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Chapter: 7. Integrals
Exercise: Miscellaneous.
1 Find the integral of the function Iﬁdx
: . i 1
Solution: The given integrand is VR
The given integrand can be written as
1 1
X—x° x(l— xz)
B 1
x(1-x)(1+x)
Use the concept of partial fractions, suppose that L = A + B + ¢
x(1-x)(1+x) x (1-x) 1+x
To get the values of constants, cancel out the common denominator.
Hence, 1= A(l— x2)+ Bx(1+x)+Cx(1—x)
1
1=B(2)=B==
Plugin x=-1
1
1=-C(2)=C =-3
Plugin x=0
A=1
Hence,
1 21 1 1
x(1-x)(1+x) x 2(1-x) 2(1+x)

Plugin x=1

Integrate both sides
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dx=1|-=d dx — d
jx(l—x)(1+x) X -[x X+-[2(1—x) X '[2(1+x) X
IX_1X3dX=|09|X|—%Iog|1—x|—%|og|1+x|+c
1 1
=§Iog|xz|—glog|1—x2|+c
1 X2
2 91"
2
Therefore, %dx:ilog X +c
X —X 2 1-x
2 Find the integral of the function 1
| Jx+a+(x+b)
Solution:
1 _ 1 ><\/x+a—\/x+b
x+a+[(x+b)  x+tatx+b Jx+a-x+b
3 L {Hlntx_—}
xvax —x2
Solution:
1
xyax — x?

Kra—iih (Vrra-Vxeb)

“(x+b)=(x=b) ~ a-b

1 1
:I4x+a+\/(x+b) dx:ﬁf(\/m-\/mwx

3 3

1 |(x+a)z (x

+
oy
~

o

(a-b)| 3 3 3(a—b)[(
2 2
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’ Let x=2= dx=—2dh
t t
1 1 a
o —t = _(__dt]
Ixm Ia o2 (ajz t
t\ ot Ut
=—ji#dt=-ij#dt
at 11 - L
Vi e t ot
1 1
== [—=—dt
aI\/t—l
__1n t-1]+C
a_
:—12 E—1}+C
a| Vx
2[ Va—x|
=—= +C
al x|
_ 2| [a=x]
- X -
4 L e
xz(x“+1)Z
Solution:
1
3
X* (x* +1)*
Multiplying and dividing by x*, we get
;3
X3 ~ N (x4 +1) 4

+C

2 -3
= " X" =X
X2.X 3(X4 +1)4
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[ 3
(x*+1)4 1[X4+1J4
NG
X*.(x*) 4 L X
1 1)
e
Leti“:tz—ist:dt:ist:_ﬁ
X X X 4
_3 \
.-.j%dx:j%(u%j fo ety
n X X 4
xz(x“+1)4
1
L 1+ ) 4c
_ 1] (L) ‘Co 1 x*
41 41
4 4
1
—(1+i4)4+c
X
1 .1 1
S. T 1 Hint: . : T Put x =t°
X2 +x° X2 +x3 x3[1+x6}
Solution:
1 1
111 1
X2 +X° x3[1+x6J
Let x =t° = dx = 6t°dt
1 1 6t°
et Ivay dx:jt2(1+t)dt
X2 +x3 x3| 1+ x5
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=6 (1t:t)dt

On dividing, we get

[ 1 1dx:6'[{(t2—t+1)—$}dt

X2 + X®

g

1 1 1 1
=2x% —3x3 +6x°® —6Iog(1+x6J+C

1 1 1
= 2/X —3x3 + 6x° —6log[1—x6J+C

5x
0. _
(x+1)(x2+9)
Solution:
Consider, RX _ + 2 . (1)

(x+1)(X*+9) (x+1) (x*+9)
=5x=A(X"+9)+(Bx+C)(x+1)
= 5X = AX* +9A+Bx®* + Bx+Cx+C
Equating the coefficients of x*,x and constant term, we get
A+B=0
B+C=5
9A+C =0

On solving these equations, we get

Az—l,leandC:g
2 2 2
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’ From equation (1), we get

X 9
5x -1 §+*

L 22
(x+1)(x*+9) 2(x+1) (x*+9)

(x+9)
-[(x+1 x+9 J{ x+1 (x +9)}dX

1 1 X 9 1
:Elog|x+]4+zj'xz—+9dx+5sz+ =——Iog|x+1| j

2X
249

1 1 1 X
:Elog|x+ﬂ+zlog|x2+9|+ gtan 15

:%Iog|x+1|+%log(x2+9)+gtan1§+C

sin X
7. —_—
sin(x—a)
Solution:
sin X
sin(x—a)

Put, x—a=t= dx=dt

sin x sin t+a
IS|n _-[ sint

:Ismtcosa+costsmadt :I(cosa+cottsin a)dt

sint
=tcosa+sinalog|sint|+C,
=(x—a)cosa+sinaloglsin(x—a)/+C,
=xcosa+sinalog|sin(x—a)|—acosa+C,

=sinalog|sin(x—a)|+xcosa+C

xS

X°+9
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gdloux _ q#logx

8.

Solution:

et e5Iogx _e4logx ~ e4logx (elogx _1)
eslogx _ezlogx - ezlogx (elogx _1)

e5|09x _ e4logx

3
’ ~[v2qy _ X
"JWdX—JX dx_?+c

COS X

Ja—sin?x
Solution:

COS X

Ja=sin’x

Put, sinx =t = cos xdx = dt

:>J- COS X J.L

——0x=
\/m (2)2_(t)2
=sin™ (%)+C
=sin*t (Siﬂj_,_c
2

sin® x —cos® x

10. _— ’
1-2sin“ Xxcos” X

Solution:
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sin® x — cos® X (sin* x—cos* x)(sin* x—cos* )

1-2sin? xcos® X sin® xcos? x —sin? xcos® X —sin® xcos? x

(sin4 X —cos* x)(sin2 X — cos? x)(sin2 X — Cos? x)

(sin2 X —sin? x cos? x)+(cos2 X —sin? x cos? x)

(sin4 X —cos* x)(sin2 X — Cos? x)

" sin? x(l—cos2 x)+cos2 x(l—sin2 x)

) —(sin4 X —cos* x)(cos2 X —sin? x)

(sin4 X + cos* x)
= —C0S 2X

. J- sin® x—cos® x sin 2x

— 5 +C
1-2sin° Xxcos” X

dx:f—0052xdx=—

1
11.
cos(x+a)cos(x+b)
Solution:
1
cos(x+a)cos(x+b)

Multiplying and dividing by sin(a—b), we get

sin(;—b)[cos(xsln;;c;:()HbJ

1 _sin[(x+a)—(x+b)]}

B sin(a—b)| cos(x+a)cos(x+b)

SN—"

_ 1 _sin(x+a).cos(x+b)—cos(x+a)sin(x+b)}
sin(a—h) cos(x+a)cos(x+h)

_ 1 _sin(x+a)_sin(x+b)}
sin(a—b)| cos(x+a) cos(x+b)

_; an(X+a)—tan({ x+
_sin(a—b)[t ( ) t ( b):l
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1 1
dx = t —t b)]d
'[COS(X+a)cos(x+b) X sin(a—b)-[[ an(x+a)—tan(x+b) |dx

[— log|cos (x —a)|+log|cos (x+ b)|] +C

=sin(a—b)
__ 1 l0g COS(X+b)|+C
sin(a—b) cos(x+a)|
3
12. X
1—x®
Solution:
X3
V1-x8
Put x* =t = 4x3dx =dt
X3 1. dt
=S|l 0= | =
J.\/1—x8 41’\/1—t2
=lsin’lt+C
4
=%sinl(x4)+c
13.
(1+ex)(2+ex)
Solution:

Put, e* =t = e*dx =dt

dt

J.(t+1)(t+2)

:I(1+ex)e(2+ex)d

:f{ui >‘<t+12>}“

=log|t+1—log|t+2/+C
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t+1

=log|—
gt+2

1+¢*
2+¢*

=log +C

(x2 +1)(x2 +4)

14.

Solution:

1 _ Ax+B  Cx+D

(x*+1)(x*+4) (X +1) ’ (x*+4)

=1=(Ax+B)(X* +4)+(Cx+D)(x*+1)

=1=AX’ +4Ax+Bx* +4B+Cx® +Cx+Dx*+D

Equation the coefficients of x3,x?,x and constant term, we get
A+C=0

B+D=0

4A+C =0

4B+D=1
On solving these equations, we get

A:O,le,Czo and D:—l
3 3

From equation (1), we get
1 1 1

(x2 +1)(x2 +4) 3(x2 +1) 3(x2 +4)

1 1 1 1 1
J.(x2+1)(x2+4) *=3 x2+1dx_§-[x2+4dx
:ltan’lx—l.ltan’15+c

3 32 2

:Etan’lx—itan’15+c
3 6 2

logsinx

15. cos® xe
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Solution:

cos® xe'°%"™ = cos® x x sin x

Let cosx=t = —sinxdx =dt

J‘cos3 x el gy = J.cos3 xsin x dx

16. & =(x'+1)

Solution:

3

-1 3 -1
e3Iog>< =(X4+1) =eIogx (X4+1) _

(x4+1)
Let x* +1=t = 4x°dx =dt
:>J.e3'°gX :(x4 +1)-1 dx:jﬁdx
x* +
L
49t
=%Iog|t|+C

:%Iog|x4+1|+c

:%Iog|x4+1|+c

17. f'(ax+b)[f (ax+b)]n
Solution:

f'(ax+b)[ f (ax+b)]n
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Put, f (ax+b)=t=af'(ax+b)dx=dt
n 1
= f'(ax+Db)| f(ax+b)| dx==|t"dt
(ax+b)[f (ax+b) ] dx==]
n+1
] P (f(ax+b))n+1+C
a|n+1| a(n+1)
1
18.
Jsin® xsin(x+¢)
Solution:
1 B 1
\/sinsxsin(x+a) \/sing‘x(sinxcos<z+cosxsina)
B 1
\Jsin xcos ¢ +sin® x cos xsin &
B 1 B Ccosec’x
sin? xa/cOS @ +COotxsin /oS & + ot XSin
Put, cosa + cot xsina =t = —cosec? xsin e dx = dt
2
J~ 1 dx — J- cosec X i
\/sins xsin (x+a) Jcos a + cotxsin a
_—_IE
sina? \t
=__—1[2\/t_}+C
sina
-1 -
:_—[2\/c05a+cotxsma}+c
sina
-2 \/ cos Xsin a
=——[cosa+———+C
sin sin x
- i i -2 [sin(x+
_ _2 \/smxc05a_+cosxsma+cz _2 ( a)+C
sina sin x sina sin x
-1 _ A
19. VX Cosl\/;,XE[O,l]
sint/x +cos ™t /x
Solution:
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sint /X —cos ™ \/x

Let | =
sint/x +cos T/

As we know that, sin"*«/x +cos ™ /x :%

(72[ —cos ' x ) —cos ' /x

dx

:>I:I

z
2
=£_[(Z—2cos1 xjdx
77\ 2
2 4
== 2 |1.dx——| cos ™ +/xdx
T 2I 72'"‘ \/_

— x—%jcos1 NG . (1)

Let I, = ZI cos ™ t.dt

=2 cos‘lt——j —dt
1— t2 2
t2
=t?cos't +I dt
J1-t?

