99 4
2

4

1

2 9 9

8 8

1 8 9
sin

2 9

dx dx

x x
x x

dx

x

x
C−

=
−

−

=

   
− −   

   

− 
= + 

 

 

  

 Therefore, option ( )B  is correct.  

 

 

 

 

 

 

 



   

 

 

Exercise: 7.5 

1. Find the integral of the function 
( ) ( )1 2

x

x x+ +
 

Solution: 

The integrand is
( ) ( )1 2

x

x x+ +
, 

• It has two linear factors in the denominator  

• It is proper fraction 

Suppose that 
( )( ) ( ) ( )1 2 1 2

x A B

x x x x
= +

+ + + +
 

Simplifying, we get 

 ( ) ( )2 1x A x B x= + + +      …… (1) 

Plug in 2x = −  in the equation (1),   

 
( )2 1

2

B

B

− = −

=
 

Plug in 1x = −  in the equation (1),   

 
( )1 1

1

A

A

− =

= −
 

  

Hence, 
( ) ( ) ( ) ( )

1 2

1 2 1 2

x

x x x x

−
= +

+ + + +
 

Consider the integral 



   

 

 

( ) ( ) ( ) ( )

( ) ( )

( )
2

1 2

1 2 1 2

log 1 2log 2

2
log

1

x
dx dx dx

x x x x

x x C

x
C

x

−
= +

+ + + +

= − + + + +

+
= +

+

  

 

Therefore, 
( ) ( )

( )
2

2
log

1 2 1

xx
dx C

x x x

+
= +

+ + +  

2. Find the integral of the function 
2

1

9x −
 

Solution: 

The integrand is
( ) ( )2

1 1

9 3 3x x x
=

− − +
, 

• It has two linear factors in the denominator  

• It is proper fraction 

Suppose that 
( ) ( ) ( ) ( )

1

3 3 3 3

A B

x x x x
= +

− + − +
 

It implies  

 ( ) ( )1 3 3A x B x= + + −      ….. (1) 

Plug in 3x = − in equation (1) 

 

( ) ( )1 0 6

1

6

A B

B

= + −

= −
 

Plug in 3x = in equation (1) 

 

( ) ( )1 6 0

1

6

A B

A

= +

=
 

Consider the integral 



   

 

 

( ) ( )2

1 1

9 3 3

1 1 1

6 3 3

1
log 3 log 3

6

1 3
log

6 3

dx dx
x x x

dx
x x

x x C

x
C

x

=
− − +

= −
+ −

= + − − +  

+
= +

−

 


 

Therefore, 
2

1 1 3
log

9 6 3

x
dx C

x x

+
= +

− −  

3. Find the integral of the function 
( ) ( ) ( )

3 1

1 2 3

x

x x x

−

− − −
 

Solution: 

The integrand is 
( ) ( ) ( )

3 1

1 2 3

x

x x x

−

− − −
 

• It has three linear factors in the denominator  

• It is proper fraction 

Suppose that 
( ) ( ) ( ) ( ) ( ) ( )

3 1

1 2 3 1 2 3

x A B C

x x x x x x

−
= + +

− − − − − −
 

It implies  

 ( )( ) ( )( ) ( )( )3 1 2 3 1 3 1 2x A x x B x x C x x− = − − + − − + − −  ….. (1) 

Plug in 1x = in equation (1) 

 

( ) ( )2 1 2

2

2

1

A

A

= − −

=

=

 

 

Plug in 2x = in equation (1) 

 
( ) ( ) ( )5 0 1 1

5

A B

B

= + −

= −
 



   

 

Plug in 3x = in equation (1) 

 

( ) ( ) ( ) ( )8 0 0 2 1

8

2

4

A B C

C

= + +

=

=

 

Consider the integral 

 ( ) ( ) ( )
3 1 2 5 4

1 2 3 1 2 3

log 1 5log 2 4log 3

x
dx dx

x x x x x x

x x x C

−
= − +

− − − − − −

= − − − + − +

 
 

Therefore, 
( ) ( ) ( )

3 1
log 1 5log 2 4log 3

1 2 3

x
dx x x x C

x x x

−
= − − − + − +

− − −  

4. Find the integral of the function 
( )( )( )1 2 3

x

x x x− − −
 

Solution: 

The integrand is 
( )( )( )1 2 3

x

x x x− − −
 

• It has three linear factors in the denominator  

• It is proper fraction 

Suppose that 
( ) ( ) ( ) ( ) ( ) ( )1 2 3 1 2 3

x A B C

x x x x x x
= + +

− − − − − −
 

It implies  

 ( )( ) ( )( ) ( )( )2 3 1 3 1 2x A x x B x x C x x= − − + − − + − −  ….. (1) 

Plug in 1x = in equation (1) 

 

( ) ( )1 1 2

1

2

A

A

= − −

=
 

Plug in 2x = in equation (1) 



   

 

 
( ) ( ) ( )2 0 1 1

2

A B

B

= + −

= −
 

Plug in 3x = in equation (1) 

 

( ) ( ) ( ) ( )3 0 0 2 1

3

2

A B C

C

= + +

=
 

Consider the integral 

 ( ) ( ) ( )

1 3
22 2

1 2 3 1 2 3

1 3
log 1 2log 2 log 3

2 2

x
dx dx

x x x x x x

x x x C

= − +
− − − − − −

= − − − + − +

 
 

Therefore, 
( ) ( ) ( )

1 3
log 1 2log 2 log 3

1 2 3 2 2

x
dx x x x C

x x x
= − − − + − +

− − −  

5. Find the integral of the function 
2

2

3 2

x

x x+ +
 

Solution: 

The integrand is 
( ) ( )2

2 2

3 2 1 2

x x

x x x x
=

+ + + +
 

• It has two linear factors in the denominator  

• It is proper fraction 

Suppose that 
( ) ( ) ( ) ( )

2

1 2 1 2

x A B

x x x x
= +

+ + + +
 

It implies  

 ( ) ( )2 2 1x A x B x= + + +       ….. (1) 

Plug in 1x = − in equation (1) 

 
( )2 1

2

A

A

− =

= −
 



   

 

Plug in 2x = − in equation (1) 

 
( ) ( )4 0 1

4

A B

B

− = + −

=
 

Consider the integral 

 2

2 2 4

3 2 1 2

2log 1 4log 2

x
dx dx

x x x x

x x C

−
= +

+ + + +

= − + + + +

   

Therefore, 
2

2
2log 1 4log 2

3 2

x
dx x x C

x x
= − + + + +

+ +  

 

6. Find the integral of the function
( )

21

1 2

x

x x

−

−
 

Solution: 

The integrand is 
( ) ( )( )

2 21 1

1 2 2 1

x x

x x x x

− −
=

− −
 

• It has two linear factors in the denominator  

• It is improper fraction 

Suppose that 
( ) ( )

2 1 1

2 1 2 2 1

x A B

x x x x

−
= + +

− −
 

It implies  

 ( ) ( ) ( )2 1 2 1 2 1x x x A x B x− = − + − +     ….. (1) 

Plug in 0x = in equation (1) 

 
( )1 1

1

A

A

− = −

=
 

Plug in 
1

2
x = in equation (1) 



   

 

 

( )
1 1

1 0
4 2

3 1

4 2

3

2

A B

B

B

 
− = +  

 

 
− =  

 

= −

 

Consider the integral 

 

( ) ( )

2
3

1 1 1 2
2 1 2 2 1

3 1
log log 2 1

2 2 2

3
log log 2 1

2 4

x
dx dx

x x x x

x
x x C

x
x x C

−
−

= + +
− −

 
= + − − + 

 

= + − − +

 

 

Therefore, 
( )( )

2 1 3
log log 2 1

2 1 2 4

x x
dx x x C

x x

−
== + − − +

−  

 

7. Find the integral of the function 
( )( )2 1 1

x

x x+ −
 

Solution: 

The integrand is 
( )( )2 1 1

x

x x+ −
 

• It has one linear factor and one irreducible quadratic factor in the 

denominator  

• It is proper fraction 

Suppose that 
( )( ) 22 1 11 1

x Ax B C

x xx x

+
= +

+ −+ −
 

It implies  

 ( )( ) ( )21 1x Ax B x C x= + − + +     ….. (1) 

Plug in 1x = in equation (1) 



   

 

 

( )1 2

1

2

C

C

=

=
 

Compare the coefficient of 2x  

 

0

1

2

A C

A C

= +

= −

= −

 

Compare the constant terms 

 

0

1

2

B C

B C

= − +

=

=

 

Consider the integral 

 

( ) ( ) 22

2

2 2

2 1

1 1 1

2 2 2
1 11 1

1 1 1 1

2 1 2 1

1 1 2 1 1
log 1

2 4 1 2 1

1 1 1
log 1 log 1 tan

2 4 2

x
x

dx dx
x xx x

x
dx dx

x x

x
x dx dx

x x

x x x C−

− +
= +

+ −+ −

−
= −

− +

= − − +
+ +

= − − + + +

 

 

 

 

Therefore, 
( )( )

2 1

2

1 1 1
log 1 log 1 tan

2 4 21 1

x
dx x x x C

x x

−= − − + + +
+ −

  

 

8. Find the integral of the function 
( ) ( )

2
1 2

x

x x− +
 

Solution: 

The integrand is 
( ) ( )

2
1 2

x

x x− +
 



   

 

• It has one linear factors and one repeated linear factor in the denominator  

• It is proper fraction 

Suppose that 
( ) ( ) ( )

2 2
1 21 2 1

x A B C

x xx x x
= + +

− +− + −
 

It implies  

 ( )( ) ( ) ( )
2

1 2 2 1x A x x B x C x= − + + + + −     ….. (1) 

Plug in 1x = in equation (1) 

 

( )1 3

1

3

B

B

=

=
 

Plug in 2x = − in equation (1) 

 

( )2 9

2

9

C

C

− =

= −
 

Compare the coefficient of 2x  in the equation (1) 

 

0

2

9

A C

A C

= +

= −

=

 

Consider the integral 

 

( ) ( ) ( )

( )

( )

2 2

2 1 1 1 2 1

9 1 3 9 21 2 1

2 1 1 2
log 1 log 2

9 3 1 9

2 1 1
log

9 2 3 1

x
dx dx dx dx

x xx x x

x x C
x

x
C

x x

= + −
− +− + −

= − − − + +
−

− 
= − + 

+ − 

   

 

Therefore, 
( ) ( ) ( )2

2 1 1
log

9 2 3 11 2

x x
dx C

x xx x

− 
= − + 

+ − − +
  



   

 

9. Find the integral of the function 
3 2

3 5

1

x

x x x

+

− − +
 

Solution: 

The integrand is 
( ) ( )

22 2

3 5 3 5

1 1 1

x x

x x x x x

+ +
=

− − + − +
 

• It has one linear factors and one repeated linear factor in the denominator  

• It is proper fraction 

Suppose that 
( ) ( ) ( )

2 2

3 5

1 11 1 1

x A B C

x xx x x

+
= + +

− +− + −
 

It implies  

 ( )( ) ( ) ( )
2

3 5 1 1 1 1x A x x B x C x+ = − + + + + −    ….. (1) 

Plug in 1x = in equation (1) 

 
( )8 2

4

B

B

=

=
 

Plug in 1x = − in equation (1) 

 

( )2 4

1

2

C

C

=

=
 

Compare the coefficient of 2x  in the equation (1) 

 

0

1

2

A C

A C

= +

= −

= −

 

Consider the integral 



   

 

 

( ) ( ) ( )

( )

( )

2 2

3 5 1 1 1 1 1
4

2 1 2 11 1 1

1 1 1
log 1 4 log 1

2 1 2

1 1 4
log

2 1 1

x
dx dx dx dx

x xx x x

x x C
x

x
C

x x

+
= − + +

− +− + −

= − − + + + +
−

+ 
= − + 

− − 

   

 

Therefore, 
( ) ( ) ( )2

3 5 1 1 4
log

2 1 11 1

x x
dx C

x xx x

+ + 
= − + 

− − − +
  

10. Find the integral of the function 
( )( )2

2 3

1 2 3

x

x x

−

− +
 

Solution: 

The integrand is 
( )( ) ( )( ) ( )2

2 3 2 3

1 1 2 31 2 3

x x

x x xx x

− −
=

− + +− +
 

• It has three linear factors in the denominator  

• It is proper fraction 

Suppose that 
( ) ( ) ( )

2 3

1 1 2 3 1 1 2 3

x A B C

x x x x x x

−
= + +

− + + − + +
 

It implies  

 ( )( ) ( )( ) ( )( )2 3 1 2 3 1 2 3 1 1x A x x B x x C x x− = + + + − + + − +  ….. (1) 

Plug in 1x = in equation (1) 

 

( )1 10

1

10

A

A

− =

= −
 

Plug in 1x = − in equation (1) 

 

( )5 2

5

2

B

B

− = −

=
 



   

 

Plug in 
3

2
x = − in equation (1) 

 

5
6

4

24

5

C

C

 
− =  

 

= −

 

Consider the integral 

( ) ( ) ( ) ( )
2 3 1 1 5 1 24 1

1 1 2 3 10 1 2 1 5 2 3

1 5 24 1
log 1 log 1 log 2 3

10 2 5 2

5 1 12
log 1 log 1 log 2 3

2 10 5

x
dx dx dx dx

x x x x x x

x x x C

x x x C

−
= − + −

− + + − + +

 
= − − + + − + + 

 

= + − − − + +

   

 

Therefore, 
( ) ( ) ( )

2 3 5 1 12
log 1 log 1 log 2 3

1 1 2 3 2 10 5

x
dx x x x C

x x x

−
= + − − − + +

− + +  

11. Find the integral of the function 
( )( )2

5

1 4

x

x x+ −
 

Solution: 

The integrand is 
( )( ) ( )( )( )2

5 5

1 2 21 4

x x

x x xx x
=

+ − ++ −
 

• It has three linear factors in the denominator  

• It is proper fraction 

Suppose that 
( ) ( ) ( )

5

1 2 2 1 2 2

x A B C

x x x x x x
= + +

+ − + + − +
 

It implies  

 ( )( ) ( )( ) ( )( )5 2 2 1 2 1 2x A x x B x x C x x= − + + + + + + −  ….. (1) 

Plug in 1x = − in equation (1) 



   

 

 

( )5 3

5

3

A

A

− = −

=
 

Plug in 2x = in equation (1) 

 

( )10 12

5

6

B

B

=

=
 

Plug in 2x = − in equation (1) 

 

( ) ( )10 1 4

10

4

5

2

C

C

− = − −

= −

= −

 

Consider the integral 

( ) ( ) ( ) ( ) ( )

( )

2

5 5

1 2 21 4

5 1 5 1 5 1

3 1 6 2 2 2

5 5 5
log 1 log 2 log 2

3 6 2

x x
dx dx

x x xx x

dx dx dx
x x x

x x x C

=
+ − ++ −

= + −
+ − +

= + + − − + +

 

    

Therefore, 
( )( )2

5 5 5 5
log 1 log 2 log 2

3 6 21 4

x
dx x x x C

x x
= + + − − + +

+ −
  

12. Find the integrand of the function 
3

2

1

1

x x

x

+ +

−
 

Solution:  

 The integrand is 
3

2

1

1

x x

x

+ +

−
 

 

• It has reducible quadratic factor in the denominator  

• It is improper fraction 



   

 

( )

( )

( ) ( )

23

2 2

2

2

1 11

1 1

1 2 1

1

2 1

1 1

x xx x

x x

x x x

x

x
x

x x

+ ++ +
=

− −

− + +
=

−

+
= +

− +

 

Suppose that 
( ) ( )

2 1

1 1 1 1

x A B

x x x x

+
= +

− + − +
 

It implies  

 ( ) ( )2 1 1 1x A x B x+ = + + −      ….. (1) 

Plug in 1x = − in equation (1) 

 

( )1 2

1

2

B

B

− = −

=
 

Plug in 1x = in equation (1) 

 

( )3 2

3

2

A

A

=

=
 

Consider the integral 

( ) ( )

3

2

2

2

1 2 1

1 1 1

3
1 12

2 1 2 1

3 1
log 1 log 1

2 2 2

x x x
dx x dx

x x x

x
dx dx

x x

x
x x C

+ + +
= +

− − +

= + +
− +

= + − + + +

 

   

Therefore, 
3 2

2

1 3 1
log 1 log 1

1 2 2 2

x x x
dx x x C

x

+ +
= + − + + +

−  

13. Find the integral of the function 
( )( )2

2

1 1x x− +
 



   

 

Solution:   

 The given integrand is 
( )( )2

2

1 1x x− +
 

• It has irreducible quadratic factor and one linear factor in the 

denominator  

• It is proper fraction 

 

 Suppose that  
( )( ) ( ) ( )2 2

2

11 1 1

A Bx C

xx x x

+
= +

−− + +
 

 It implies that  

   ( ) ( )( )22 1 1A x Bx C x= + + + −  

 Plug in 1x =  

  
( )2 2

1

A

A

=

=
 

 Compare the coefficient of 2x  

  

0

1

A B

B A

= −

=

=

 

 Compare the constant term  

  

2

2 1

1

A C

C

= +

= −

=

 

 Hence,  

  
( )( ) ( ) ( )2 2

2 1 1

11 1 1

x

xx x x

+
= +

−− + +
 

 Consider the integral  



   

 

  

( ) ( ) ( ) ( )

( )

2 2

2 2

2 1

2 1 1

11 1 1

1 2 1
log 1

2 1 1

1
log 1 log 1 tan

2

x
dx dx dx

xx x x

x
x dx dx

x x

x x x C−

+
= +

−− + +

= − − + +
+ +

= − − + + + +

  

   

 Therefore, 
( )( )

( )2 1

2

2 1
log 1 log 1 tan

21 1
dx x x x C

x x

−= − − + + + +
− +

  

14. Find the integral of the function 
( )

2

3 1

2

x

x

−

+
 

Solution:  

 The integrand is 
( )

2

3 1

2

x

x

−

+
 

• It has repeated linear factors in the denominator  

• It is proper fraction 

 

 Suppose that  
( ) ( ) ( )

2 2

3 1

22 2

x A B

xx x

−
= +

++ +
 

 It implies that  

   ( )3 1 2x A x B− = + +  

 Plug in 2x = −  

  7 B− =  

 Compare the coefficient of x  

  3 A=  

 Hence,  

  
( ) ( ) ( )

2 2

3 1 3 7

22 2

x

xx x

−
= −

++ +
 



   

 

 Consider the integral  

  

( ) ( ) ( )
2 2

3 1 3 7

22 2

1
3log 2 7

2

7
3log 2

2

x
dx dx dx

xx x

x C
x

x C
x

−
= −

++ +

= + + +
+

= + + +
+

  

 

 Therefore, 
( )

2

3 1 7
3log 2

22

x
dx x C

xx

−
= + + +

++
  

15. Find the integral of the function 
4

1

1x −
 

Solution:  

 The integrand is
4

1

1x −
 

( ) ( )( )

( ) ( ) ( )

4 2 2

2

1 1

1 1 1

1

1 1 1

x x x

x x x

=
− − +

=
+ − +

 

• The integrand has two linear factors and one irreducible quadratic 

factor in the denominator 

• It is proper fraction.  

 Suppose that  
( )( )( ) 22

1

1 1 11 1 1

A B Cx D

x x xx x x

+
= + +

+ − ++ − +
 

 Simplifying  

1  ( )( ) ( )( ) ( )( )2 2 21 1 1 1 1 1A x x B x x Cx D x= − + + + + + + −   …… (1) 

 Plug in 1x = −  in (1) 

  

( ) ( )1 2 2

1

4

A

A

= −

= −
 



   

 

 Plug in 1x =  in (1) 

  

( ) ( )1 1 1 1 1

1

4

B

B

= + +

=
 

 Comparing 2x  coefficient in the equation (1)  

  

0

1 1
0

4 4

0

A B C

C

C

+ + =

− + + =

=

  

 Plug in 0x =  in (1) 

  

( ) ( ) ( )1 1 1 1

1

1 1
1

4 4

1

2

A B D

A B D

D

D

= − + + −

= − + −

= + −

= −

 

 Hence, 
( ) ( ) ( ) ( ) ( ) 22

1
1 1 1 2

4 1 4 1 11 1 1 x x xx x x

−
−

= + +
+ − ++ − +

 

 Integrate both sides  

 

( ) ( ) ( ) ( )

( ) ( )

2 2

1

1

1 1 1 1 1 1

4 1 4 11 1 1 2 1

1 1 1
log 1 log 1 tan

4 4 2

1 1 1
log tan

4 1 2

dx dx dx dx
x xx x x x

x x x

x
x C

x

−

−

−   
= − + +   

+ −+ − + +   

= − + + − −

−
= − +

+

   

 

 Therefore, 
( ) ( ) ( )

1

2

1 1 1 1
log tan

4 1 21 1 1

x
dx x C

xx x x

−−
= − +

++ − +
  

16. Find the integration of the function 
( )

1

1nx x +
 

Solution:  



   

 

 The given integrand can be rewrite as  

  
( ) ( )

11

1 1

n

n n n

x

x x x x

−

=
+ +

 

 Apply integration on both sides  

  
( ) ( )

11

1 1

n

n n n

x
dx dx

x x x x

−

=
+ +

   

 Put nx t= , so that 1ndt nx dx−=  

  

( ) ( )
1 1

11

1 1 1

1

1
log log 1

1
log

1

1
log

1

n

n

n

dt
dx

n t tx x

dt dt
n t t

t t C
n

t
C

n t

x
C

n x

=
++

= −
+

= − + +

= +
+

= +
+

 

 

 

 Therefore, 
( )

1 1
log

11

n

nn

x
dx C

n xx x
= +

++
  

17. Find the integral of the function 
( ) ( )

cos

1 sin 2 sin

x

x x− −
 

Solution:  

 The given integral is 
( ) ( )

cos

1 sin 2 sin

x
dx

x x− −  

Put  sin x t=  so that cos xdx dt=  



   

 

  

( ) ( ) ( ) ( )

( ) ( )

cos 1

1 sin 2 sin 1 2

1 1

1 2

log 1 log 2

2
log

1

2 sin
log

1 sin

x
dx dt

x x t t

dt
t t

t t C

t
C

t

x

x

=
− − − −

= −
− −

= − − + − +

−
= +

−

−
=

−

 



 

 Therefore, 
( ) ( )

cos 2 sin
log

1 sin 2 sin 1 sin

x x
dx

x x x

−
=

− − −  

18. Find the integral of the function 
( )( )
( )( )

2 2

2 2

1 2

3 4

x x

x x

+ +

+ +
 

Solution:  

 Consider the integrand 
( ) ( )
( ) ( )

2 2

2 2

1 2

3 4

x x

x x

+ +

+ +
 

 Suppose that 
( ) ( )
( ) ( )

2 2

2 22 2

1 2
1

3 43 4

x x A B

x xx x

+ +
= + +

+ ++ +
 

 It implies that  

  ( )( ) ( )( ) ( ) ( )2 2 2 2 2 21 2 3 4 4 3x x x x A x B x+ + = + + + + + +  

 Substitute 2 4x = −  

  
( ) ( ) ( ) ( )3 2 0 0 1

6

A B

B

− − = + + −

= −
 

 Substitute 2 3x = −  

  
( ) ( ) ( )2 1 1

2

A

A

− − =

=
 

 Hence,  



   

 

   
( ) ( )
( ) ( )

2 2

2 22 2

1 2 2 6
1

3 43 4

x x

x xx x

+ +
= + −

+ ++ +
 

 Integrate both sides  

  

( )( )
( )( )

2 2

2 22 2

1 1

1 2 2 6
1

3 43 4

2
tan 3tan

23 3

x x
dx dx dx dx

x xx x

x x
x C− −

+ +
= + −

+ ++ +

   
= + − +  

  

   
 

 Therefore, 
( ) ( )
( ) ( )

2 2

1 1

2 2

1 2 2
tan 3tan

23 4 3 3

x x x x
dx x C

x x

− −
+ +    

= + − +  
+ +   

  

19. Find the integral of the function 
( )( )2 2

2

1 3

x

x x+ +
 

Solution:  

 Consider the integral 
( )( )2 2

2

1 3

x
dx

x x+ +
  

 We know that 
( )( )2 2 2 2

1 1 2

1 3 1 3x x x x
− =

+ + + +
 

  

( )( ) ( )

( ) ( )( )

22 2 2

2 2

2

2

2 1 2 2

2 31 3 1

1
log 1 log 3

2

1 1
log

2 3

x x x
dx dx

xx x x

x x C

x
C

x

= −
++ + +

= + − + +

+
= +

+

 

 

 Therefore, 
( )( )