—t?costt— Hl tdt+I\/1_t

=tzcos‘1t—%\/1—7+%sin‘1t
From equation (1), we get
| = x—i[t2 cos‘lt—£\/1—7+lsin‘lt}
/4 2 2
= x—%_xcos‘lﬁ—%\/l—_x+%sin‘1\/§}

i ’ 2
_x-2 X(Z—Sin_l\/;j— XX ZsintJx
T 2 2 2

4x . 2 2 .
= X—2X+—sin X + Sx=x2 = Zsin X
T T

T
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=—x+£[(2x—1)sin*1\/ﬂ+£/X_X_z+C
T T
2(2x-1
S T N v
4 s
20. 1-Vx
1+\/§
Solution:
|- [imax
1+\/;

Put x =cos? @ = dx =—2sin §cosdd o

| = 1-coso (—Zsinecose)dez—j
\1+cos6

.0
sin —
=—Itang.23in0cosed9:—zj 2 25ingcosg cos@do
2 0 2 2
cosE

=—4jsin2gcosed9
2
= —4jsin2 Q(Zcosz . jde
2 2
= —4_[Zsin2 gcosz g—sinz ~dé
2 2 2
:—8J'sin2gcoszgd6'+4jsin2 gdﬁ
2 2 2

= —stin2 Qd9+4jsin2 Qd&
2 2

1-cos26 1-coséd
:—Zj(Tjd9+4J : de

:_ZI[Q_smZﬁ}rd{g_sme}rc
2 4 2 2

sin 20

=0+ +20-2sin@+C
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’ sin 20

=0+ +2sing+C

:0+—Zsmzcosg+23in 0+C

= 0++/1—c0s’ 0.cos O —2+J1—cos? & +C
=cos X +1-xA/x —21-x+C
— 21— x+costx +, /x(l— x)+C

= 2J1-x+cos VX +Vx—x*+C

2+5sin 2x o
1+cos2x

21.

Solution:
J-(2+sm2x) o
1+ cos2x
J-(2+25|nxcosxj o
2C0s” X
J-(1+smxcosxj o
cos® X

J- sec’ x+tanx

Let f(x)=tanx= f'(x)=sec’x

o =_[f(x)+ f'(x)e*dx
=e*f (x)+C
=e*tanx+C

99 x*+x+1
' (x+1)2(x+2)

Solution:

2
Let X+X+1=A+B+C ..........

(x+1)"(x+2) (x+1) (x+1)° (x+2)
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= x>+ X+1= A(x2 +3x+2)+ B(x+2)+C(x2+2x+1)
= X* +x+1=(A+C)x*+(3A+B+2C)x+(2A+2B+C)

Equating the coefficients of x*,x and constant term, we get

A+C=1
3A+B+2C=1
2A+2B+C =1

On solving these equations, we get
From equation (1), we get

X2+ x+1 -2 3 1

(1) (x+2)  (x+1) (x+2) " (x+1)

X*+Xx+1 1 1 1
_— = dx+3 dx + dx
‘[(x+1)2(x+2) I(X+1) J.(x+2) j(x+1)2
=—2log|x+1+3log|x+2|- L ic
(x+1)
23. tant 1-x
1+x
Solution:
| =tan™ ‘ll_—xdx
1+X
Let x=co0s@ = dx =-sin&do
I =Itan‘1,,ﬂ(sin9d0)
1+cosé
33in2€ 0
:—jtan‘1 2 sinodo :—Itan‘ltan—.sinede
% 2
2c0s 5
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1 . 1
:—Eje.smede:—5[9.(—0056’)—Il.(—cos@)de}
1 ]
=—§[—9cos¢9+sm9]
=+lecose—lsin9
2 2
:lcos’lx.x—E 1— x? +C:5cos’l—1 1-x?+C
2 2 2 2

= %(xcos1 X—+1— X2 )+C
VX +1[Iog(x2 +1)—2Iog x]

4

24,

X

Solution:

VX +1[Iog(x2 +1)—2Iog x] B N

v -~ [Iog(x%l)—logxﬂ
2 2
_ \/xx4+l {Iog(xleﬂ
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1 1.
=_Ej\/flogtdt =—§jt2.logtdt

Using integration by parts, we get

| :—%{Iogt.jt;dt—{(%Iogtjj‘t;dt}dt}

3 3
t2 1 t2

2 2

X 2.1
Zt2logt —= [t2dt
3 M 3I }

[0 3 3
zt2 Iogt—ﬂt2
3 9

3 3
=—1t2 Iogt+zt2
3 9

1.2 2
=—=t2|logt—=
St ogt 2

25. J'Zex(l_smxjdx
5 \1l-cosx

Solution:
| =I:ex(1—smxjdx
7 \1l-cosx

XX
1-2sin=cos— cosec?

—cot5 dx
2

=je

z
2

Zsinzg 2

Il Il Il Il
2 | | | |
W N |~ N |- N |-
< 7~ N\
(BN
+
><N|l—‘
N
N | w
-
o
«Q
7\
|_\
+
o ><N||_\
> .
Il |
N N wlN
+
@]
N
N | X
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Let f(x):_cotf

2
X
2

= f'(x)= _(—%COSECZ g) = %Cosec2

= o e (£ (x)+ £(x))dx

e*xcot - —e? xcot =
2 4

e”XO—erl}

J~” Sin X Ccos X

26. a2 2P dx

0 cos* x+sin? x
Solution:

. N
2 sin Xcos X

Let I=j4ﬁdx
0 cos” X+sIn™ x

(sin xcosx}
V4 4.
n cos* x
dx

:>I:j4 y —
o (cos* x+sin®x
cos* x

i 2

2 tan xsec” X
=1 :I4—4dx

= 1+tan” x

Put, tan® x =t = 2tan xsec? xdx = dt

: ! I I I .
x ! | | 1 —
el T 1 D |
D %
B3 — —
o — NI
& X
| =< o
1 %3
N 3N
N
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When x=0,t =0 and when x=%,t=1

1
2701412

eyl ]

= %[tan‘l— tan™ 0]

J-” cos® xdx

0 cos® x+4sin®x

Solution:

Consider, I_j
0 cos® X +4sin’ X

/4

2
COS” X
dx

cos? x

z
:>I=j2

=1=—

0 cos® x+4—4c0s’ X

4—3c0s” X

3 J0 cos® x+4—4c0s’ X

124

-1

=1 =?[x]05+

2

—3c0s? X 1.z 4
= o[22 gy o
3Jo 4

:>I:_—1Pl.dx+l
37 3

3cos? x

T

.[E 4sec’ x
0 4sec® x—3
12 4sec’x

3 0 4(1+tan2 x)—sdx

k4 2
Sl T2 BECX g (1)
6 370 1+4tan” X
L4 2
Consider, _[ZZLC)Z(
0 1+4tan® x

370 4-3cos? x

dx
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Put, 2tan x =t = 2sec? xdx = dt

When x=0, t = 0 and when X=%,t:oo

Z 2sec’ x » dt
:Ioz—ZdXZ 0 2
1+4tan” x 1+t

= [tan‘lt]:
=[tan* (e0)—tan*(0) |

r_z
3 6

8. J' Zsin X+COSX

6 \/sm 2X

Solution:

= sin X+COSX

. »\/sm 2X

Consider, I—_[

(sm X +COS X) Sin X + Cos X

:I—IZW I\/ (-1+1-2sincos x)

dx

(sinx+cosx) i

2
=1=)7 ——— .
5 \/1—(sm X COS x—25|nxcosx)

e z (sin x+cos x)

5 \/1—(sin X —COS x)2

Let (sinx—cosx)=t—(sinx+cosx)dx =dt

- —
=0
Il )
| @
ol o
+ @ I
[RRN - NN
| — =
NN o
[ 3
—~~
=
N
=
o
to)
D
~—
oy
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When ng,t:(l_z\/g] and when x:%,t:[EJ

2

, therefore, 1 is an even function
J'aa f(x)dx= ZIOa f (x)dx
R

As 1 _ 1

JL-(-t)f -t 1-t?
We know that if f(x) is an even function, then
=1=2| 2

S
':L—:ﬁ 1-t?
B g
|: 2
= I_(l_f) 1_t2
Jo 1-t?
=[25in‘1t]f;l
=25in‘1(ﬁj
2
1 dx
S i
Solution:
' 1 dx
Consider, I=Lm
s (VI+x+x)

dx

o(VErx %) (VErx+x)
1(\/m4‘\/;)

:IO 1+x-x o
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= .[:\/1+_xdx+.f:\/§dx

:E(u x)i}: E(x)i}:

IZ Sin X+ C0S X
0 9+16sin2x

30.

Solution:

Consider, | =J’dex
0 9+16sin2x

Put, sinx—cosx =t =>(cosx+sinx)dx=dt
Where x=0,t =-1 and when x=%,t:0

= (sin x—cosx)2 =t?
=> sin®+cos”—2sin xcos x =t*
=1-sin2x =t?
=sin2x =1-t?
| =J-0 dt

—19+16(1—t2)

_ j" _ode
-19+16—16t>
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:J‘O dt ZIO dt

225-160 (5 ~(at)

if 1 [s+at]
2(5) " |5-4t

42(5) 54t |,

_1
40

{Iog (1)—log %

1
=—Ilog9
40 g

31. L sin2xtan ™ (sin x) dx
Solution:
Consider, | = '[Esin 2xtan™ (sinx)dx = FZsin xcos xtan ™ (sin x) dx
0 0
Put, sinx =t = cos xdx = dt

When x=0,t =0 and when x=—,t=1

NN

Consider, j ttantdt = tan‘lt.jtdt —I{%(tan‘lt)tdt}dt

L e
1+t2° 2

:tanlt.%—j

_ttanTt 1.t°41-1

dt
2 27 1+t

t?tan't 1 1
_Ltan _E-[l'dHEI

1
dt
2 t?