2

22 2

2 1 1
log

2 31 3

x x
dx C

xx x

+
= +

++ +
  

20. Find the integral of the function 
( )4

1

1x x −
 

Solution:  



   

 

 The given integral is  
( )4

1

1
dx

x x −
  

  
( ) ( )

( )

3

4 4 4

3

4 4

1

1 1

1 4

4 1

x
dx dx

x x x x

x
dx

x x

=
− −

=
−

 



 

 Put 4x t= , so that 34x dx dt=  

 Hence,  

  

( ) ( )

( )

3

4 4 4

4

4

1 1 4

41 1

1

4 1

1 1 1

4 1

1
log log 1

4

1
log

4 1

1
log

4 1

x
dx dx

x x x x

dt

t t

dt
t t

t t C

t
C

t

x
C

x

=
− −

=
−

= −
−

= − − +  

= +
−

= +
−

 




 

 Therefore, 
( )

4

44

1 1
log

4 11

x
dx C

xx x
= +

−−
  

 

21. Find the integral of the function 
( )

1

1xe −
 

Solution:  

 Substitute xe t= , so that xe dx dt=  

 Hence,  



   

 

  

( )

1 1

1 1

1

1

x

dt
dx

e t t

dt
t t

 
=  

− − 

=
−

 


 

 Use the partial fractions  

  

( )
1 1 1

1 1

log 1 log

1
log

dt dt
t t t t

t t C

t
C

t

= −
− −

= − − +

−
= +

 

 

 Substitute xt e=  

  
1 1

log
1

x

x x

e
dx C

e e

−
= +

−  

 Therefore, 
1 1

log
1

x

x x

e
dx C

e e

−
= +

−  

22. 
( ) ( )1 2

xdx

x x
=

− −  

A) 
( )

2
1

log
2

x
C

x

−
+

−
   B) 

( )
2

2
log

1

x
C

x

−
+

−
  

C) 
2

1
log

2

x
C

x

− 
+ 

− 
   D) ( )( )log 1 2x x C− − +   

Solution:  

 The given integral is 
( ) ( )1 2

xdx

x x− −  

 Suppose that 
( ) ( )1 2 1 2

x A B

x x x x
= +

− − − −
 

 This can be written as  



   

 

  ( ) ( )2 1x A x B x= − + −      …… (1) 

 Plug in 2x =  in the equation (1) 

  2 B=  

 Plug in 1x =  in the equation (1)  

  1 1A A= −  = −  

 Hence, 
( ) ( )

1 2

1 2 1 2

x

x x x x
= − +

− − − −
 

 Hence, the integral becomes  

  

( ) ( )

( )
2

1 2

1 2 1 2

log 1 2log 2

2
log

1

x
dx dx dx

x x x x

x x C

x
C

x

= − +
− − − −

= − − + − +

−
= +

−

  

 

 Thus, the correct answer is ( )B  

23. 
( )2 1

dx

x x
=

+
  

A) ( )21
log log 1

2
x x C− + +   B) ( )21

log log 1
2

x x C+ + +  

C) ( )21
log log 1

2
x x C− + + +   D) ( )21

log log 1
2

x x C+ + +    

Solution:  

 The integrand is 
( )2

1

1x x +
 

• One linear and one irreducible quadratic factor in the denominator  

• It is proper fraction 

Suppose that   
( ) 22

1

11

A Bx C

x xx x

+
= +

++
 



   

 

Simplifying 

 ( ) ( )21 1A x Bx C x= + + +       …… (1) 

Plug in 0x =  in the equation (1) 

  1 A=  

 Compare the coefficient of 2x  in the equation (1) 

   0 1A B B A B+ =  = −  = −  

 Comparing the coefficient of x  in the equation (1)  

  0C =  

 The integral can be written as  

  
( ) 22

2

1 1

11

1
log log 1

2

x
dx dx dx

x xx x

x x C

−
= +

++

= − + +

  
 

 Therefore, the option ( )A  is correct. 

 

 

 

 

 

 

 

 

 

 



   

 

 

Exercise: 7.6 

1. Find the integral of the function sinx x  

Solution: 

To find the integral of product of two functions, use the integration by parts 

 ( ) ( ) ( ) ( ) ( ) ( )f x g x dx f x g x dx f x g x dxdx= −     

Consider the integral  

( ) ( )

( )

sin

sin 1 sin , sin

cos cos

cos sin

I x xdx

x xdx xdxdx f x x g x x

x x xdx

x x x C

=

= − = =

= − − −

= − + +



  



 

 Therefore, sin cos sinx xdx x x x C= − + +  

 

2. Find the integral of the function sin 3xx  

Solution: 

To find the integral of product of two functions, use the integration by parts 

 ( ) ( ) ( ) ( ) ( ) ( )f x g x dx f x g x dx f x g x dxdx= −     

Consider the integral  

( ) ( )

( )

sin 3

sin 3 1 sin 3 , sin 3

1
cos3 cos3

3 3

1 1
cos sin 3

3 9

I x xdx

x xdx xdxdx f x x g x x

x
x xdx

x x x C

=

= − = =

= − − −

= − + +



  


 

Therefore, 
1 1

sin 3 cos sin 3
3 9

x xdx x x x C= − + +  



   

 

3. Find the integral of the function 2 xx e  

Solution: 

To find the integral of product of two functions, use the integration by parts 

 ( ) ( ) ( ) ( ) ( ) ( )f x g x dx f x g x dx f x g x dxdx= −     

Consider the integral  

( ) ( )

( )

( )

2

2 2

2

2

2

2 ,

2

2 2

2 2

x

x x x

x x

x x x

x x x

I x e dx

x e dx x e dxdx f x x g x e

x e xe dx

x e xe e dx

x e xe e C

=

= − = =

= −

= − +

= − + +



  





 

Therefore, 2 2 2 2x x x xx e dx x e xe e C= − + +  

4. Find the integral of the function logx x  

Solution: 

To find the integral of product of two functions, use the integration by parts 

 ( ) ( ) ( ) ( ) ( ) ( )f x g x dx f x g x dx f x g x dxdx= −     

Consider the integral  

( ) ( )

( )
2

2 2

log

1
log log ,

1
log

2 2

log

2 4

I x x dx

x xdx xdxdx f x x g x x
x

x
x xdx

x x x
C

=

= − = =

= −

= − +



  


 

Therefore, 
2 2log

log
2 4

x x x
x x dx C= − +  

 



   

 

5. Find the integral of the function log2x x  

Solution: 

To find the integral of product of two functions, use the integration by parts 

 ( ) ( ) ( ) ( ) ( ) ( )f x g x dx f x g x dx f x g x dxdx= −     

Consider the integral  

( ) ( )

( )
2

2 2

log2

2
log2 log2 ,

2

1
log2

2 2

log2

2 4

I x x dx

x xdx xdxdx f x x g x x
x

x
x xdx

x x x
C

=

= − = =

= −

= − +



  


 

Therefore, 
2 2log2

log2
2 4

x x x
x x dx C= − +  

6. Find the integral of the function 
2 logx x  

Solution: 

To find the integral of product of two functions, use the integration by parts 

 ( ) ( ) ( ) ( ) ( ) ( )f x g x dx f x g x dx f x g x dxdx= −     

Consider the integral  

( ) ( )

( )

2

2 2 2

3
2

3 3

log

1
log log ,

1
log

3 3

log

3 9

I x x dx

x x dx x dxdx f x x g x x
x

x
x x dx

x x x
C

=

= − = =

= −

= − +



  


 

Therefore, 
3 3

2 log
log

3 9

x x x
x x dx C= − +  



   

 

 

 

7. Find the integral of the function 1sinx x−  

Solution: 

To find the integral of product of two functions, use the integration by parts 

 ( ) ( ) ( ) ( ) ( ) ( )f x g x dx f x g x dx f x g x dxdx= −     

Consider the integral and take ( ) ( )1sin ,f x x g x x−= =  

1 1 1

2 2
1

2

2 1 2

2

2 1 2

2 2

2 1
2

2

2 1
2

2

sin sin sin

1
sin

2 21

sin 1

2 2 1

sin 1 1 1

2 2 1 1

sin 1 1
1

2 2 1

sin 1 1
1

2 2 1

d
x xdx x xdx x xdx dx

dx

x x
x dx

x

x x x
dx

x

x x x
dx

x x

x x
x dx

x

x x
x dx dx

x

− − −

−

−

−

−

−

  
= −   

  

 
= − 

− 

−
= +

−

 −
= + − 

− − 

 
= + − − 

− 


= + − −

−

   









 

( )

2 1
2 1 1

2 1 2

sin 1 1
1 sin sin

2 2 2 2

1
2 1 sin 1

4 4

x x x
x x x C

x
x x x C

−
− −

−




 

 
= + − + − + 

 

= − + − +
 

Therefore, ( )1 2 1 21
sin 2 1 sin 1

4 4

x
x xdx x x x C− −= − + − +  

 

 

 

 



   

 

 

8. Find the integral of the function 1tanx x−  

Solution: 

To find the integral of product of two functions, use the integration by parts 

 ( ) ( ) ( ) ( ) ( ) ( )f x g x dx f x g x dx f x g x dxdx= −     

Consider the integral and take ( ) ( )1tan ,f x x g x x−= =  

( )

1 1 1

2 2 2 1 2
1

2 2

2 1 2

2 2

2 1

2

2 1
1

2
1

tan tan tan

1 tan 1
tan .

2 1 2 2 2 1

tan 1 1 1

2 2 1 1

tan 1 1
1

2 2 1

tan 1
tan

2 2

tan
2

d
x xdx x xdx x xdx dx

dx

x x x x x
x dx dx

x x

x x x
dx

x x

x x
dx

x

x x
x x C

x
x

− − −

−
−

−

−

−
−

−

  
= −   

  

 
= − = − 

+ + 

 +
= − − 

+ + 

 
= − − 

+ 

= − − +

= −

   

 





11
tan

2 2

x
C−+ +

 

Therefore, 
2

1 1 11
tan tan tan

2 2 2

x x
x xdx x C− − −= − + +  

9. Find the integral of the function 1cosx x−  

Solution: 

To find the integral of product of two functions, use the integration by parts 

 ( ) ( ) ( ) ( ) ( ) ( )f x g x dx f x g x dx f x g x dxdx= −     

Consider the integral and take ( ) ( )1cos ,f x x g x x−= =  



   

 

1 1 1

2 2
1

2

2 1 2

2

2 1 2

2 2

2 1
2

2

2 1
2

2

cos cos cos

1
cos

2 21

cos 1

2 2 1

cos 1 1 1

2 2 1 1

cos 1 1
1

2 2 1

cos 1 1
1

2 2 1

d
x xdx x xdx x xdx dx

dx

x x
x dx

x

x x x
dx

x

x x x
dx

x x

x x
x dx

x

x x
x dx dx

x

− − −

−

−

−

−

−

  
= −   

  

  −
= − 

− 

−
= +

−

 −
= − − 

− − 

 
= − − − 

− 


= − − −

−

   









 

( )

2 1
2 1 1

2 1 2

cos 1 1
1 sin sin

2 2 2 2

1
2 1 cos 1

4 4

x x x
x x x C

x
x x x C

−
− −

−


 
 

 
= − − + − + 

 

= − − − +
 

Therefore, ( )1 2 1 21
cos 2 1 cos 1

4 4

x
x xdx x x x C− −= − − − +  

10. Find the integral of the function ( )
2

1sin x−  

Solution: 

To find the integral of product of two functions, use the integration by parts 

 ( ) ( ) ( ) ( ) ( ) ( )f x g x dx f x g x dx f x g x dxdx= −     

Consider the integral and take ( ) ( ) ( )
2

1sin , 1f x x g x−= =  

( ) ( ) ( )

( ) ( )

( )

2 2 2
1 1 1

2
1 1

2

1
2

1

2

sin sin 1 sin 1

1
sin 2sin

1

sin
sin 2

1

d
x dx x dx x dx dx

dx

x x x xdx
x

x x
x x dx

x

− − −

− −

−
−

  
= −   

  

 
= −  

− 

= −
−

   





 



   

 

 Again use integration by parts. Use ( ) ( )1

2

2
sin ,

1

x
f x x g x

x

−= =
−

 

 It implies that 

  

( ) ( )

( ) ( )

( )

( ) ( )
( )

1
2 2

1 1 1

2 2

2
1 1 2

2

2

2
1 1 2

2
1 2 1

sin 2
sin 2 sin sin

1 1

sin sin 2 1

1
2 1

1

sin 2sin 1 2 1

sin 2 1 sin 2

x x x
x x dx x x x dx

x x

x x x x

x dx
x

x x x x dx

x x x x x C

−
− − −

− −

− −

− −

 
− = −  

− − 

= − − −

+ − −
−

= − − − −

= + − − +

 