1+

= dt

2 -1
Can't 1, 111
2

2 2 1+t
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t?tant 1, 1

’ = —Zt+=tan't
2
' ttant t 1 "
:>j t.tantdt = ——+>tan"t
0 2 2 .
=1[£_1+£}=1[£_1}=£_1
21 4 4 21 2 4 2
From equation (1), we get
_2[2_3}_2_1
T2 2| 2
32. j”—XtanX dx
0 sec X+ tan X
Solution:
= xtanx
L —_—dX........ 1
. IO sec X + tan x X @)
I=J‘” (7 —x)tan(z-x) dx (Iaf(x)dx= af(a—x)dx)
0 | sec(z—x)+tan(z—x) 0 0
ZIZJ-H —(7—x)tanx dx
0 | —(secx+tanx)
S 8 G L LL W
0 (secx+tan x)

Adding (1) and (2), we get

sin X

ZIZIHﬂdX:ZIIﬂ'J-:%dX

0 secx+tan x
COSX COSX

= 21 = 7S g
0 1+sinX
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:>2|:ﬂjﬂl.dX:ﬂI” 1 dx
0 0 1+sinx
7 z1-sin X
s 0 cos? X

= 2| :n2—nj:(sec2x—tan xsecx) dx
= 21 = z° — z[tan x—secx];

= 2| =7° — z[tan x—secx—tan 0+secO]
=2l =7"—7[0—(-1)-0+1]

=2l =7*-2r

=2l =7z(7-2)

= =%(7r—2)
3. [ [Ix-1+/x-2]+/x~3]dx
Solution:

Consider, | = J':[|x—]4+|x—2|+|x—3|] dx

= :j14|x—ﬂ dx+j14|x—2| dx+j14|x—3| dx

Where, |, = j14|x—]4 dx

(x-1)=0forl<x<4

ol =L4(x—l)dx
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’ % 4
=1, = ——x}
_X 1
=1, = 8—4—1+1}=% ......... (2)
I, :Il4|x—2|dx
x—2>0 for 2<x<4 and x—2<0 for 1<x<2
2 4
.'.I2=.|.1 (2—x)dx+_[2(x—2)dx
T [x ) 1
=1, =| 2x——| +| =—-2x :I2=[4—2—2+—}+[8—8—2+4]
2] |2 , 2
1 5
l,==+2==....... 3
I3=L4|x—3|dx
x—3>0 for 3<x<4 and x—3<0 for 1<x<3
3 4
.'.Iszj1 (3—x)dx+L(x—3)dx
B 272 2 4
=1,= 3- 2| 4| X s
L 2 1 2 3
=1, = 9—9—3+1}+[8—12—g+9}
T2 2 2
:|3:[6_4]+H:g ......... (4)
From equations (1), (2), (3), and (4), we get
19
| =—+—+—=—
2
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34, js dx 2 2

= — I —_
Lx*(x+1) 3+ 093

Solution:

Consider, | =f%

let, L _A,B,C
X+1

X2 (x+1)  x " X
=1=Ax(x+1)+ B(x+1)+C(x2)
—=1=Ax®+ AX+ Bx+B+Cx?

Equating the coefficients of x*,x an constant term, we get

A+C=0
A+B=0
B=1

On solving these equations, we get

A=-1C=1,and B=1

: 1. 1.1
”xz(x+1)_x x*(x+1)

3

sl1 1 1 1

o]l

= Iog4—|og3—|ogZ+§

1

:IogZ—Iog3+§

I . VED.
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—Iog(gj+z
3) 3

Hence proved

4
35. j xe*dx =1
0
Solution:
4
Let Izj xe*dx
0

Using integration by pars, we get

| = j: xe*dx — E{(%(x))jexdx}dx
][

D] [

=e—-e+1

=1

Hence proved

36. _[1 X" cos* xdx =0
-1
Solution:
1

Consider, 1 =j‘_1x17 cos” x dx

Let f(x)=x"cos"x

= f(x)= (—x)17 cos* (—x)=—x" cos* x=—f (x)

f (x) is an odd function
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We know that if f (x) is an odd function, then fa f(x)dx=0
fl x'" cos* xdx =0
Hence proved

37. Lzsin3xdx=§

Solution:

Consider, 1 =.[055in3 xdx
z
| = _[Ozsinz X.sin x dx
z
= _[2 (1—cos2 x)sin x dx
0

T T
= .[02 sin xdx—L? cos? x.sin x dx

1 1
1+2[-1]=1-=
+3[ ] 3

Hence proved
38. IOZZtansxdx=1—IogZ

Solution:

Consider, | = LZZtang’ xdx

| = '[EZtanz xtan xdx = ZJOZ(sec2 x—1)tan x dx

Il
|
(@)
o
7]
>
ed
ISR
+
| —
(@)
Il 8
wl N w9
>
L
< NN
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= 2Fsec2 xtan x dx — 2_[1 tan x dx
0 0

N

2.2 7
:z{tanz X} +2[logcos x|# =1+2{|09C05%—|°9C°50}

0

.

V2

Hence proved

=1+ Z{Iog Iogl} =1-log2-logl=1-log2
30. _[1sin’l xdx =2 -1
0 2

Solution:

Let J‘lsin‘l X dx

0
= =Jllsin‘1 x.1.dx
0

Using integration by parts, we get

| = [sin‘1 x.x]i —J':ﬁ X dx

Put 1—x*> =t = —2xdx =dt

When x=0,t =1landwhenx=1,t=0

| = [xsin‘l x]i +%r$

v
| =[ xsin™ x}z +%[2\/t_}:

=sin™(1)+ [—\/ﬂ
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40.

S|
2

Hence proved

1 .
Evaluate _[0 e’*dx as a limit of a sum

Solution:

Let | = I "o ¥ dx
0
We know that,

j:f(x)dx:(b—c)limi[f(apf(a+h)+ ...... +1f(a+(n=1)h)]

X—=>n n

Where, h= b—Ta

2-3x
€

Here, a=0,b=1, and f(X)

:hzﬂ:
n

S|

[P ax=(2-0)lim = £ (0)+ T (0+h)+ et £ (0+(n=1)h)]

n—o0 n

=lim 1[ez et ¥ ez’g(“’l)“] = lim 1[ez {1+ e pe M pe . e XN ﬂ

n—oo n n—oo n
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—-e*(e®-1
Q(l) {limxi}
3 X~>ooe _l
_ette?
3

a5 ixe-x is equal to
A) tan*(e*)+C  B)tan(e”)+C
log(e* +e™)+C
Solution:

dx

Consider, I:_[ de - dx:j%l
e +e e+

Put, e* =t = e*dx =dt

d
- =J.1+)i2

=tan't+C
—tan? (ex)+C
Thus, the correct answer is A

42, COS 2X : dx is

(sinx+cosx)

-1
sin X 4+ cos X

C) log|sinx—cosx|+C D) 1

Solution:

(sinx+cosx)

C) log(e* —¢*)+C D)

+C B) log|sinx+cosx|+C

+C isequal to
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cos® X —sin? x

)2 dx | :j—dx

(sin x+cos x)2

Consider, | = I 005 2x

(sin x+cos

J.(cosx+sin x)(cos x—sinx) d _Jcosx—sin X
COS X +Sin X

dx

(sin x+cos x)2

Let cosx+sinx =t :>(cosx—sin x)dx:dt

dt

t
=loglt|+C
=log|cos x+sinx|+C
Thus, the correct answer is B
43.  If f(a+b—x)="f(x),then j:x f (x)dx is equal to

a+b b

8D ¢ (b x)dx B) -

A) T f(b+X)dX

a a

Solution:

Consider, | = ["xf (x)dX......(1)

I=[ (a+b—x)f (a+b—x)dx ([ 1 (0ax=[] 1 (a+b-x)ex]
=1=] (a+b—x)f (x)dx

.y =(a+b)j: f(x)dx—1 (Using (1))

=1+1=(a+b)[ f(x)dx

O
~
O
N
D
L
—
—~
x
N—"
o
x
O
~
[ab)
N |+
O
L o
—
—
>
~
o
x
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=21 =(a+b)[ f(x)dx

=3 =(a7+b).|': f (x)dx

Thus, the correct answer is D

44.  The value of than‘l(l Zx_lzjdx is
+X—X

A)1 B)0 C)-1 D)%

Solution:

Consider, 1 =J':tan‘1[l Zx_lz)dx
FX—X

=1 = [tan™ x—tan* (1-x) d.......(1)
= [l ()t -1
=1 =[[[ten (1-x)—tan ™ (x) Jox

=1 = tan™ (1-x)~tan* (x) Jdx........(2)
Adding (1) and (2) we get

=2l = j':(tan‘l x—tan™ (1-x)—tan*(1-x)—tan™ x)dx

=21=0
=1=0

Thus, the correct answer is B
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Exercise 7.1

1. Find an antiderivative of the function f (x)=sin2x by inspection method.
Solution:

Recall the functions whose derivative is sin2x

i(cost)=—25in2x -i(cosax):—asinax
dx dx
It implies that

sin2x = —Ei(COSZX)
2 dx

:i(—lcoﬂxj
dx\ 2

Therefore, antiderivative of f (x)=sin2x is —%cost

2. Find the antiderivative of the function f (X) =C0s3X by inspection method.

Solution:

Recall the functions whose derivative is cos3x

i(sin3x):3cos3x A (sinax) = acosax
dx dx
It implies that

Cos3x = li(:sin 3x)
3 dx
=i(lsin3xj
dx\ 3

Therefore, antiderivative of f (x)=cos3Xx is %sin 3x
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3. Find the antiderivative of the function f (x)=e by inspection method.
Solution:

Recall the functions whose derivative is e**

d
dx

(eZX) — 2e2x R

It implies that

X 1d X
e2 :§&<e2 )

d (1 ij
=—| =€
dx\ 2

Therefore, antiderivative of f (x) =e? js %e“

4. Find the antiderivative of the function f (x)=(ax+ b)2 by inspection method.
Solution:

Recall the functions whose derivative is f (x)=(ax+ b)2

;—X[(ax+ )3’}=3(ax+b)2 -:—X(ax+b)n =n(ax+b)"™"
It implies that

(ax+b)’ =%:—X(ax+b)3

= ;—X[%(ax + b)sj

Therefore, antiderivative of f (x)=(ax+b)’ is %(ax +b)’
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S. Find the antiderivative of the function sin2x —4e> by inspection method.
Solution:

Recall the functions whose derivative is f (x)=sin2x

ic052x=—25in2x . d cosax = —asinax
dx dx

It implies that

sin2x = —Ei(COSZX)
2 dx

:i(—lcoﬂxj
dx\ 2

Recall the functions whose derivative is f (x)=4e>

ie3x — 3e3x . d eax — aeax
dx dx
It implies that
1d
e3x — (i e3x
3 dx( )
3% 4 d 3x - .
4> = §&(e ) +Multiply 4 on both sides

d (4 ij
=—|—e
dx\ 3

L . .1
Therefore, antiderivative of sin2x—4e* is —ECOSZX—%egx
6.  Find [(4e™ +1)dx
Solution:

Consider the given integral j (4e* +1)dx
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I(4e3X +1)dx = 4j e¥dx + J'dx

:4(1e3xj+x+c o'[eaxdx:ieaX +C
3 a
=%e3x +x+C
Therefore, j(4e3x +1)dx = %e” +x+C
. ) 1
7. Find Ix 1—; dx
Solution:
Consider the given integral _[ X2 (1—%) dx
Ixz[l—ijdx=jx2dx—jdx
X2
3 n+l
=X——X+C -jx“dx=X +C
3 n+1
3
Therefore, Ixz (1—%)dx =X?—X+C
X

8. Find J'(ax2 +bx+c)dx

Solution:

Consider the given integral _[(axz +bx + c)dx

I(axz+bx+c)dx=ajx2dx+b_fxdx+c_[dx

3 2
—al X |4b| X |+exeD
3 2

3 2
:%+bi+cx+D
3 2

3 2
Therefore, J'(ax2 +bx + c)dx - £+bi+cx +D
3 2
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9. Find I(sz +e*)dx
Solution:
The given integral is I(sz +e*)dx

n+l

2 X _ 2 X . n — X
J'(Zx +e)dx_2J'x dx+je dx _[x dx e
X
=2€+e +C
Therefore, I(sz +ex)dx = 2—;3 +e*+C
1 2
10.  Find I(&_ﬁj dx
Solution:
2
The given integral is j(\/_—%j dx
X
1Y 1
I(&_WJ dx:j(x+;—2jdx
1
:jxdx+'[;dx—'f2dx
:X?Z+Inx—2x+c -Jédx:lnx+c

2
Therefore, J‘(\/;—ij dx = X?+ INXx—2x+C

3 2
11 Find [X22X "2 g
X

Solution:
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Consider the integral jwdx
3 2 2
IX +i>2< 4dx=J-x +i>2< 4dx
j +5——dx
2
_ X 5x+8+C
X
2
Therefore, jwdx=x—+5x+§+c
2 X
12, Fi djx +3x+4 dx
Solution:
3
The given integral is dex
NN
IX +3x+4 —JX_3+3_X+idX
S 1 1
=J‘x2dx+3j‘x2dx+4jx2dx
E+1 §+1 —1+1
2 2 2
=; +3§ +4 Xl +C
—+1 —+1 ——+1
2 2 2
7 5 1
X2 X2 X2
_T+3§+4I
2 2 2
7 5 1
:3x2+3(gjx2+4(gjx2+c
7 3 1
2 Z 5 1
:7 X2 +2x% +8x2 +C

3 7
Therefore, dex :gx2 +2x2 +8J/x+C

N
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3 2
13.  Find ,ILT“ldx
X_

Solution:

3 2
The given integral is _[ L+1X_ldx
X —

dx

IX3_§2_+1X_1 _J-x (x—i)_+1(x—1)
:j(x—l)(szrl)OI

Xx-1

X

X3 —
Therefore, J'

14.  Find I(l— X ) +/xdx
Solution:

The given integral is I(l— x)\/;dx

[ (@=x)/xdx = [ x = x/xdx
:jﬁdx—jxgdx

§Jrl

X2
- 4C

3 5
Therefore, I(l—x)ﬁdx =%x2 +§X2 +C

= |
L+
Il Il >
WIN N x |
N + | N = I I
Nl w N hay g_
+ ! w|%, =
INTRS) + @ > +
+ - + + =
@) r (@) E><
@]
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15.  Find J'\/;(sz +2x+3)dx

Solution:

The given integral is J.\/;(3X2 +2x +3) dx

I\/;(SXZ +2x+3)dx=j3x2 X + 2X/X + 3/xdx

= 3'[ xgdx+ ZI xgdx+3j x%dx

§+1 §+1 L—l
2 2 2
=3; +2;‘ +3f +C
—+1 —+1 =+1
2 2 2

7 5 3
= 3(% X2 + 2(3] X2 + 3(% X2 +C
7 5 2

7 5 3
RN
7 5 2

7 5 3
Therefore, I&(sz +2x+3)dx =$x2 Jr%x2 +§X2 + CAdf

16.  Find j(2x —3cos X +ex)dx

Solution:

The given integral is j(2x—3cosx+ex)dx

J(Zx—3cosx+ex)dx = Zj xdx—j3cos xdx+_[exdx

X2
:2?—3(sin x)+e*+C

=x*-3sinx+e*+C

Therefore, I(ZX —3C0S X + ex)dx —x2—3sinx+e*+C
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17.  Find I(2x2—3sinx+5\/;)dx

Solution:
The given integral is j(sz —3sinx +5\/;) dx

_[(ZX2 —3sinx +5«/§) dx = ZI x*dx —BIsin xdx +SI x%dx

1+1

3 2
:2X——3(—cosx)+5f +C
3 —+ 1

2
3 3

=2 3cosx+ox2 4
3 3

3

3 —
Therefore, I(sz —3sin x+5\/§)dx = 2%+3cosx+%x2 +C

18.  Find Isec X (sec x + tan x ) dx

Solution:

The given integral is J'sec X (sec x + tan x) dx

J' sec x(secx + tan x ) dx = j sec” xdx + jsec x tan xdx

=tanx+secx+C

Therefore, .[sec x(secx+tanx)dx =tan x +secx+C

2
19.  Find [0 X
cosec? X
Solution:
2
The given integral is j S€C X_dx
cosec? X
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2
I Sec 2X dx = Itanz xdx
cosec” X
= _[ sec? x —1dx
= '[secz xdx — J'dx
=tanx—-x+C
Therefore, _[ sec” dx=tanx—x+C
cosec? x
20. Fing J-2 3S|nx
cos® X
Solution:
2—-3sinx
The given integral is | ————0dx
g g f —
jﬂdx = 2'[sec2 Xdx — 3j tan xsec xdx
COS” X
=2tanx—-3secx+C
Therefore, Iﬂd =2tanx—3secx+C
CoS” X

AP 1
21. The antiderivative of \/; +—— |dx
v )

1 L L 2 2 L
1) =x3+2x2+C 2) =x3+=x2+C
3 3 2
3 1 3 1
3)3x2+2x2+C 4)§x2+1x2+C
3 2 2

Solution:

The given integral is j(\/;+ %jdx
X
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I(ﬁ+ %)dx = I x%dx + _[ x%dx

Hence, J'(\/;+%jdx =%x2 +2x2+C
X

Therefore, the option 3 is correct.

d 3 .
22, If &(f (x)) =4x3—7 such that f (2)=0. Then f (x) is

1 129
1) x'+=-— 2) x4+ — + 222
) x* 8 ) x* 8

1,129

X3

3) x* +

Solution:

d 3
iven L ((x))=4x®— =
Given dx( (x)) X =

It implies that
3
f (X) = .[4X3 —Fdx

:4Ix3dx—3‘[%dx

3+1 —4+1
X

_4 X _3X
3+1 4+1

+C

1
=x'+=+C
X

Il Il Il
wnN
>|< N\oo|>,<mw NJI_'—‘ <.
w N w + = R
+
o N\H|><MH | +
P
- N + l\)\l—‘ ><|._‘
= + O + | N8
< (@] [
R +
+ @)
><,>||—\ =
I
= =
oo|l\> N
© ©
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Given f(2)=0

f(2)=2+2"°+C
0=16+E+C
8

C- 128 +1

Hence, f (x)=x"'+——-=—

Therefore, option 1 is correct.
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Exercise: 7.2

. 2X
1. Integrate the function >
1+x

Solution:

2X

1+ x? dx

The given integral is _[

Put t =1+ X so that dt = 2xdx

Hence,

2 1
Jl+):(2 dx :hdt

=log|t|+C
:Iog|1+ x2|+C

Therefore, f 2);

» dx = Iog|1+ x2|+C

2

(logx)’

2. Integrate the function

X)2 dx

lo
Solution: The given integral is I(QT

1
Put t=logx so that dt =;dx

Hence,

2
JMdX=It2dt
X
3
:t—+C
3

3
:@4_(:
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2 3
Therefore, J-(Iog X) dx:|(loix)| +C
X

3. Integrate the function —————
X+ xlog x

Solution:

The given integral is Iﬁlogxdx = J.mdx

Put t=1+logx so that dt = %dx

Hence,

1 1
dx = d
jx+x|ogx X -[x(1+logx) X

=.|‘%dx

=logt+C

=log(1+logx)+C

Therefore, I dx = log|(1+log x)|+C

x+xlog x
4. Integrate the function sin xsin (cos x)
Solution:
The given integral is jsin xsin(cos x)dx
Put t =cosx so that dt = —sin xdx
Hence,

J'sin xsin(cosx)dx = —Isintdt
=cost+C
=cos(cosx)+C
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Therefore, Isin xsin(cosx)dx =cos(cosx)+C

5. Integrate the function sin(ax +b)cos(ax+b)
Solution:
The given integral is Isin (ax+b)cos(ax +b)dx
Put t =sin(ax+b) so that dt =acos(ax+b)dx
Hence,

jsin(ax+b)cos(ax+b)dx :é_[tdt

1t
a2

+C

=isin2(ax+b)+C
2a

Therefore, Isin(ax +b)cos(ax+b)dx = isin2 (ax+b)+C

6. Integrate the function vax +b

Solution:

The given integral is J\/ax + bdx

Put t =(ax+b) so that dt = adx

Hence,

J.\/ax+bdx=§.[«/t_dt

I . .
Il
N | Fie




Infinit})" ., Sri Chaitanya
Learn | Educational Institutions

3
Therefore, I\/ax +bdx = %(ax +b)2+C

7. Integrate the function x~/x +2

Solution:

The given integral is jx\/ X + 2dx

Put t = x +2 so that dt = dx

Hence,

jx(ﬁ)dx ='|.(t—2)«/t_dt
=It§dt—ZJt;dt
:étg —2(%}2 +C

3
=§(X+2)2—%(X+2)2+C

5 3

Therefore, jx(\/x+ 2)dx = %(x +2)2 —%(x+2)2 +C

8. Integrate the function xy/1+ 2x2

Solution: The given integral is jx\/1+ 2x%dx

Put t =1+ 2x? so that dt = 4xdx

Hence,

Ixx/1+ 2x2dx = %J.4x«/1+ 2x2dx
1
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3
1t2
_Z§+C

2
= 1(1+2x2)2+C
6

3
Therefore, jx\/1+ 2x2dx = %(l+ 2x*)2 +C

9. Integrate the function (4x +2)/x* +x+1

Solution:
The given integral is j(4x +2)X* + x+1dx = ZI(ZX +1)v/x* + X +1dx

Put t=x*+x+1 so that dt =(2x+1)dx

Hence,

j(4x+2)\/x2 +X+1dx = 2J‘(2x+1)\/x2 + X +1dx

3
Therefore, _[(4x+2)\/x2 + X +1dx =%(x2 + x+1)5 +C

10. Integrate the function

X —

Solution:

The given integral is IL\/_-dx = J.;-dx
X — /X

x(Vx-1)

] . . e
>y
Il Il Il
w| s> N N
o NI Tie
Y
> O -
+
N
N w
+
@
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Put t:\/;—l so that dt =2—dx

Hence,

-dx

1 1
w5

) sz(f de
:Zhdt
=2log(t)+C

= 2Iog‘(\/;—1)‘+c

Therefore, I

X_lﬁ-dx=2Iog‘(ﬁ—1)‘+C

11. Integrate the function

X
Jx+4
Solution:

The given integral is dex

e,

X+4-4
el Sy

j X+4 dx
JIx+4 Jx+4

=Ide—4I '_x+

:(X+;);+1—4(X+i) +C
2 2

3
=%(x+4)2—8\/x+4+c

Therefore, [ ———dx =§\/x+4(x—8)+c

Jx+4

I . .
<
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1

’ 12.  Integrate the function (x*—1)° x°
Solution:
1
The given integral is j(x3 —~1)° X°dx
Put t=x%—1 so that dt =3x’dx
Hence,
1)k = 2 (x 1) (3¢ ) x'd
J =12 xax = < [ (x* 1) (3x¢) e
10 %
=§jt3(t+1)dt
4 1
=%It3 +t3dt
7 4
e e
37|34
3 3
7 4
BETEINETEING
7 4
=(x*-1) 1(x3—1)g+1(x3—1); +C
7 4
5 3 1 3 : 1 3 :
Therefore, I 3xdx (x —1)(7(x _1)3+Z(X —1)3J+C
X2
13.  Integrate the function ——
(2+3x3)
Solution:
The given integral is J. 4d
2+3x)
Put t=2+3x’ so that dt =9x°dx

Hence,
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ot e

(2+3x (2+3x°)
e
_gjt dt
1 tf3+l
=§[—3+1j
__ b
18t?
=— 1 +C
18(2+3x°)
Therefore, 4d ;2+C
(2+3x) 18(2+3x°)
14.  Find the integral of the function —
x (log x)

Solution:

The given integral is j;)dx
x(log x

1
Put t=log x so that dt =;dx

Hence,

j%dx:jtimdt

x (log x)
-m+1
_t +C
-m+1
-m+1
_ (logx) C
-m+1
-m+1
Therefore, j =(|ng) +C
x ogx) -m+1

: X
15.  Integrate the function -

Solution:
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The given integral is Ig—zxzdx

Putt=9-4x’, so that dt = —8x
Hence, the integral can be rewrite as

J- x2IX 1 _8X2x
9-4x 87 9-4x

Therefore, J'dex _ 2 log(9-4x*)+C
9-4x 8
16.  Find the integral of the function e***
Solution:

The given integral is Iezx*de

Put t =2x+ 3, so that dt = 2dx

Hence, the given integral can be rewrite as

jezx”’dx = %j e?**(2dx)

Therefore, Iezx+3dx = %ezx”’ +C

I . . e
Il Il Il Il
| | | |

Il Il 1 00|_H OOI_I—‘ | - |
NP NP N Q Q
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17. Find the integral of the function —;

e

Solution:

X
~ dx

The given integral is I
e

Put t = x?, so that dt = 2xdx

Hence the integral can be rewrite as

Ixzdx=E 2)de
e* 27 ¢*

i
27 ¢

= %j e'dt

_letic
2

=—£e‘X2 +C
2

Therefore, I ):2 dx = —%e‘xz +C

e

tan~t x

18.  Find the integral of the function >

1+x

Solution:

tan~tx

The given integral is _[ dx

1+ x?

dx

Put t =tanx, so that dt = 1
1+

XZ

Hence the integral can be rewrite as

tan™ x

€ [t

jl+x2dx_jedt
=e'+C
=etan‘1x+C
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tan~tx

dx=e™ ¥ +C

Therefore, _[ >

1+x

2x

19. Find the integral of the function €

e +1

Solution:

The given integral is

2X _ X _ —X
J’eZX—ldx = I ex € —dx , by dividing both numerator and denominator with
e’ +1 e +e”

eX
Put t=e*+e™ sothat dt=(e* —e™)dx
Hence the integral can be rewrite as
2x X —X
IGZX 1dx=J-eX e_x dx
e’ +1 e’ +e
_ [t
t
=In(t)+C
=In(e* +e™)+C
e -1
Therefore, dex =In(e*+e™)+C
e’ +1
er _ e—2x
20. Find the integral of the function ————
e +e
Solution:
The given integral is
e2x _ e—2x
I—%de , by dividing both numerator and denominator with e*

e +e
Put t =e® +e % sothat dt = 2(e2X - e‘zx)dx

Hence the integral can be rewrite as
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p2* _ g2 1 2(e2x_e—2x)
Joren o glamer ™
1
20t

2X —2X
e e

Therefore, I -
e te

dx = %Iog(e2X +e?)+C
21. Find the integral of the function tan® (2x—3)
Solution:
The given integral is jtanz (2x-3)dx = .[(secz (2x—3)—1)dx
Put t = 2x —3 so that dt = 2dx
Hence the integral can be rewrite as
Itanz (2x—3)dx = J'(sec2 (2x—3)-1)dx
= %I(secz (2x=3)-1)2dx
= %J(sec2 (t)-1)dt
= %(tan(t)—t)+c

=%tan(2x—3)—(2x—3)+c

=%tan(2x—3)—x+C

Therefore, _[tanz (2x—-3)dx = %tan (2x-3)-x+C

1 I

N N
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(@) (@]
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>

+
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22.  Find the integral of the function sec” (7 —4x)
Solution:
The given integral is Isec2 (7-4x)dx
Put t =7 —4x so that dt = —4dx
Hence the integral can be rewrite as
Isec2 (7—-4x)dx = —%J.sec2 (7 —4x)(-4dx)
_ 1 I sec’ tdt
4
1
=——tan(t)+C
Jtan(t)

:—%tan(7—4x)+C

Therefore, Isec2 (7-4x)dx = —%tan (7-4x)+C

sin~! x

J1-x?

23. Find the integral of the function

Solution:
sin* x

J1-x2

dx

The given integral is j

1
1-x

Put t =sin™ X, so that dt =

dx
2

Hence the integral can be rewrite as

sin"t x
jﬂdx = jtdt
=§+C
_ (sin‘z1 x)2 c
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2
in! sin™ x
Therefore, I Sin_ X dx:( ) C
N 2
2C0S X —3sin X

24, Find the integral of the function ———
6C0s X + 4sin x

Solution:

The given integral is j gggz)t;j:: ); dx

Put t =(3cosx+2sinx) so that dt =(2cosx—3sinx)dx

Hence the integral can be rewrite as

2C0s X — 3sin X 1 ,2cosx—3sinx
j - dx:—j ——dx
6C0S X +4sIn X 2° 3C0SX+2sIn X
L
2° t

1
==—In(t)+C
2n()+

:%In|3cosx+2sin x|+C

2C€0S X —3sin x
6c0os X + 4sin X

Therefore, I dx=%|n|3cosx+23in x|+C

1
cos® x (1 tan x)’

25. Find the integral of the function

Solution:

1
cos” x(1-tan x)2 = '[ (1-tan x)2 d

The given integral is I

Put t =1—tan x so that dt =—sec? xdx

Hence the integral can be rewrite as
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1 —sec® x
[— = X g
cos’ x(1-tanx) (1-tanx)

1 1
cos? x(1—tan x)’ =

Therefore, I

COosS \/;
N

26. Find the integral of the function

Solution:

0s+/x

The given integral is jc X dx
X

PUt t = /X SO that df = —— dx

2%

Hence the integral can be rewrite as

jCOSJ_d _chos\/_

= 2Icostdt
=2(sint)+C

=25in(\/;)+c

Therefore, I co\s}_\/_ dx = 2sin (\/;) +C

Il Il Il Il

= — | = | |
| ||f—|;

[N =~ el B S ="
]

o =

=1
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27. Find the integral of the function Jsin2x cos 2x

Solution:
The given integral is I\/sin 2X C0s 2xdx

Put t =sin2x, so that dt = 2cos2x

The integral can be rewrite as

I\/sin 2X c0S2xdx = %J\/sin 2X2c0s2xdx

3
Therefore, Ix/sin 2X CoS2xdx = %(sin 2x)2 +C

COS X

J1+sinx

28. Find the integral of the function

Solution:

COS X

—dXx
J1+sinx

Put t =1+sinx, so that dt = cos xdx

The given integral is f

The integral can be rewrite as

J COS X dx=J‘ﬂ
J1+sinx Jf
=2Jt+C

=2J1+sinx +C

oS X :
Therefore, j—dx =2l+sinx+C
J1+sinx

Il Il Il Il
Wik Wik N~ N
— — . LI
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29.  Find the integral of the function cot xlogsin x

Solution:

The given integral is jcotxlogsin xdx

i 1
Put t =logsinx, so that dt = ——cos xdx
sin x

The integral can be rewrite as

. . 1
jcot xlogsin xdx = jlogsm X ———CO0s Xdx
sin x

= jtdt

2
=t—+C
2

:l logsin x ’+C
2

Therefore, jcot xlogsin xdx = %(Iog sin x)2 +C

30. Find the integral of the function B
1+ cosx
Solution:
sin X
The given integral is dx
g g J. 1+cosx

Put t =1+ cosx, so that dt = —sin x

Hence, the given integral becomes

sin X —sin x
j x:—j dx
1+ cosx 1+cosx
__[at
t
=-In(t)+C
=—In(1+cosx)+C

sin x

Therefore, _[ 17 cosx

dx =—In(1+cosx)+C



Infinit})" ., Sri Chaitanya
Learn | Educational Institutions

31.  Find the integral of the function S 5
(1+cosx)
Solution:
The given integral is dex
(1+cos x)

Put t =1+ cosx, so that dt = —sin x

Hence, the given integral becomes

fom e

1+cosx 1+cosx
dt
e
=E+C
t
= ! +C
1+cosx
Therefore,j NG s dx = L +C
(1+cosx) 1+cosx
32. Find the integral of the function
1+cotx

Solution:

. - , 1
The given integral is Il+co

1 1
Il+cotxdxz-[ +COSXdX
sin x
_J- sin x

sin x+cosx
J- 2sin X

SInX+COSX

2 Sin X + CoS X

:Ej-(smx+cosx) (sinx—cosx)

dx
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Putsinx +cosx =t so0 that (cosx—sinx)dx = dt

The above integral becomes

—jl (cosx smx)dx x 1 $+C

SIn X + COS X 2 2t
x 1
=——ZIn(t)+C
55 ()
1

:1——In(sinx+cosx)+C
2 2

Therefore, j dx:l—%ln(sinx+cosx)+c

1+cotx 2

33. Find the integral of the function
1-tanx

Solution:

The given integral is jl

_[ Y dx=j 1. dx
1-tanx _sinx
COS X
COS X
_Icosx smx
B 2Cos X
__jcosx smx
_ 1 (cosx+sinx)+(cosx—sinx)
_EJ. COSX —Sin X

dx

Put cosx —sinx =t, so that (—sinx—cosx)dx = dt

The above integral becomes

_Il ( COS X — smx)dx X ledt o
COS X —Sin X
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X 1
=——=In(t)+C

:5——In(cosx—sin x)+C
2 2

Therefore, I dx=§—%ln(cosx—sin x)+C

—tan x
: : . Jtan x
34. Find the integral of the function .ta—
Sin X cos X
Solution:
o : Jtan x
The given integral is I_—dx
sin X cos X

The above integral rewrite and simplify as below

b [y

sin X cos X Ssinx , @
cosx

I\/tan sec’ X
tan x
J‘ sec’ X

Jtan x

Puttan x =t , so that sec® xdx = dt

2
sec de=j$
t

Jtan x
1
tE
= I-FC
2
=2t+C
=2Jtanx+C

Therefore, I /tanx dx =2/tanx +C

sin X cos X
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(1+logx)*

35. Find the integral of the function <

Solution:

o _ c(1+logx)’
The given integral is j—dx

Put 1+logx =t, so that %dx =dt
Hence,

| (2+1ogx)” Izg %) g = [t

3
=L+C
3
3
(1+ Igg X) R

2 3
Therefore, I(1+I§gx) dx=(1+lgg X) +C

(x+1)(x+log x)2
36. Find the integral of the function

X
Solution:

x+1)(>)((+log X) o

The given integral is I (

Putt=x+logx, so that dt = (1+%)dx

The integral can be rewrite it as
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j(x+1)(x+log X)dX:I(X+|Og x)(u%)dx

X
= jtdt

2
=t—+C
2
2
zww
2
Therefore, I(X+1)())((+ log X)dx = (X+ I;)g X) +C

_ _ _ x’sin(tan"tx*)
37. Find the integral of the function

1+ X8

Solution:

X3 sin (tan‘1 x“) "

The given integral is j T

Puttan™ x* =1, o that —— 5(4x%)dx = dt
1+X

The integral becomes

3 1,4
jx sm(tan8 X )dx=1_|'sintdt
1+X 4
:%(—cost)+C

= %(—cos(tan1 x4))+C

x3sin (tan‘l x“)

Therefore, j dx = %(—cos(tan‘1 x“)) +C

1+ X8
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38, Ile Jzolo log, 10 dx —
X" +10"

1) 10*—x“+C 2) 10 +x°+C

3) (10 +x°) " +C 4) 1og (10" +x°) +-C
Solution:

. . ¢10x’ +10"log, 10
The given integral is e dx
g g I X +10"
Put t=x"+10", so that dt = (10x° +10" log, 10)dx
The integral becomes
10x° +10* log, 10 1
[ T Ifdt
=log(t)+C
=log(x** +10")+C
Therefore, the option 4 is correct.
dx

39. ———=

I sin® x cos” x

1) tanx+cotx+C 2) tanx—cotx+C

3) tanxcotx+C 4) tanx —cot2x+C
Solution:

The given integral becomes

dx sin’ X + cos® X
J -2 2 :J. -2 7 dx
sin? x cos® X sin? x cos® X
1 1
:j —+—— |dX
cos®X  sin®Xx

= j(secz X + CSC? x)dx

=tanx—-cotx+C

Therefore, option 2 is correct.
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Exercise: 7.3

1. Find the integral of the function sin®(2x +5)

Solution:

1-cos26

From trigonometry we have sin® @ = >

1-cos2(2x+5)
2

~ 1-cos(4x+10)

B 2

sin?(2x+5) =

Use the integrals Icos kxdx = %sin kx +C

Consider the integral

i cos(24x +10) d

= %Jldx—%jcos(4x+10)dx

1, 1(S|n(4x+10)}rC

jsin2(2x+5)dx =I

2" 2 4

:Ex—lsin(4x+10)+c
2 8

Therefore, jsin2 (2x+5)dx =%x —%sin(4x +10)+C

2. Find the integral of the function sin 3x.cos4x

Solution:

From trigonometry, we have sin AcosB = %{sin(A+ B)+sin(A- B)}
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Use the integrals Isin kxdx = —%cos kx+C
Consider the integral
[sin3xcos4xdx = %I{sin (3x+4x) +sin(3x — 4x) fdx

= %I{sin 7 +sin(—x)}dx

= %j{sin 7x —sinx}dx

1( cos7x j
=51~ +cosx |+C
2
COS7X COSX
= +——+C
14 2
Therefore, jsin 3xcosaxdx = — 237X COZSX +C
3. Find the integral of the function cos2xcos4xcos6x

Solution:
. 1
From trigonometry we have cos AcosB = E{cos(A+ B)+cos(A- B)}
Consider the product cos4xcos6x

COS4XC0s6X = %{cos(4x +6X) +cos (4x —6X)}
= %cos(le)+cos(—2x)

= E(colex +C0S2X)
2

Hence, the given product can be written as
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C0S2XC0S4XCcos6X = —(cos2xcos10x +c032xc032x)

(
(Zcos 2xc0s10X + 2¢os’ 2x)
(colex +¢0s(—8x) +(1+ cos4x))
=—(

1+€0S12X + C0S8X + C0s4X)
: 1.
Use the integrals J'cos kxdx = Esm kx +C

Consider the integral

Icostcos 4xcos6xdx = %j1+ €c0s12Xx + cos8x + cos4 xdx

1 sinl2x sin8x sin4x
—| X+ + + +C
4 12 8 4
sinl12x sin8x sin4x
+ + +
48 32 16

+C

Therefore, Icostcos4x c0s 6xdx :§+ sinl2x  sin8x _ sindx .

48 32 16

4, Find the integral of the function sin®(2x+1)

Solution:

Method 1:

From trigonometry, we have sin36 = 3sind—4sin®@

sin®(2x+1) = %(3in (2x+1)—sin(6x+3))

Use the integrals jsin kxdx = —%cos kx +C
Consider

Isins (2x+1)dx = %j(Bsin (2x+1)—sin(6x+3))dx

=%Isin(ZxH)dx—%jsin(6x+3)dx

-I>|H -I>|H .|>|H r\)lH
I
N>
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3( cos(2x+1)) 1( cos(6x+3) i
=7 > ; ;

:—§cos(2x+1)—icos(6x+3)+c
8 24

Therefore, jsin3(2x +1)dx = —gcos(Zx +1) —2—14003(6x +3)+C

Method: 2

Consider the integral

| = jsin3 (2x+1)
= jsinz (2x+1).sin(2x +1)dx
= [ (1-cos” (2x+1)sin(2x+1))dx
= jsin(2x +1)dx —J.cos2 (2x+1)-sin(2x+1)dx

Suppose that

cos(2x+1) =t
—2sin(2x+1)dx = dt

Use the integrals Isin kxdx = —%cos kx+C

[sin® (2x +1)dx = [sin(2x+1) dx +%.|'cos2 (2x+1)-(-2sin(2x +1))dx

:—COS(ZX+1)+C+£It2dt
2 2
:_cos(2x+1)+£+c
2 6
_cos(2x +1)+cos3(2x+1)+

2 6

C

Therefore, jsin3(2x +1)dx = —%cos(Zx +1)+ %COSS(ZX +1)+C
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5. Find the integral of the function sin® xcos® x
Solution:

Consider the integral

_[sin3 xcos® xdx = J'sin2 X cos® xsin x dx

= jcos3 x(l—cos2 x)sin X dx
Putcosx =t, so that —sin xdx = dt

The integral becomes

[sin® xcos® xdx = [£° (1~ (~dt)

=—lcos4 x+lcos6x+C
4 6

Therefore, Isin3 X €0s> xdx = —%cos4 X + %cos6 X+C

6. Find the integral of the function sin xsin 2xsin 3x

Solution:
. . . 1
From the trigonometry, use the formula sin Asin B = E{cos(A— B)—cos(A+ B)}