 

Therefore, ( ) ( )
2 2

1 1 2 1sin sin 2 1 sin 2x dx x x x x x C− − −= + − − +  

11. Find the integral of the function 
1

2

cos

1

x x

x

−

−
 

Solution: 

Consider the integral 
1

2

cos

1

x x
dx

x

−

−
  

Suppose that 1cos x t− = , so that 
2

1

1
dx dt

x
− =

−
 and cosx t=  

The integral becomes 
1

2

cos

1

x x
dx t costdt

x

−

= − 
−

   

To find the integral of product of two functions, use the integration by parts 

 ( ) ( ) ( ) ( ) ( ) ( )f x g x dx f x g x dx f x g x dxdx= −     

Consider the integral and take ( ) ( ), cosf t t g t t= =  



   

 

2

cos cos cos

sin sin

sin cos

cos 1

d
t tdt t tdt t tdt dt

dt

t t tdt

t t t C

x x x C

  
−  = − +   

  

= − +

= − − +

= −  − − +

   

  

 Therefore, 
1

2

2

cos
1 cos

1

x x
dx x x x C

x

−

= − − − +
−

  

12. Find the integral of the function 2secx x  

Solution:  

 Given integral is 2secx xdx  

To find the integral of product of two functions, use the integration by parts 

 ( ) ( ) ( ) ( ) ( ) ( )f x g x dx f x g x dx f x g x dxdx= −     

Consider the integral and take ( ) ( ) 2, secf x x g x x= =  

 

2 2 2sec sec 1 sec

tan tan

tan log cos

x xdx x xdx xdxdx

x x xdx

x x x C

= − 

= −

= + +

   

  

Therefore, 
2sec tan log cosx xdx x x x C= + +  

13. Find the integral of the function 1tan x−  

Solution:  

 To find the integral of the function 1tan x− , consider the integral 
11 tan xdx−  

To find the integral of product of two functions, use the integration by parts 

 ( ) ( ) ( ) ( ) ( ) ( )f x g x dx f x g x dx f x g x dxdx= −     

Consider the integral and take ( ) ( )1tan , 1f x x g x−= =  



   

 

Hence, the required integral becomes  

 

1 1

2

1

2

1 2

1 tan tan 1
1

1 2
tan

2 1

1
tan log 1

2

x
xdx x dx dx

x

x
x x dx

x

x x x C

− −

−

−

 =  −
+

= −
+

= − + +

  

  

Therefore, 1 1 21
tan tan log 1

2
xdx x x x C− −= − + +  

14. Find the integral of the function ( )
2

logx x dx  

Solution:  

 Consider the integral of the function ( )
2

logx x dx  

To find the integral of product of two functions, use the integration by parts 

 ( ) ( ) ( ) ( ) ( ) ( )f x g x dx f x g x dx f x g x dxdx= −     

Consider the integral and take ( ) ( ) ( )
2

log ,f x x g x x= =  

The given integral becomes  

 

( ) ( )

( )

( )

( ) ( )

2 2
2 2

2
2

2 2 2
2

2 2 2
2

1
log log 2log

2 2

log log
2

1
log log

2 2 2

log log
2 2 4

x x
x x dx x x dx

x

x
x x xdx

x x x
x x dx

x

x x x
x x C

  
=  −   

  

= −

 
= − + 

 

= − + +

 





 

Therefore, ( ) ( ) ( )
2 2 2

2 2
log log log

2 2 4

x x x
x x dx x x C= − + +  

15. Find the integral of the function ( )2 1 logx x+  

Solution:  



   

 

 Consider the integral of the function ( )2 1 logx xdx+  

To find the integral of product of two functions, use the integration by parts 

 ( ) ( ) ( ) ( ) ( ) ( )f x g x dx f x g x dx f x g x dxdx= −     

Consider the integral and take ( ) ( ) ( ) 2log , 1f x x g x x= = +  

The given integral becomes  

 

( )( ) ( )
3 3

2

3 2

3 3

1
1 log log

3 3

3
log 1

3 3

3
log

3 9

x x
x x dx x x x dx

x

x x x
x dx

x x x
x x C

   
+ =  + − +   

   

 +
= − + 

 

 +
= − − + 

 

 

  

Therefore, ( )( )
3 3

2 3
1 log log

3 9

x x x
x x dx x x C

 +
+ = − − + 

 
  

 

16. Find the integral of the function ( )sin cosxe x x+   

Solution:  

 Consider the integral ( )sin cosxe x x dx+  

 Use the formula ( ) ( )( ) ( )x xe f x f x dx e f x C+ = +  

 Let ( ) ( )sin cosf x x f x x=  =  

 Hence, the given integral becomes  

  

( ) ( ) ( )( )

( )

sin cos

sin

x x

x

x

e x x dx e f x f x dx

e f x C

e x C

+ = +

= +

= +

 
 

 Therefore, ( )sin cos sinx xe x x dx e x C+ = +  



   

 

 

17. Find the integral of the function 
( )

2
1

xxe

x+
 

Solution:  

 Consider the integral and then rewrite it as  

( ) ( )

( )

( ) ( )

2 2

2

2

1 1

1 1

1

1 1

1 1

x
x

x

x

xe x
dx e dx

x x

x
e dx

x

e dx
x x

 
=  

 + + 

 + −
=  

 + 

 
= − 

 + + 

 





 

 Use the formula ( ) ( )( ) ( )x xe f x f x dx e f x C+ = +  

 Let ( ) ( )
( )

2

1 1

1 1
f x f x

x x
=  = −

+ +
 

 Hence, the given integral becomes  

  

( ) ( )
( ) ( )( )

( )

2

1 1

1 1

1

1

x x

x

x

e dx e f x f x dx
x x

e f x C

e C
x

 
− = + 

 + + 

= +

 
= + 

+ 

 

 

 Therefore, 
( )

2
11

x xxe e
dx C

xx
= +

++
  

 

 

 

 



   

 

18. Find the integral of the function 
1 sin

1 cos

x x
e

x

+ 
 
+ 

 

Solution: Consider the integrand  

2 2

2

2

2

2

2

2

2

sin cos 2sin cos
1 sin 2 2 2 2
1 cos 2cos

2

sin cos
2 2

2cos
2

sin cos
1 2 2
2 cos

2

1
tan 1

2 2

1
1 tan 2 tan

2 2 2

1
sec 2 tan

2 2 2

x x

x

x

x

x

x

x x x x
x

e e
xx

x x
e

x

x x

e
x

x
e

x x
e

x x
e

 
+ + + 

=   
+   

 

 
+ 

 =

 
+ 

=  
 
 

 
= +  

 
= + + 

 

 
= + 

 

 

 Use the formula ( ) ( )( ) ( )x xe f x f x dx e f x C+ = +  

 Let ( ) ( ) 22 tan sec
2 2

x x
f x f x=  =  

 Hence, the given integral becomes  

  

( ) ( )( )

( )

21 1
sec 2 tan

2 2 2 2

1

2

tan
2

x x

x

x

x x
e dx e f x f x dx

e f x C

x
e C

 
+ = + 

 

= +

= +

 

 

 Therefore, 
1 sin

tan
1 cos 2

x xx x
e dx e C

x

+ 
= + 

+ 
  

 



   

 

19. Find the integral of the function 
2

1 1xe
x x

 
− 

 
 

Solution:  

 The given integral is 
2

1 1xe dx
x x

 
− 

 
  

 Use the formula ( ) ( )( ) ( )x xe f x f x dx e f x C+ = +  

 Let ( ) ( )
2

1 1
f x f x

x x
=  = −  

 Hence, the given integral becomes  

  

( ) ( )( )

( )

2

1 1x x

x

x

e dx e f x f x dx
x x

e f x C

e
C

x

 
− = + 

 

= +

= +

 

 

 Therefore, 
2

1 1 x
x e

e dx C
x x x

 
− = + 

 
  

20. Find the integral of the function 
( )

( )
3

3

1

xx e

x

−

−
 

Solution:  

 Consider the integral and rewrite it as 

( ) ( )

( ) ( )

3 3

2 3

3 1 2

1 1

1 2

1 1

x x

x

x x
e dx e dx

x x

e dx
x x

   − − −   
=   

− −      

  
= − 

− −  





 

 Use the formula ( ) ( )( ) ( )x xe f x f x dx e f x C+ = +  

 Let ( )
( )

( )
( )

2 3

1 2
'

1 1
f x f x

x x

−
=  =

− −
 



   

 

 Hence, the given integral becomes  

  

( ) ( ) ( )

( ) ( )( )

( )

( )

3 2 3

2

3 1 2

1 1 1

1

x x

x

x

x

x
e dx e dx

x x x

e f x f x dx

e f x C

e
C

x

   −   
= −   

− − −      

= +

= +

= +
−

 

  

 Therefore, 
( )

( ) ( )
3 2

3

1 1

x xx e e
dx C

x x

−
= +

− −
  

21. Find the integral of the function 2 sinxe x  

Solution:  

 Consider the integral 
2 sinxe xdx   

To find the integral of product of two functions, use the integration by parts 

 ( ) ( ) ( ) ( ) ( ) ( )f x g x dx f x g x dx f x g x dxdx= −     

Consider the integral and take ( ) ( ) 2sin , xf x x g x e= =  

The given integral becomes  



   

 

 

( )

2 2
2

2
2

2 2
2

2
2 2

2
2 2

2
2

sin sin cos
2 2

sin 1
cos

2 2

sin 1 1
cos sin

2 2 2 2

sin 1 1
cos sin

2 4 4

1 sin 1
1 sin cos

4 2 4

5 sin 1
sin

4 2

x x
x

x
x

x x
x

x
x x

x
x x

x
x

e e
e xdx x x dx

e x
e xdx

e x e
x e x dx

e x
e x e xdx

e x
e xdx e x

e x
e xdx

 
=  −  

 

= −

  
= − − −  

  

= − −

 
+ = − 

 

= −

 










2

2 2 2

cos
4

2 1
sin sin cos

5 5

x

x x x

e x

e xdx e x e x= −

 

Therefore, 2 2 22 1
sin sin cos

5 5

x x xe xdx e x e x= −  

22. Find the integral of the function 1

2

2
sin

1

x

x

−  
 
+ 

 

Solution:  

 Consider the integral 
1

2

2
sin

1

x
dx

x

−  
 
+ 

  

 Put tanx = , so that 2secdx d =  

 The given integral becomes  

  ( )

1 1 2

2 2

1 2

2

2 2 tan
sin sin sec

1 1 tan

sin sin 2 sec

2 sec

x
dx d

x

d

d


 



  

  

− −

−

   
=   

+ +   

=

=

 





 

To find the integral of product of two functions, use the integration by parts 

 ( ) ( ) ( ) ( ) ( ) ( )f x g x dx f x g x dx f x g x dxdx= −     

Consider the integral and take ( ) ( ) 2, secf g   = =  



   

 

  

    

 The integral becomes  

  

( )

2

1 2

2 sec 2 tan 2 tan

2 tan 2logsec

2 tan log 1

d d

C

x x x C

      

  

−

= −

= − +

= − + +

 
 

 Therefore, ( )1 1 2

2

2
sin 2 tan log 1

1

x
dx x x x C

x

− − 
= − + + 

+ 
  

23. 
32 xx e dx  

A) 
31

3

xe C+    B) 
21

3

xe C+    

C) 
31

2

xe C+    D) 
21

3

xe C+  

Solution:  

 Given 
32 xx e dx  

  Put 3x t= , so that 23x dx dt=  

 The given integral becomes  

  

( )

( )

3 3

3

2 21
3

3

1

3

1

3

1

3

x x

t

t

x

x e dx x e dx

e dt

e C

e C

=

=

= +

= +

 


 

 This is matching with the option ( )A  

   



   

 

24. ( )sec 1 tanxe x x dx+ =  

A) cosxe x C+     B) secxe x C+    

C) sinxe x C+     D) tanxe x C+  

Solution:  

 The given integral is ( )sec 1 tanxe x x dx+  

 Use the formula ( ) ( )  ( )'x xe f x f x dx e f x C+ = +  

 Consider the integral and rewrite it as  

  

( ) ( )

( ) ( )( )

( )

sec 1 tan sec sec tan

sec

x x

x

x

x

e x x dx e x x x dx

e f x f x dx

e f x C

e x C

+ = +

= +

= +

= +

 