The given function is sin xsin 2xsin 3x

sinxsin2xsin3x:%(sinx(23in2xsin3x))
1, .
== —cos5
2(smx(cosx cos x))

1,. :
= E(sm X C0S X —sin X cos5x)

I Il
| |
—_—N
=% =
I |
ol
. U —
T o
—+
O
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= %(ZSin X C0S X — 2sin xcos5x)
1, . . )
= Z(sm 2x —sin6x+sin 4x)
Use the integral Isin kxdx = —%cos kx+C

Consider the integral

Isin xsin 2xsin 3xdx = %J'(sin 2X —sin6x +sin4x)dx

1/ cos2x 1( cos6x 1/ cos4x
=—|- —-—| - +=|-— +C
4 2 4 6 4 4

= —1c052x+i0036x—ic034x +C
8 24 16

Therefore, jsin Xsin2xsin3xdx = —%cost +2—14cos6x —%cos4x +C

7. Find the integral of the function sin 4xsin8x

Solution:

From trigonometry 2sin Asin B =cos(A—B)—cos(A+B)

Hence,
sin4xsin8x:%(cos(4x—8x)—cos(4x+8x))
1
= = (cos(—4x) —cos12
2(cos( X)—C0s12x)
=%(cos4x—cos8x)
Use the integral jcos kxdx = %sin kx +C

Consider the integral
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jsin 4xsin8xdx = %I(cos4x —c0s8x) dx

1(sin4x sin8x
== - +C
2( 4 8 j

= %sin 4x —isin 8x+C

Therefore, _[sin 4xsin8xdx = %sin 4x —%sin 8x+C

: . . 1-
8. Find the integral of the function cos X
1+ cos x

Solution:

: . ., X X
From the trigonometric formula 1—cos x = 2sin’ §,1+ COS X = 2C0s° >

Hence,

2sin? Xj
1-cosx 2

1+ cos x 2 cos? (;(j

= tan® (f
2

|
=)

Consider the integral

J'l—COSX

17 Cosx dx = jsec2 (gj —1dx -Isec2 (kx)dx = %tan (kx)+c

:2tan(5j—x+c
2

0S X
1+cosx

9. Find the integral of the function

Solution:

From trigonometry,
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X ., X
COS X = COS E—sm -

1+ cosx = 2cos’ Gj
Hence,

cos? X —sin? X
COS X 2 2

1+COSX

2c0s? 2>
2

Consider the integral

J‘ COS X

dx:jl—iseczidx -Isecz(kx)dx:ltan kx +¢
1+cosx 2 2 K

:X—E(Ztan§j+c
2 2
:x—tan5+C

2

COS X

Therefore, I T cosx

dx:x—tan§+C

10. Find the integral of the function sin* x
Solution:

From trigonometry

. . 2
sin® x = (sm2 x)

B (1—cos ZXJZ
2

Il Il Il Il
'I—‘ NIFR NP N
| I I
N(L'_‘Nll—\ N N
@ 8 " B
OI\J (@) D >
N | X< N ol\) ~
N | X< N N | <
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- %(1+ c0os? 2X —2¢0S 2x)

4

1 (1+M—2COSZXJ

= %(3+cos4x—4cos 2x)

Use the integrals Icos kxdx = %sin kx +C

Consider the integral

jsin“xdx=%I3+cos4x—40032xdx
_3_x+sin4x_lsin2x
8 32 2 2
_3x  sindx sin2x

+C

+ — +C
8 32 4
Therefore, jsm xdx—3—x sm4x_sm2x+C
8 32 4
11.  Find the integral of the function cos* 2x
Solution:
From trigonometry
cos* 2x = cos 2x)
(1+ cos4xj
(1+cos 4x+Zcos4x)
= 1(1+—1+C038X +Zcos4xJ
4
1
=§(3+ COS8X +2C0S4X)

Use the integrals Icos kxdx = %sin kx +C
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Consider the integral

Icos“ 2xdx = %j3+c058x +2co0s4xdx

3x cos8x 1 cos4x
=—+ - +

+ C
8 64 4 4
3x cos8x cos4x
=—+ + +C
8 64 16
Therefore, J.cos4 2xdx = 3—X+ cos8x + CoS4x +C
8 64 16
H;
12. Find the integral of the function Sth X
1+cosx
Solution:
H)
Consider the integralj S X x
1+ cosx
a2 o2
J~ sin® x dx=J'1 cos de
1+cosx 1+cosx
_J-(l—cosx)(1+cosx)dx
1+ cos X
:I(l—cosx)dx
=X-sinx+C
sin® x

dx=x-sinx+C

Therefore, Il
+COS X

COS2X—C0S2cx

13. Find the integral of the function
COS X —COS &

Solution:

Use the trigonometry
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Cos2X—C0s20  2COS’ x—1—(2cos2 a—l)

COS X — COS & COS X — COS &
2(cos2 X — COS’ a)
 COSX—COSa
=2(cosx+cosa)
Consider the integral
Icost—cosZa dx = 2[ (cos x +cos ) dx
COS X —COS &
=2sinx+2xcosa+C
COS2X —CO0S2¢x .
Therefore, I dx =2sinx+2xcosa +C
COS X —COS &
. . . COSX—sinX
14. Find the integral of the function ————
1+sin2x
Solution:
e
1
=—-+C
=— 1 +C

From trigonometry, use the formula cos® x +sin® x =1,sin 2x = 2sin X cos X

COSX—SinX COS X —sin X
1+SiN2X  COS? X +5in? X + 25in X COS X
COS X —sin X

(cosx +sinx)’

Put t =cosx +sinx, so that dt =(cosx—sinx)dx

Hence,

dx

jcosx—sinx '[ COS X —Sin X
1+sin2x (cosx+sin x)

dt

COS X +Sin X
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COS X —Sin X 1
Therefore, [“="——"dx = - .
1+sin2x COS X +Sin X

15.  Find the integral of the function tan® 2xsec2x
Solution:

From trigonometry

tan®2xsec2x = tan® 2x tan 2xsec 2x
:(sec22x—l)tan 2Xsec2x

=sec’ 2x.tan 2xsec2x — tan 2xsec2x

Consider the integral

jtan3 2xsec2xdx = j‘sec2 2X.tan 2xsec2x — tan 2x sec 2xdx

Put t =sec2x, so that dt = 2sec2xtan2x

The above integral becomes

jtan3 2xsec2xdx = jsecz 2X.tan 2xsec2x — tan 2xsec 2xdx

=%It2dt—%jdt

3
=1 t_ _£+C
2\3) 2

_sec’2x  sec2x
6 2

+C

sec®2x sec2x N
2

C

Therefore, Itans 2xsec2xdx =

16. Find the integral of the function tan* x
Solution:
Itan4 xdx = j(secz X —1)2 dx

= _[sec“ X +1—2sec?® xdx

= _[ (sec2 x)(sec2 x)+1— 2sec? xdx
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- J'(1+tan2 x)(sec2 x)+1—23ec2 xdx

= Isec2 X + tan? xsec® X +1— 2sec? xdx

= I (tan x)2 sec? xdx — I sec? xdx + I 1dx
Put tan x =t , so that sec® xdx = dt

Hence, the above integral becomes

Itan“ Xdx :'[tzdt—tanx+ X+C

t3
:E—tanx+x+c

=ltan3x—tanx+c

Therefore, J'tan4 Xdx = %tan3 X—tanx+C

sin® x +cos® x

17. Find the integral of the function —— -
Sin“ X cos“ X

Solution:

Consider the integral

dx

sin® x + cos® x sin x COS X
j—_ g > dx=j 5 dx+j —
Sin“ X oS~ X COS” X sin‘ X
:Itan xsec xdx + I cot x csc xdx

=secXx—cscx+C

= .3 3
sin® x + cos® x
Therefore, jﬁdx —secXx—CsCX+C
sin? xcos? X
cos2x +2sin? x
cos? X

18. Find the integral of the function

Solution:

Consider the integral
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J‘COSZX—I-ZSinz X

cos? X

J-cos X —sin? x + 2sin® x
cos? X
cos’® X +sin’ x
I dx
cos X

dx

J. cos’ x
= '[ sec? xdx

=tanx+C

COS2X + 2sin® X

dx=tanx+C

Therefore, .[

19. Find the integral of the function

Solution:

cos? x

sin xcos® x

Consider the integral is J' ;dx

sin x cos® x

dx

J.Sll’l x cos® X

Ism X +C0s’ X
sin x cos® x

sin X 1
_[ _[— dx
cos® x Sin X COS X

1
I an xsec xdx+I—dx
nx
0S° X

COS X
sec’® x
tan x

= jtan xsec? xdx + j dx

Puttanx =t , sec? xdx = dt

J- 1
sin x cos® x

dx = jtan xsec? xdx +I

sec? x
fan x

dx

=jtdt+j¥dt

t2
:E+Iog|t|+C

_tan’x

+log(tanx)+C
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Therefore,J'_ 1 : dthan X+|Og(tanx)+C
SIN XCOS™ X 2

20.  Find the integral of the function cos2x

(cosx +sinx)’

Solution:

Consider the integral

cos® X —sin? x

)zdx:j —— X

(cosx+sinx)

J- C0S2X
(cosx+sinx

dx

I (cosx —sinx)(cosx +sinx)
(cosx +sinx)’

cosx sin x
—j dx

COS X +Sin X

Put cosx +sinx =t, so that (—sinx+cosx)dx = dt

The above integral becomes

J- cos2.x _d :I(cosx—s!nx)dx
(cosx +sinx) (cosx+sinx)
dt
t
=log|t|+C

=log|cosx +sinx|+C

COS2X

Therefore, j > dx = log|cos x +sin x|+ C

(cosx+sinx)

21.  Find the integral of the function sin™*(cos x)

Solution:

Consider the integral

jsin‘1 (cosx)dx = 'fsin‘l (sin (% - XD dx ewith restricted domain
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= (E - x) dx
2
2
= 7Z'_X — X_ + C
2 2
2
Therefore, [sin™(cosx)dx = %X - X? +C

1

22.  The functional expression for the integral Icos(x—a)cos(x—b) dx
Solution:
Rewrite the integrand as below.
1 1 sin(a—h)
cos(x—a)cos(x—b) ~ sin(a—b)| cos(x— a)cos(x b)