  

 This is matching with the option ( )B  

 

 

 

 

 

 

 

 

 

 

 



   

 

 

Exercise: 7.7 

1. Find the integral value of the function 24 x−  

Solution: 

 Consider the integral ( ) ( )
2 224 2x dx x dx− = −   

Use the formula 
2

2 2 2 2 1sin
2 2

x a x
a x dx a x C

a

−− = − +  

Hence,  

 

( ) ( )
2 22

2 1

4 2

4
4 sin

2 2 2

x dx x dx

x x
x C−

− = −

 
= − + + 

 

 
 

Therefore, 
2 2 14

4 4 sin
2 2 2

x x
x dx x C−  

− = − + + 
 

  

2. Find the integral of the function 21 4x−  

Solution: Consider the integral  

( )
22

2

1 4 1 2

1
1

2

x dx x dx

t dt

− = −

= −

 


 

Use the formula 
2

2 2 2 2 1sin
2 2

x a x
a x dx a x C

a

−− = − +  

Hence,  

 

( )

( )

( )

2 2 1

2 1

2 1

1 1
1 1 sin

2 4 4

2 1
1 4 sin 2

4 4

1
1 4 sin 2

2 4

t
t dt t t C

x
x x C

x
x x C

−

−

−

− = − + +

= − + +

= − + +



 



   

 

Therefore, ( )2 2 11
1 4 1 4 sin 2

2 4

x
x dx x x C−− = − + +  

 

3. Find the integral of the function 
2 4 6x x dx+ +  

Solution: 

The given integral is 
2 4 6x x dx+ +  

 

( ) ( )

2 2

22

4 6 4 4 2

2 2

x x dx x x dx

x dx

+ + = + + +

= + +

 


 

Use the formula ( )
2

2 2 2 2 2 2log
2 2

x a
x a dx x a x x a C+ = + + + + +  

Hence, the given integral can be written as  

 

( ) ( )

( )

2 2

22

2 2

2 2

4 6 4 4 2

2 2

2 2
4 6 log 2 4 6

2 2

2
4 6 log 2 4 6

2

x x dx x x dx

x dx

x
x x x x x C

x
x x x x x C

+ + = + + +

= + +

+
= + + + + + + + +

+
= + + + + + + + +

 


 

Therefore, 
2 2 22

4 6 4 6 log 2 4 6
2

x
x x dx x x x x x C

+
+ + = + + + + + + + +  

4. Find the integral of the function 2 4 1x x+ +  

Solution: 

The given integral is 
2 4 1x x dx+ +  

 

( ) ( )

2 2

22

4 1 4 4 3

2 3

x x dx x x dx

x dx

+ + = + + −

= + −

 


 



   

 

Use the formula ( )
2

2 2 2 2 2 2log
2 2

x a
x a dx x a x x a C+ = + − + − +  

Hence, the given integral can be written as  

 ( ) ( )

( )

2 2

22

2 2

4 1 4 4 3

2 3

2 3
4 1 log 2 4 1

2 2

x x dx x x dx

x dx

x
x x x x x C

+ + = + + −

= + −

+
= + + − + + + + +

 

  

Therefore, 
2 2 22 3

4 1 4 1 log 2 4 1
2 2

x
x x dx x x x x x C

+
+ + = + + − + + + + +  

5. 21 4x x− −  

Solution: 

Consider, 
21 4x x dx= − −  

( )21 4 4 4x x dx= − + + −  

( )
2

1 4 2x dx= + − +  

( ) ( )
2 2

5 2x dx= − +  

Since, 
2

2 2 2 2 1sin
2 2

x a x
a x dx a x C

a

−− = − +  

( ) 2 1
2 5 2

1 4 sin
2 2 5

x x
I x x C−

+ + 
 = − − + + 

 
 

6. 2 4 5x x+ −  

Solution: 

Let 
2 4 5I x x dx= + −  

( ) ( ) ( )
2 22 4 4 9 2 3x x dx x dx= + + − = + −   



   

 

Since, 
2

2 2 2 2 2 2log
2 2

x a
x a dx x a x x a C− = − − + − +  

( )
( )2 2

2 9
4 5 log 2 4 5

2 2

x
I x x x x x C

+
 = + − − + + + − +  

7. 21 3x x+ −  

Solution: 

Put, 
21 3I x x dx= + −  

2 9 9
1 3

4 4
x x dx

 
= − − + − 

 
  

22 2
9 3 13 3

1
4 2 2 2

x dx x dx
      

= + − − = − −             
   

Since, 
2

2 2 2 2 1sin
2 2

x a x
a x dx a x C

a

−− = − + +  

2 1

3 3
132 21 3 sin

2 4 2 13

2

x x

I x x C−

 
− − 

  = + − + +
  

 
 

 

2 12 3 13 2 3
1 3 sin

4 8 13

x x
x x C−− − 

= + − + + 
 

 

8. 2 3x x+  

Solution: 

Let 
2 3I x xdx= +  

2 9 9
3

4 4
x x dx= + + −  



   

 

2 2
3 3

4 2
x dx

   
= + −   

   
  

Since, 
2

2 2 2 2 2 2log
2 2

x a
x a dx x a x x a C− = − − + − +  

2 2

3 9
32 43 log 3

2 2 2

x

I x x x x x C

 
+ 

   = + − + + + + 
 

 

( ) 2 2
2 3 9 3

3 log 3
4 8 2

x
x x x x x C

+  
= + − + + + + 

 
  

9. 
2

1
9

x
+  

Solution: 

Let ( )
2

22 21 1
1 9 3

9 3 3

x
I dx x dx x dx= + = − = +    

Since, 
2

2 2 2 2 2 2log
2 2

x a
x a dx x a x x a C+ = + + + + +  

2 21 9
9 log 9

3 2 2

x
I x x x C

 
 = + + + + + 

 
 

2 23
9 log 9

6 2

x
x x x C= + + + + +  

10. 
21 x+  is equal to 

A. 
2 21

1 log 1
2 2

x
x x x C+ + + + +  

B. ( )
2

2 3
2

1
3

x C+ +  

C. ( )
2

2 3
2

1
3

x x C+ +  

D. 
3

2 2 21
1 log 1

2 2

x
x x x x C+ + + + +  



   

 

Solution: 

Since, 
2

2 2 2 2 2 2log
2 2

x a
a x dx a x x x a C+ = + + + +  

2 2 21
1 1 log 1

2 2

x
x dx x x x C + = + + + + +  

Thus, the correct answer is A. 

11. 
2 8 7x x dx− +  is equal 

A. ( ) 2 21
4 8 7 9log 4 8 7

2
x x x x x x C− − + + − + − + +  

B. ( ) 2 21
4 8 7 9log 4 8 7

2
x x x x x x C+ − + + + + − + +  

C. ( ) 2 21
4 8 7 3 2 log 4 8 7

2
x x x x x x C− − + − − + − + +  

D. ( ) 2 21 9
4 8 7 log 4 8 7

2 2
x x x x x x C− − + − − + − + +  

Solution: 

Let 
2 8 7I x x dx= − +  

( )2 8 16 9x x dx= − + −  

( ) ( )
2 2

4 3x dx= − −  

Since, 
2

2 2 2 2 2 2log
2 2

x a
x a dx x a x x a C− = − − + − +  

( )
( )2 2

4 9
8 7 log 4 8 7

2 2

x
I x x x x x C

−
 = − + − − + − + +  

Thus, the correct answer is D. 

 

 

 



   

 

 

Exercise: 7.8 

1. Find the value of  
b

a
xdx  

Solution: 

 The given integral is 
b

a
xdx  

 Use the limit as sum formula 

  ( ) ( ) ( ) ( ) ( )( )
1

lim .... 1
b

a n
f x dx b a f a f a h f a n h

n→
 = − + + + + + −   

 Here 
b a

h
n

−
=  

 Plug in ( )f x x=  

 Hence,  

  

( ) ( )

( ) ( )

( )
( ) ( )

( )
( ) ( ) ( )

( )
( ) ( )

( )

1
lim .... 1

1
lim 1 2 3 ... 1

11
lim

2

11
lim

2

1
lim

2

2

1

2

b

a n

n

n

n

n

x dx b a a a h a n h
n

b a na h n
n

n n
b a na h

n

b a n n
b a na

n n

n b a
b a a

n

b a
b a a

b

→

→

→

→

→

= − + + + + + −  

= − + + + + + −  

 − 
= − +  

  

 − − 
= − +  

  

 − − 
= − +  

  

−  
= − +   

  

= −



( ) ( )

2 2

2

a b a

b a

+

−
=  

 Therefore, 
2 2

2

b

a

b a
x dx

−
=  



   

 

 

2. Find the value the definite integral ( )
0

1
b

x dx+  using the limit as sum concept.  

Solution: 

Consider the integral ( )
5

0
1x dx+   

 Use the limit as sum formula 

  ( ) ( ) ( ) ( ) ( )( )
1

lim .... 1
b

a n
f x dx b a f a f a h f a n h

n→
 = − + + + + + −   

 Here 
5

, 0, 5
b a

h a b
n n

−
= = = =  

 Plug in ( ) 1f x x= +  

( ) ( ) ( )

( )

( ) ( )

( ) ( )

5

0

2

1
1 5 lim 1 1 .... 1 1

1
5lim 1 2 3 ... 1

11 5
5lim 1

2

15
5lim 1

2

5
5 1

2

35

2

n

n

n

n

x dx h n h
n

n h n
n

n n

n n

n n

n

→

→

→

→

+ = + + + + + −  

= + + + + + −  

 − 
= +  

  

 − 
= +  

  

 
= + 

 

=



 

Therefore, ( )
5

0

35
1

2
x dx+ =  

3. Find the value of 
3

2

2
x dx  using limit as sum concept 

Solution: 

Consider the integral 
3

2

2
x dx   



   

 

 Use the limit as sum formula 

  ( ) ( ) ( ) ( ) ( )( )
1

lim .... 1
b

a n
f x dx b a f a f a h f a n h

n→
 = − + + + + + −   

 Here 
3 2 1

, 2, 3h a b
n n

−
= = = =  

 Plug in ( ) 2f x x=  

 

( ) ( )( )

( ) ( )( ) ( )( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

3 222 2

2

22 2 2 2

2 2

3 2

1
lim 2 2 .... 2 1

1
lim 2 1 2 ... 1 4 1 2 ... 1

1 2 1 11
lim 2 4

6 2

1 2 1 11
lim 4 4

6 2

2 1
4 4

6 2

n

n

n

n

x dx h n h
n

n h n h n
n

n n n n n
n h h

n

n n n n n

n n

→

→

→

→

 = + + + + + −
 

 = + + + − + + + + −
 

 − − −   
= + +    

    

 − − −   
= + +    

    

 
= + +  

 

=



19

3

 

Therefore, 
3

2

2

19

3
x dx =  

4. Find the value of ( )
4

2

1
x x dx− using limit as sum concept 

Solution: 

Consider the integral ( )
4

2

1
x x dx−   

 Use the limit as sum formula 

  ( ) ( ) ( ) ( ) ( )( )
1

lim .... 1
b

a n
f x dx b a f a f a h f a n h

n→
 = − + + + + + −   

 Here 
4 1 3

, 1, 4h a b
n n

−
= = = =  

 Plug in ( ) 2f x x x= −  



   

 

 

( )
( ) ( )( )

( )( )

( ) ( )( ) ( )( )

( )( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

222
4

2

1

22 2 2

2

1 1 .... 1 13
lim

1 1 1 2 ... 1 1

1 1 ... 1 2 1 2 ... 13
lim

1 2.. 1

1 2 1 1 13
lim 2

6 2 2

3
lim

n

n

n

n

h n h
x x dx

n h h n h

n h n h n

n n h n

n n n n n n n
n h h n h

n

→

→

→

→

 + + + + + −
 − =
 − + + + + + + + − 

 + + + − + + + + −
 =
 − − + + − 

 − − − −     
= + + − −      

      

=



( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

2

3 2

1 2 1 1

6 2

1 2 1 127 9
lim

6 2

1 9
27

3 2

27

2

n

n n n n n
h h

n

n n n n n

n n n→

 − − −   
+    

    

 − − −   
+    

    

 
= + 

 

=

 

Therefore, ( )
4

2

1

27

2
x x dx− =  

5. Find the value of 
1

1

xe dx
−  using limit as sum concept.  

Solution: 

Consider the integral 
1

1

xe dx
−   

 Use the limit as sum formula 

  ( ) ( ) ( ) ( ) ( )( )
1

lim .... 1
b

a n
f x dx b a f a f a h f a n h

n→
 = − + + + + + −   

 Here 
1 1 2

, 1, 1h a b
n n

+
= = = − =  

 Plug in ( ) xf x e=  

  

   



   

 

( )
( )

( )

( )

1

1

2 2 2
1 1 2. 1 1

1

2 4 6 2
1

1

1 21 2 2
2 lim 1 1 1 2 .... 1

1
2 lim ....

1
2 lim 1

2 lim

x

n

n
n n n

n

n
n n n n

n

n

n
e dx f f f f

n n n n

e e e e
n

e e e e e
n

e

− →

     
− + − + − + −     −      

→

−
−

→

→

 −     
= − + − + + − +  + + − +     

      

 
= + + + 

  

  
= + + + +  

  

=



( )

( )

2
1

1

2
1

2
1

2
1

1 2

2
1

2
0

2

1

2

1 1
2 lim

2 1

lim 2
2

2 1

2

1

1

n

n

n

n
n

n

n

e

n
e

e
e

n
e

e e

e

n

e
e

e

e

e
e

−
−

−

−

→ −

−

−

→

−

 
 
 
  

 
−

 = 
 
 

 −
==

 
 

 
 
 

 −
=  

  

−
=

= −

 

Therefore, 
1

1

1xe dx e
e−

= −  

 

6. Find the value of ( )
4

2

0

xx e dx+  using limit as sum 

Solution: 

Consider the integral ( )
4

2

0

xx e dx+   

 Use the limit as sum formula 

  ( ) ( ) ( ) ( ) ( )( )
1

lim .... 1
b

a n
f x dx b a f a f a h f a n h

n→
 = − + + + + + −   

 Here 
4 0 4

, 0, 4h a b
n n

−
= = = =  

 Plug in ( ) 2xf x x e= +  



   

 

 

( ) ( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( )

( )  ( )( )

( ) 

4
2

0

2 10 2 2 2

2 12 4

2

2

1
4 0 lim 0 2 .... 1

1
4 lim 0 2 ..... 1

1
4 lim 2 3 ..... 1 1 ....

1 1
4 lim 1 2 .... 1

1

4

x

n

n hh h

n

n hh h

n

hn

hn

x e dx f f h f h f n h
n

e h e h e n h e
n

h h h n h e e e
n

e
h n

n e

→

−

→

−

→

→

 + = − + + + + − 

 = + + + + + + + − +
 

 = + + + + − + + + + +
 

  −
= + + + − +  

−  

=



( )( )

( )

( )
( )

2

2

8

8

8

8

8

8

11 1
lim

2 1

11 4 1
4lim .

2
1

1
4 2 4lim

1
8

8

1
8

2

15

2

hn

hn

n
n

n

n

h n n e

n e

n n e

n n
e

e

e

n

e

e

→

→

→

 −  −
+  

−   

  − −
  = +

  
−  

−
= +

 
 −
 
 
 

−
= +

+
=

 

 Therefore, ( )
8

4
2

0

15

2

x e
x e dx

+
+ =  

 

 

 

 

 

 

 

 

 



   

 

 

Exercise: 7.9 

1. Find the value of ( )
1

1
1x dx

−
+  

Solution: 

 Consider the integral ( )
1

1
1x dx

−
+  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

 Hence the integral becomes 

  

( )
1

2
1

1
1

1
2

1 1
1 1

2 2

2

x
x dx x

−
−

 
+ = + 

 

= + − +

=



 

 Therefore, ( )
1

1
1 2x dx

−
+ =  

2. Find the value of 
3

2

1
dx

x
 

Solution: Consider the integral 
3

2

1
dx

x
 

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 

 
3 3

22

1
log

log3 log 2

3
log

2

dx x
x

=

= −

=



 



   

 

 Therefore, 
3

2

1 3
log

2
dx

x
=  

3. Find the value of ( )
2

3 2

1
4 5 6 9x x x dx− + +  

Solution: Consider the integral ( )
2

3 2

1
4 5 6 9x x x dx− + +  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 

( )
2

3
2

3 2 4 2

1
1

5
4 5 6 9 3 9

3

40 5
16 12 18 1 3 9

3 3

64

3

x
x x x dx x x x

 
− + + = − + + 

 

= − + + − + − −

=



 

 Therefore, ( )
2

3 2

1

64
4 5 6 9

3
x x x dx− + + =  

4. Find the value of 4

0
sin 2

x

xdx  

Solution: Consider the integral 4

0
sin 2

x

xdx  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 

4
4

0
0

cos2
sin 2

2

1
cos cos0

2 2

1

2

x
xdx






 
= −  

 
= − − 

 

=



 



   

 

 Therefore, 4

0

1
sin2

2
xdx



=  

5. 2

0
cos 2x dx



  

Solution: Consider the integral 2

0
cos 2x dx



  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 

4
2

0
0

sin 2
cos2

2

1
sin sin 0

2 2

1

2

x
x dx






 
=   

 
= − 

 

=



 

 Therefore, 4

0

1
cos2

2
xdx



=  

6. Find the value of 
5

4

xe dx  

Solution: Consider the integral 
5

4

xe dx  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 

( )

5 5

44

5 4

4 1

x xe dx e

e e

e e

 =  

= −

= −


 

 Therefore, ( )
5

4

4
1xe dx e e= −  



   

 

 

7. Find the value of 4

0
tan x dx



  

Solution: Consider the integral 4

0
tan x dx



  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 

( )

( )

( ) ( )

4 4

00
tan log sec

log sec log sec0
4

log 2 log 1

1
log 2

2

x dx x
 



=   

 
= − 

 

= −

=



 

 Therefore, 4

0

1
tan log2

2
x dx



=  

8. Find the value of 4

6

cosecx dx


  

Solution: Consider the integral 4

6

cosecx dx


  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 



   

 

( )

( ) ( )

4 4

6 6

cos log csc

log csc cot log csc cot
4 4 6 6

log 2 1 log 2 3

2 1
log

2 3

ecx dx x cotx
 

 

   

= −  

   
= − − −   

   

= − − −

 −
=  

− 



 

 Therefore, 4

6

2 1
cos log

2 3
ecx dx





 −
=  

− 
  

9. Find the value of 
1

20 1

dx

x−
  

Solution: Consider the integral 
1

20 1

dx

x−
  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 

1 1
1

020 1

0
2

2

dx
sin x

x





− =  
−

= −

=



 

 Therefore, 
1

20 21

dx

x


=

−
  

10. Find the  value of 
1

20 1

dx

x+  

Solution: Consider the integral 
1

20 1

dx

x+  



   

 

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 

1 1
1

2 00
tan

1

4

dx
x

x



− =  +

=


 

 Therefore, 
1

20 1 4

dx

x


=

+  

11. Find the value of 
3

22 1

dx

x −  

Solution: Consider the integral 
3

22 1

dx

x −  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 

3
3

22
2

1 1
log

1 2 1

1 2 1
log log

2 4 3

1 3
log

2 2

dx x

x x

− 
=  − + 

    
= −    

    

 
=  

 



 

 Therefore, 
3

22

1 3
log

1 2 2

dx

x

 
=  

−  
  

12. Find the value of 
22

0
cos xdx



  

Solution: Consider the integral 
22

0
cos xdx



  



   

 

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 

22 2

0 0

2

0

1
cos 1 cos2

2

1 sin 2

2 2

1
0

2 2

4

xdx xdx

x
x

 







= +

 
= + 

 

 
= + 

 

=

 

 

 Therefore, 22

0
cos

4
xdx




=  

13. Find the value of 
3

22 1

xdx

x +  

Solution:  Consider the integral 
3

22 1

xdx

x +  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 

( )( )

( ) ( )

3 3

2 22 2

3
2

2

1 2

1 2 1

1
log 1

2

1 1
log 10 log 5

2 2

1
log2

2

xdx xdx

x x

x

=
+ +

= +

= −

=

 

 

 Therefore, 
3

22

1
log 2

1 2

xdx

x
=

+  

 



   

 

14. Find the value of 
1

20

2 3

5 1

x
dx

x

+

+  

Solution: Consider the integral 
1

20

2 3

5 1

x
dx

x

+

+  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 

( )

( ) ( ) ( )

( )

1 1 1

22 20 0 0
2

1

2 1

0

1

1

2 3 1 10 3 1

5 1 5 5 1 5 1

5

1 3 5
log 5 1 tan

15 5 1

5

1 3
log 6 log 1 tan 5

5 5

1 3
log6 tan 5

5 5

x x
dx dx dx

x x
x

x
x −

−

−

+
= +

+ +  
+  
 

  
   

= + +   
     
   

= − +

= +

  

 

 Therefore, ( )
1

1

20

2 3 1 3
log6 tan 5

5 1 5 5

x
dx

x

−+
= +

+  

15. Find the value of 
21

0

xxe dx  

Solution: Consider the integral 
21

0

xxe dx  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 



   

 

( )

2 2

2

1 1

0 0

1

0

1
2

2

1

2

1
1

2

x x

x

xe dx xe dx

e

e

=

 =
 

= −

 

 

 Therefore, ( )
21

0

1
1

2

xxe dx e= −  

16. Find the value of 
2

2

21

5

4 3

x

x x+ +  

Solution: Consider the integral 
2

2

21

5

4 3

x

x x+ +  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 

( ) ( )( )
( )

2 2
2 2

2 21 1

2 2 2

2 2

1 1 1

2
22 2

21 1
1

2

1

5 5 20 15 20 15

4 3 4 3

2 4 1
5 1 10 25

4 3 4 3

1
5 10 log 4 3 25

2 1

15 1 2 1
5 10log 25 log

8 2 2 1

15 25
5 10log l

8 2

x x x x
dx dx

x x x x

x
dx dx dx

x x x x

x x x dx
x

x

x

+ + − −
=

+ + + +

+
= − +

+ + + +

= − + + +
+ −

+ −      
= − +      + +      

 
= − + 

 

 

  



3 25 1
og log

5 2 2

   
−   

   

 

 Therefore, 
2

2

21

5 15 25 3 25 1
5 10log log log

4 3 8 2 5 2 2

x
dx

x x

     
= − + −     

+ +      
  

17. Find the value of ( )2 34

0
2sec 2x x dx



+ +  

Solution: Consider the integral ( )2 34

0
2sec 2x x dx



+ +  



   

 

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 

( )
4 4

2 34

0
0

4

4

2sec 2 2 tan 2
4

1
2 2

4 4 4

2
2 1024

x
x x dx x x




 

 

 
+ + = + + 

 

   
= + +   

   

= + +



 

 Therefore, ( )
4

2 34

0
2sec 2 2

2 1024
x x dx


 

+ + = + +  

18. Find the value of 
2 2

0
sin cos

2 2

x x
dx

  
− 

 
  

Solution: Consider the integral 4

6

cosecx dx


  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 

( )

2 2

0 0

0

sin cos cos
2 2

sin

0

x x
dx xdx

x

 



 
− = − 

 

= −

=

 

 

 Therefore, 
2 2

0
sin cos 0

2 2

x x
dx

  
− = 

 
  

19. Find the value of 
2

20

6 3

4

x
dx

x

+

+  

Solution: Consider the integral 
2

20

6 3

4

x
dx

x

+

+  



   

 

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 

( )

( )

2 2

2 20 0

2 2

2 20 0

2

2 1

0

6 3 2 1
3

4 4

2 1
3 3

4 4

3
3log 4 tan

2 2

3
3log 8 3log 4

2 4

3
3log 2

8

x x
dx dx

x x

x
dx dx

x x

x
x





−

+ +
=

+ +

= +
+ +

  
= + +   

  

 
= + − 

 

= +

 

 

 

 Therefore, 
2

20

6 3 3
3log 2

4 8

x
dx

x

+
= +

+  

20. Find the value of 
1

0
sin

4

x x
xe dx

 
+ 

 
  

Solution: Consider the integral 
1

0
sin

4

x x
xe dx

 
+ 

 
  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 

( )

( )

1
1

0
0

4
sin 1

4 4

4 4
1 0 1

4

2 2 4
1

x xx x
xe dx e x cos

cos

 





 

 

   
+ = − −      

 
= − − − + 

 

= − +



 

 Therefore, 
1

0

2 2 4
sin 1

4

x x
xe dx



 

 
+ = − + 

 
  



   

 

21. The value of 
3

21 1

dx

x+  

A) 
3


   B) 

2

3


   C) 

6


   D) 

12


 

Solution: Consider the integral 
3

21 1

dx

x+  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 

( ) ( )

3 3
1

2 11

1 1

tan
1

tan 3 tan 1

3 4

12

dx
x

x

 



−

− −

 =  +

= −

= −

=



 

Therefore, this is matching with the option ( )D  

22. The value of  
2

3
20 4 9

dx

x+  

A) 
6


  B) 

12


  C) 

24


  D) 

4


 

Solution: Consider the integral 
2

3
20 4 9

dx

x+  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 



   

 

( )( )

2 2

3 3
20 0 2

2

3
20

2

2

3
1 1

2 2

0

1 1

1

44 9 9

9

1

9 2

3

1 3 1 1
tan tan

6 2

1
tan 1 tan 0

6

1

6 4

24

dx dx

x x

dx

x

x x
dx C

a x a a





− −

− −

=
+ +

==
 

+ 
 

  
= = +   +  

= −

 
=   

=

 




 

 Therefore, this is matching with the option ( )C  

 

 

 

 

 

 

 

 

 

 

 

 

 

 



   

 

 

Exercise: 7.10 

1. Find the value of 
1

20 1

x
dx

x +  

Solution: Consider the integral 
1

20 1

x
dx

x +  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Hence the integral becomes 

1 1

2 20 0

1
2

0

1 2

1 2 1

1
log 1

2

1
log 2

2

x x
dx dx

x x

x

=
+ +

 = +
 

=

 

 

 Therefore, 
1

20

1
log 2

1 2

x
dx

x
=

+  

2. Find the value of 
52

0
sin cos d



    

Solution: Consider the integral 
52

0
sin cos d



    

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

Suppose that sin t = , so that cos d dt  =  

Hence the integral becomes 



   

 

( )

( ) ( )

( )

( )

5 42 2

0 0

22

0

1 2
2

0

1
4 2

0

1 9 5
1

2 2 2

0

1
3 11 7

2 2 2

0

sin cos sin cos cos

sin 1 sin cos

1

1 2

2

2
3 11 7

2 2 2

2 2 4

3 11 7

154 42 132

231

64

231

d d

d

t t dt

t t t dt

t t t dt

t t t

 



      

   

=

−

= −

= + −

= + −

 
 

= + − 
 
 

= + −

+ −
=

=

 









 

 Therefore, 
52

0

64
sin cos

231
d



   =  

3. Find the value of 
1

1

20

2
sin

1

x
dx

x

−  
 
+ 

  

Solution:  Consider the integral 
1

1

20

2
sin

1

x
dx

x

−  
 
+ 

  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

 Suppose that tanx = , so that 2secdx d =  

Hence the integral becomes 



   

 

( )

  ( )

1
1 1 24

2 20 0

1 24

0

24

0

44
0 0

2 2 tan
sin sin sec

1 1 tan

sin sin 2 sec

2 sec

2 tan 2log cos

2 log 2
4

log 2
2

x
dx d

x

d

d










 



  

  

  





− −

−

   
=   

+ +   

=

=

= +   

 
= − 

 

= −

 




 

 Therefore, 
1

1

20

2
sin log2

1 2

x
dx

x

−  
= − 

+ 
  

4. Find the value of 
2

0
2x x dx+  

Solution: Consider the integral 
2

0
2x x dx+  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

 Suppose that 2x t+ = , so that dx dt=  

 When 0 2x t=  =  and when 2 4x t=  =  

Hence the integral becomes 



   

 

( )

( ) ( )

( )

2 4

0 2

3 1
4

2 2

2

4
5 3

2 2

2

2 2

2

2
5 3

2 2

2 4
32 4 2 8 2 2

5 3

16 2 2 1

15

x x dx t tdt

t t dt

t t

+ = −

 
= − 

 

 
 

= − 
 
 

= − − −

+
=

 



 

 Therefore, 
( )2

0

16 2 2 1
2

15
x x dx

+
+ =  

5. Find the value of 2
20

sin

1 cos

x
dx

x



+  

Solution: Consider the integral 2
20

sin

1 cos

x
dx

x



+  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

 Suppose that cost x= , so that sindt xdx= −  

 When 0 1x t=  =  and when 0
2

x t


=  =   

Hence the integral becomes 

 

0
2

2 20 1

0
1

1

sin

1 cos 1

tan

4

x dt
dx

x t

t





−

= −
+ +

 = − 

=

 

 

 Therefore, 2
20

sin

1 cos 4

x
dx

x




=
+  



   

 

6. Find the value of 
2

20 4

dx

x x+ −  

Solution: Consider the integral 
2

20 4

dx

x x+ −  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

 Rewrite the quadratic expression 24x x+ − as  

  

( )2 2

2

2 2

4 4

17 1

4 2

17 1

2 2

x x x x

x

x

+ − = − − −

 
= − − 

 

   
= − −   

  

   

 Hence the integral becomes  

  

2 2

22 20 0

2

0

4 17 1

2 2

17 1

1 2 2
log

17 17 1

2 2

1 17 3 17 1
log log

17 17 3 17 1

1 17 3 17 1
log

17 17 3 17 1

1 21 5 17
log

417

dx dx

x x
x

x

x

=
+ −    

− −   
  

  
+ −  
  =

  
− −  
  

   + −
= −   

− +   

 + +
=  

− − 

 +
=  

 

 

 

 Therefore, 
2

20

1 21 5 17
log

4 417

dx

x x

 +
=  

+ −  
  



   

 

7. Find the value of 
1

21 2 5

dx

x x− + +  

Solution: Consider the integral 
1

21 2 5

dx

x x− + +  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

 Rewrite the quadratic expression 2 2 5x x+ + as  

  
( )

( )

22

2 2

2 5 1 4

1 2

x x x

x

+ + = + +

= + +
   

 Hence the integral becomes  

  

( )

( )

1 1

22 21 1

1

1

1

1

2 5 1 2

1 1
tan

2 2

1
tan 1

2

8

dx dx

x x x

x



− −

−

−

−

=
+ + + +

+  
=   

  

=

=

 

 

 Therefore, 
1

21 2 5 8

dx

x x


−

=
+ +  

 

8. Find the value of 
2

2

21

1 1

2

xe dx
x x

 
− 

 
  

Solution: Consider the integral 
2

2

21

1 1

2

xe dx
x x

 
− 

 
  

Use the fundamental theorem of integral calculus which states that “if 

( ) ( )f x dx F x C= +  then ( ) ( ) ( )
b

a

f x dx F b F a= − ” 

 Suppose that 2x t= , so that 2dx dt=  



   

 

 When 1 2x t=  =  and 2 4x t=  =  

 Hence the integral becomes  

  

( )

2 4
2

2 21 2

4

22

4 2

2 2

1 1 1 2 2

2 2

1 1

4 2

2

4

x t

t

e dx e dx
x x t t

e dx
t t

e e

e e

   
− = −   

   

 
= − 

 

 
= − 
 

−
=

 


 

 Therefore, 
( )2 2

2
2

21

21 1

2 4

x
e e

e dx
x x

− 
− = 

 
  

 

 

9. The value of the integral 
( )

1
3 3

1

1 4

3

x x
dx

x

−

  is 

A) 6   B) 0  C) 3  D) 4 

Solution: 

Consider 
( )

1
3 3

1

1 4

3

x x
I dx

x

−
=   

Let sin cosx dx d  =  =  

When 11 1
, sin

3 3
x  −  
= =  

 
 and when 1,

2
x


= =  

( )
1

1
3 3

2
1 4

sin
3

sin sin
cos

sin
I d

  
 

−  
 
 

−
 = 

 

( ) ( ) ( ) ( )
1 1

11 1 2
2 33 3 3

2 2
1 14 4

sin sin
3 3

sin 1 sin sin cos
cos cos

sin sin
d d

    
   

 − −   
   
   

−
= 

 



   

 

( ) ( ) ( )

( )
1 1

1 1 5

3 3 3
22 2

1 1 52 2
sin sin

3 3 3

sin cos sin
cos cosec

sin sin
sin

d d
   

   
 


− −   
   
   

= 
 

( )
1

5
22 3

1
sin

3

cot cosec d


  
−  
 
 


 

Put 2cot t cosec d dt  = − =  

When 1 1
sin , 2 2

3
t −  

= = 
 

 and when  , 0
2

t


 = =  

( )
50
3

2 2
I t dt =   

( )
0

8

3

2 2

3

8
t

 
= −  

 
 

( ) ( )
0

8 8

3 3

2 2

3 3
2 2 8

8 8

   
= − − =   

   
 

( )
4

3
3

8
8

 
=  

 
 

 
3

16
8

=  

3 2=   

=6 

Thus, the correct answer is A 

 

10. If ( )
0

sin
x

f x t t dt=  , then ( )'f x  is 

A) cos sinxx x+  B) sinx x  C) cosx x  D) sin cosx x x+  

Solution: 

( )
0

sin
x

f x t tdt=   

Using integration by parts, we get 

( )
0 0

sin sin
x x d

f x t tdt t tdt dt
dt

  
= −   

  
    



   

 

( ) ( )
0 0

cos cot
xx

t t t dt= − − −     

 
0

cos sin
x

t t t= − +  

cos sinx x x= − +  

( ) ( ) ' sin cos cosf x x x x x  = − − + +   

sin cos cosx x x x= − +  

sinx x=  

Thus, the correct answer is B  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



   

 

 

Exercise: 7.11 

1. 22

0
cos xdx



  

Solution: 

( )22

0
cos ........ 1I xdx



=   

22

0
cos

2
I x dx


 

 = − 
 

   ( ) ( )( )
0 0

0 0
f x dx f a x dx= −   

( )22

0
sin ......... 2I xdx



 =   

Adding (1) and (2), we get 

( )2 22

0
2 sin cosI x x dx



= +  

2

0
2 1.I dx



 =   

 2
0

2I x


 =  

2
2

I


 =  

4
I


 =  

2. 2

0

sin

sin cos

x
dx

x x



+
  

Solution: 

2

0

sin

sin cos

x
dx

x x



+
  

Consider, ( )2

0

sin
........ 1

sin cos

x
I dx

x x



=
+

  



   

 

2

0

sin
2

sin cos
2 2

x

I dx

x x





 

 
− 

 
 =

   
− + −   

   

   ( ) ( )( )0 0

a a

f x dx f a x dx= −   

( )2

0

cos
......... 2

cos sin
I dx

x



 =
+

  

Adding (1) and (2), we get 

2

0

sin cos
2

sin cos

x x
I dx

x x


+

=
+

  

 2

0
2 1.I dx



=   

  2
0

2I x


=  

 2
2

I


 =  

4
I


 =  

3. 

3

2
2

3 30
2 2

sin

sin cos

xdx
dx

x x



+
  

Solution: 

Let ( )

3

2
2

3 30
2 2

sin
......... 1

sin cos

xdx
I dx

x x



=

+
  

3

2

2
3 30
2 2

sin
2

sin cos
2 2

x

I dx

x x





 

 
− 

  =
   

− + −   
   

   ( ) ( )( )0 0

a a

f x dx f a x dx= −   

( )

3

2
2

3 30
2 2

cos
........... 2

sin cos

x
I dx

x x



 =

+
  



   

 

Adding (1) and (2), we get 

 

3 3

2 2
2

3 30
2 2

sin cos
2

sin cos

x x
I dx

x x


+

=

+
  

  2 2
00

2 1. 2I dx I x
 

 =  =  

 2
2 4

I I
 

 =  =  

4. 
5

2
5 50

cos

sin cos

xdx
dx

x x



+  

Solution: 

 Consider, ( )
5

2
5 50

cos
......... 1

sin cos

xdx
I dx

x x



=
+  

5

2

0
5 5

cos
2

sin cos
2 2

x

I dx

x x





 

 
− 

  =
   

− + −   
   

   ( ) ( )( )0 0

a a

f x dx f a x dx= −   

( )
5

2
5 50

sin
........ 2

sin cos

x
I dx

x x



 =
+  

Adding (1) and (2), we get 

5 5

2
5 50

sin cos
2

sin cos

x x
I dx

x x


+

=
+  

 2 2
00

2 1. 2I dx I x
 

 =  =  

2
2 4

I I
 

 =  =   

5. 
5

5
2x dx

−
+  

Solution: 



   

 

Let 
5

5
2I x dx

−
= +  

As, ( )2 0x+   on [-5,-2] and ( )2 0x+   on [-2,5] 

( ) ( )
2 5

5 2
2 2x dx x dx

−

−
 − + + +    ( ) ( ) ( )( )

b c b

a a c
f x f x f x= +    

2 5
2 2

5 2

2 2
2 2

x x
I x x

−

− −

   
= − + + +   

   
 

( )
( )

( )
( )

( )
( )

( )
( )

2 2 2 2
2 5 5 2

2 2 2 5 2 5 2 2
2 2 2 2

   − − −
= − + − − − − + + − − −   

      

 

25 25
2 4 10 10 2 4

2 2

   
= − − − + + + − +   

   
 

25 25
2 4 10 10 2 4

2 2
= − + + − + + − +  

29=    

 

6. 
8

2
5x dx−  

Solution: 

Consider, 
8

2
5I x dx= −  

As ( )5 0x−   on  2,5  and ( )5 0x−   on [5,8]  

( ) ( )
5 8

2 2
5 5I x dx x dx= − − + −    ( ) ( ) ( )( )

b c b

a a c
f x f x f x= +    

5 8
2 2

2 5

5 5
2 2

x x
x x

   
− + −   

   
 

25 25
25 2 10 32 40 25 9

2 2

   
− − − + + − − + =   
   

 



   

 

 

7. ( )
1

0
1

n
x x dx−  

Solution: 

Consider, ( )
1

0
1

n
I x x dx= −   

( ) ( )( )
1

0
1 1 1

n

I x x dx = − − −  

( )( ) ( )
1 1

1

0 0
1

n n nx x dx x x dx+= − = −   

1
1 2

0

1 1

1 2 1 2

n nx x

n n n n

+ +  
= − = −  + + + +   

  ( ) ( )( )1 0

a a

f x dx f a x dx= −   

( ) ( )

( )( ) ( )( )

2 1 1

1 2 1 2

n n

n n n n

+ − +
= =

+ + + +
 

 

8. ( )4

0
log 1 tan x dx



+  

Solution: 

Let ( ) ( )4

0
log 1 tan ........ 1I x dx



= +  

4

0
log 1 tan

4
I x dx


  

 = + −  
  

   ( ) ( )( )1 0

a a

f x dx f a x dx= −   

4

0

tan tan
4log 1

1 tan tan
4

x

I dx

x






 
− 

 = + 
 +
 

  

( )
4 4

0 0

1 tan 2
log 1 log

1 tan 1 tan

x
I dx I dx

x x

 
− 

 = +  = 
+ + 

   

( )4 4

0 0
log 2 log 1 tanI dx x dx

 

 = − +   



   

 

4

0
log 2I dx



 =     (from (1)) 

 4
0

2 log2I x


 =  

2 log 2
4

I


 =  

log 2
8

I


 =  

9. 
2

0
2x x dx−  

Solution: 

Consider, 
2

0
2I x x dx= −  

( )
2

0
2I x x dx= −    ( ) ( )( )1 0

a a

f x dx f a x dx= −   

2

3 5
1 3 2 22
2 2

0

0

2 2
3 5

2 5

x x
x x dx

  
   

= − = −    
    

   

  

( ) ( )
2

3 5 3 5
2 2 2 2

0

4 2 4 2
2 2

3 5 3 5
x x

 
= − = − 
 

 

=
4 2 2 2 8 2 8 2

4 2
3 5 3 5


−  = −  

40 2 24 2 16 2

15 15

−
= =  

 

10. ( )2

0
2logsin logsin 2x x dx



−  

Solution: 



   

 

Consider, ( )2

0
2logsin logsin 2I x x dx



= −  

( )( )2

0
2logsin log 2sin cosI x x x dx



 = −  

( )2

0
2logsin logsinx logcosx log 2I x dx



 = − − −  

( ) ( )2

0
logsin log cosx log 2 ......... 1I x dx



 = − −  

Since, ( ) ( )( )0 0

a a

f d dx f a x dx= −   

  ( )2

0
log cos logsin log 2 ......... 2I x x dx



 = − −  

Adding (1) and (2), we get 

( )2

0
2 log 2 log 2I dx



= − −  

2

0
2 2log 2 1.I dx



 = −   

log 2
2

I
 

 = −  
 

 

( )log 2
2

I


 = −  

1
log

2 2
I

  
 =  

 
 

1
log

2 2
I


 =  

11. 22

2

sin x dx



−  

Solution: 

Let 
22

2

sinI x dx



−

=   

As ( ) ( )( ) ( )
2 22 2sin sin sin sinx x x x− = − = − = , therefore, 2sin x  is an even function 

If ( )f x  is an even function, then ( ) ( )
0

2
a a

a
f x dx f x dx

−
=   



   

 

22 2

0 0

1 cos2x
2 sin 2

2
I xdx dx

 
−

= =   

( )
2

2

0
0

sin 2
1 cos2

2 2

x
I x dx x




 
= − = − = 

 
  

 

12. 
0 1 sin

x dx

x



+  

Solution: 

Let ( )
0

.......... 1
1 sin

x dx
I

x



=
+    

( )

( )0 1 sin

x
I dx

x x

 



−
 =

+ −    ( ) ( )( )1 0

a a

f x dx f a x dx= −   

( )
( )

0
........ 2

1 sin

x
I dx

x

  −
 =

+  

Adding (1) and (2), we get 

0
2

1 sin
I dx

x

 
=

+  

( )

( )( )0

1 sin
2

1 sin 1 sin

x
I dx

x x




−

 =
+ −  

 2

20 0

1 sin
2 2 sec tan sec

cos

x
I dx I x x x dx

x

 

 
−

 =  = −   

 2 2I I  =  =  

13. 72

2

sin x dx



−  

Solution: 

Let ( )72

2

sin ......... 1I x dx



−

=   

As ( ) ( )( ) ( )
7 77 7sin sin sin sinx x x x− = − = − = − , thus, 2sin x  is an odd function 

( )f x  is an odd function, then ( ) 0
a

a
f x dx

−
=  



   

 

72

2

sin 0I xdx



−

 = =   

14. 
2

5

0
cos xdx



  

Solution: 

Let ( )
2

5

0
cos .......... 1I xdx



=   

( )5 5cos 2 cosx x − =  

We know that, ( ) ( )
2

0 0
2

a a

f x dx f x dx=  , if ( ) ( )2f a x f x− =  

= 0 if ( ) ( )2f a x f x− = −  

2
5

0
2 cosI xdx



 =   

( )2 0 0I = =   ( )5 5cos cosx x − = −    

15. Find the value of 2

0

sin cos

1 sin cos

x x
dx

x x


−

+  

Solution: 

Consider, ( )2

0

sin cos
.......... 1

1 sin cos

x x
I dx

x x


−

=
+  

2

0

sin cos
2 2

1 sin cos
2 2

x x

I dx

x x



 

 

   
− − −   

    =
   

+ − −   
   

   ( ) ( )( )1 0

a a

f x dx f a x dx= −   

( )2

0

cos sin
....... 2

1 sin cos

x x
I dx

x x


−

 =
+  

Adding (1) and (2) we get 

2

0

0
2 0

1 sin cos
I dx I

x x



 =  =
+  

 

16. Find the value of ( )
0

log 1 cos x dx


+  



   

 

Solution: Use the property ( ) ( )
0 0

a a

f x dx f a x dx= −   

The given integral can be written as  

  

( )

( )( )

( )

0

0

0

log 1 cos

log 1 cos

log 1 cos

I x dx

x dx

I x dx









= +

= + −

= −







 

Adding the above two integrals  

  

( ) ( )

( )

( )

( )

0 0

2

0

2

0

0

2 log 1 cos log 1 cos

log 1 cos

log sin

2 log sin

I x dx x dx

x dx

x dx

x dx

 







= + + −

= −

=

=

 







 

Hence, ( )
0

log sinI x dx



=   

 Use the property ( )
( ) ( ) ( )

( ) ( )

2

0

0

2 If 2

0 If 2

a

a f x dx f a x f x
f x dx

f a x f x


− =

= 
 − = −


  

 The above integral becomes  



   

 

  

( )

( )

( )

( )

2

0

2

0

2

0

2 2

0 0

2 log sin

2 log cos

2 2 log sin cos

log sin 2 log 2

2 2 log 2
2

log 2

I x dx

x dx

I x x dx

I x dx dx

I

I







 





=

=

=

= −

 
= −  

 

=







 

 

 Therefore, ( )
0

log 1 cos log2x dx


+ =  

 

17. Find the value of 
0

a x
dx

x a x+ −
  

Solution: Consider the integral 
0

a x
I dx

x a x
=

+ −
  

 Use the property ( ) ( )
0 0

a a

f x dx f a x dx= −   

 The given integral can be rewrite as  

  
( )0

0

a

a

a x
I dx

a x a a x

a x
dx

a x x

−
=

− + − −

−
=

− +





 

 The sum of the above two integrals  



   

 

  

 

0

0

0

2

1

a

a

a

x a x
I dx

x a x

dx

x

a

+ −
=

+ −

=

=

=



  

 Divide both sides by 2 

  
2

a
I =  

 Therefore, 
0 2

a x a
dx

x a x
=

+ −
  

18. Find the value of 
4

0
1x dx−  

Solution: Consider the integrand 

  
1 0 1

1
1 1 4

x x
x

x x

−  
− = 

−  
 

 Hence, the integral becomes  

   

( ) ( )
4 1 4

0 0 1

1 4
2 2

0 1

1 1 1

2 2

1 16 1
1 4 1

2 2 2

5

x dx x dx x dx

x x
x x

− = − + −

   
= − + −   
   

= − + − − +

=

  

 

 Therefore, 
4

0
1 5x dx− =  

 

19. Show that ( ) ( ) ( )
0 0

2
a a

f x g x dx f x dx=  , if ( )f x  and ( )g x  are defined 

( ) ( )f x f a x= −  and ( ) ( ) 4g x g a x+ − =  



   

 

Solution: 

 Consider the given integral ( ) ( )
0

a

f x g x dx  

 Use the property ( ) ( )
0 0

a a

f x dx f a x dx= −  , the above integral rewrite as  

  

( ) ( )

( ) ( )

( ) ( )

0

0

0

a

a

a

I f x g x dx

f a x g a x dx

f x g a x dx

=

= − −

= −







 

 Adding both integrals  

  

( ) ( ) ( ) ( )

( ) ( ) ( )( )

( )

0 0

0

0

2

4

a a

a

a

I f x g x dx f x g a x dx

f x g x g a x dx

f x dx

= + −

= + −

=

 





 

 Divide both sides with 2 

  ( )
0

2

a

I f x dx=   

 Therefore, ( )
0

2

a

I f x dx=   

20. The value of ( )3 52

2

cos tan 1x x x x dx



−

+ + +  is 

A) 0   B) 2   C)     D) 1 

Solution: Use the property that  

  ( )

( )

( ) ( )
0

0 If  is odd function

2 If is even function

a

a

a

f x

f x dx
f x dx f x−




= 






 



   

 

 In the given integrand 3 3, cos , tanx x x x  are odd functions. 

 Hence, the given integral can be rewrite it as  

  

( )

 

3 5 3 52 2 2

2 2 2

2

0

2
0

cos tan 1 cos tan 1

0 0 0 2 1

2

2
2

x x x x dx x x x xdx dx

dx

x

  

  









− − −
+ + + = + + +

= + + +

=

 
=  

 

=

  



 

Consider, ( )3 52

2

cos tan 1x x x x dx


 
−

+ + + =  

This is matching with  the option ( )C  

21. The value of 2

0

4 3sin
log

4 3cos

x
dx

x


+ 

 
+ 

  is 

A) 2   B) 
3

4
   C) 0   D) 2−   

Solution: Suppose that the integral 2

0

4 3sin
log

4 3cos

x
I dx

x


+ 

=  
+ 

  

 Use the property ( ) ( )
0 0

a a

f x dx f a x dx= −   

 The integral becomes  

  

2

0

2

0

4 3sin
2

log

4 3cos
2

4 3cos
log

4 3sin

x

I dx

x

x
dx

x









  
+ −  

 =  
  + −  
  

+ 
=  

+ 





 

 Adding the above two integrals  



   

 

  

( )

2 2

0 0

2

0

2

0

4 3sin 4 3cos
2 log log

4 3cos 4 3sin

4 3cos 4 3sin
log

4 3sin 4 3cos

log 1

0

x x
I dx dx

x x

x x
dx

x x

dx

 





+ +   
= +   

+ +   

+ + 
=  

+ + 

=

=

 





    

 This is matching with the option ( )C  

 

 