~ 1 sm[ (x-b)- )]
~sin(a—b)| cos(x— a)cos(x b)
1 [sin[(x-b)cos(x—a)—cos(x—b)sin(x-a)]
~sin(a-b) cos(x —a)cos(x —b)
=m[tan(x—b)—tan(x—a)]

Use the integral .[tan xdx = —log(cosx)+c

The given integral becomes

[[tan(x—b)—tan(x—a)dx

) [_ log|cos(x —b)|+log|cos (x - a)ﬂ

1
Icos(x—a)cos(x—b)dx sm(a b)
1
~sin(a-b
_ 1 . cos(x—a)q+
sin(a—b){I gcos(x—b)‘ ¢

1

Therefore, d
Sretore Icos(x—a)cos(x—b) g

= ! {Iog
sin(a—h)
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A2 2
: . rsSinx—cos“ X .
23.  The functional expressmnjﬁdx is equal to
sin® Xcos” x
A) tan x+cotx+C B) tan x+cosecx+C
C) —tanx+cotx+C D) tanx+secx+C
Solution:
The given integral is
sin® x —cos® X sin® x cos’ X
J. 2 2 dx:J- 2 2y <in2 7 |dX
sin‘ xcos” x sin“ xcos” X  sin“ xcos” x

= _[(sec2 X — coseczx)dx
= tal

nx+cotx+C

Thus, the correct answer is (A)

e (1+x)

COSZ(eXX)dX equals

24.  The functional expression for the j
A) —cot(xe*)+C  B) tan(xe*)+C C) tan(e*)+C
Solution:

e“(1+x)

cos’ (exx) dx

The given integral is I

Put xe* =t, so that (xeX +ex)dx:dt:>ex(x+1)dx=dt

Hence, the integral becomes

e (1+x) ¢ dt
J.cosz(exx)d _J.cosztoIt

:Isecztdt
=tant+C
=tan(xex)+C

Therefore, the option (B) is correct.

D) cot(e*)+C
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Exercise: 7.4

3x?

1. Integrate the function
1+x

6

2

= dx

Solution: The given integral is j
1+x°

Put t = x® so that dt = 3x%dx

Hence,

I1+x I1+t
=tan™(t)+C

:tan‘l(x3)+c

2

Therefore, I 3x

T dx = tan‘l(x3)+c

2. Integrate the function

1
J1+4x2

Solution: The given integral is I

#dx
1+ 4x?

Put t = 2x so that dt = 2dx
Hence,

1J~ 2dx

ZI\/1+_t

= %tan‘l(t)JrC

1
————0dX
J\/1+ 4x°

=%tan‘1(2x)+C

Therefore, [ ——— 1 Stan(2x)+C

\/1+4x
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3. Integrate the function -
(2-x)" +1

;dx = 1
J(2-x) +1 L/(z—x)%l

Put t =2 — x so that dt = —dx

Solution: The given integral is | dx

Hence,

S VO R
I./(Z—x)2+1 I./(Z—x)z+1
__J~ dt .J‘ 1 q
e 1+ X2

=—Iog((2—x)+ (2—x)2+1)+C

1
:Iog( j+C
2—X+\X>—4X+5

x=|og(x+\/1+7)+c

Therefore, I

N e o]
—_—___dx=log
(2—x)2+1 2 x+x*—4x+5

4. Integrate the function &
V9 —25x?

Solution:

The given integral is I

;dx

\J9—25x2

Put t= 5—X so that dt = Edx
3 3

Hence,
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L a3 L5,
Jo-25%° 5 5 Y3
3, /1-| =x
3
1
== | ——dt
= 1sin‘lt +C
_Lgin (S—Xj +C
5 3
Therefore, f \/7 1 - (5—XJ+C
. 3X
5. Integrate the function 7
1+2x
Solution:
The given integral is f 3 dx
1+2x*
Put t =+/2x? so that dt = 2+/2xdx
Hence,
3x 3 2/2dx
Jipa - \/-I 2
1+ 2x 242 1+(\/§x2)
2J’ I 1+t
3 .
=——tan"t+C
2J§
_ 3 J2x
2\/5 ( )
3x
Therefore, dx = tan™ X
-[ 1+2x* 2J_ (\/_ )
2
6. Integrate the function -
1-x
Solution:
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X2

v dx

The given integral is j

Put t = x® so that dt = 3x%dx

Hence,

x? 1; 3x°
Il_xe dx =§Imdx

1, dt
- EI 1-t2
= lIog (EJ+C
3 1-t
1 1+x°
==lo C
3 g(l— X3J
X2 1, (1+x®
Therefore, dx ==lo +C
J‘1—x6 3 g[l—ﬁ}
. x—-1
7. Integrate the function
x“ =1
Solution:
. . . x-1
The given integral is J' dx
VX2 -1

Put t =x*~1 so that dt = 2xdx
Hence,
J'iz—\/___lldx:%j%dx—jﬁdx
=%J%dt—jﬁdx
=%(2\/t_)—log(x+\/H)+C
=«/1—7—Iog‘X+M‘+c
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Therefore, I dx =1-x2 — Iog‘x + /X —1‘ +C

’ x—1
X3 -1
X2
8. Integrate the function ————
x° +a°
Solution:
X2
The given integral is | -——=0dx
j ,X6+a6
Put t=x® so that dt =3x’dx
Hence,
2 2
=g [0
WS ey (@)
= t
3 t2+(a3)2
:%Iog(t+\/t2+a6)+c

:%Iog(x3+\/m)+C

x? 1
Therefore, j—dx ="log (x3 +/x8+a° ) +C
Vxt+a’ 3

sec’ x

Jtan? x +4

9. Integrate the function

Solution:

sec® x
The given integral is j4dx

Jtan?x +4

Put t =tan x so that dt =sec? xdx
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Hence,

.[ sec? x dx:j dt
Jtan? x + 4 2 + 22

=Iog(t+M)+C
= Iog(tanx+\/tan2x+4)+C

2
Therefore, I&dx =log (tan X ++/tan® x + 4)

Jtan? x +4

10. Integrate the function __r
X2 +2x+2
Solution:

1

1
—'dX: AV 4
VX2 +2x+2 '[ (x+1)"+1

The given integral is j -dx

Put t = x +1 so that dt = dx

Hence,

j;.dxzj;.dx
J(x+1)2+1 vt +1
= Iog(t+»\/t2 +1)+C
= Iog(x+1+a\/x2 +2x+2)+C

Therefore, R S dx = Iog(x +1+x2 +2x +l)

(x+1)2+1

11.  Integrate the function ————
9X" +6Xx+5

Solution:

The given integral is jm X

1 1
9X“+6x+5 (3x+1) +2
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Put,3x +1=t, so that 3dx =dt

Hence,

1 1 3
J.9x2+6x+5dX:§J. T &
(3x+1)" +2
e

3/ t2+2°

(i)

3x+1J+C
2

Therefore, I92—165d étan‘l(sxgl}rc
X2 +6X +

12. Integrate the function

1
N7 —6x+ x>

Solution:

The given integral is J';dx

N7 —6X+ X2
Put t = x®—1 so that dt = 3x?dx

Hence,

I;dx= ;dx

J7-6x+ X2 (x-3)* -2

Use the formula_[ ! dx:log(x+\/x2—a2)+c

Jx2—a?

2dx=Iog(x—3+\/x2—6x+7)+c

H
I
—
—
P Il |
| ol
X
L [ &
SN | 5
| L
—_ I/
N
N—
N
o
x
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Therefore, J'

x—3+\/x2—6x+7)+C

’ ;dx = Iog(
V7 -6x+ x>
13 Integrate the function
x—1)(x-2)
Solution:
The given integral is I ! dx :I 1
\/(x—l)(x—z) X2 —3x+2
The quadratic expression x* —3x+2 can be written as below.
2
X —3x+2=[x-2) +2-2
2 4
3y 1
=| X—— —_—
2 4
3 2 [1}2
=| X—— —| —
2 2
Hence,
[~ = [-———dx
\/(x—l)(x—Z) X2 —3x+2
= 12 de
2] 3)
\/ 2 2
= Iog(x—gﬂlx2 —3x+2)+C
Therefore, I ! dx = Iog(x—§+\/x2 —3x+2j+c
JD(x-2) 2
14 Find the integral of the function

1
J8+3x—x?

Solution:
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The given integral is I;dx
J8+3x—x2

The quadratic expression 8+ 3x — x*can be written as
2
8+3x—x° =(8+gj—(x—§J
4 2
41 ( 3)2
=——| X——
4 2

=sin*

=sin? 2)(_3J+C

Therefore, j 2x 3)+C

dx =sin”
\/8+3x x? (\/_1

15. Integrate the function

Jo=a)(x-b)

Solution:
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The given integral is J' T ! dx
X_

a)(x—b)
The quadratic expression can be written as

(x—a)(x—b)zxz—(a+b)+?b
{2 o)
Hence, the integral can be rewrite as
j x—a1 X— dx:j 2 2
e o) (o ()

Use the formula j 1 ax= Iog(x+\/x2 +a2)+C

Jx? +a?

1 1

f J<Xa><xb)dX=JJ(x‘(az+bB2 =) dx

= Iog(x—aTer+ (x—a)(x—b))+C

1 a+b
Therefore, I\/(x—a)(x—b)dx = Iog(x—7+~/(x—a)(x—b)j+c

4x +1

16. Find the integral of the function —————
V2x2+x-3
Solution:

4x+1

—___dXx
V2x2 +x-3

Putt=2x’+x—3, so that dt = (4x+1)dx

The given integral is j

Hence, the given integral becomes
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4x+1 dt
—dx=|—+
eI
= 2«/5 +C

=2J2x*+x-3+C

Therefore,J' Ax+1 d —22x2+x-3+C

V2X% + X —
17. Find the integral of the function \/Xj_z
X =1

Solution:

The given integral is I Xt2 4

X
Ix2-1
Put t = x2, so that dt = 2xdx

Hence the integral can be rewrite as

X+2 1, 2x 2
j =§J‘—mdx+'[—x2_ldx
1,dt 1
k=i
=t+2sinx+C

—Jx*—1+2sintx+C

Therefore, J'\/X:r_zdx =X —1+2Iog(x+\/x2 —1)+C
x“ -1
Y . . S5x -2
18.  Find the integral of the function —————
1+2x+3X

Solution:

The given integral is I—z

1+2x+3%°

Suppose that 5x — 2 = P(i(u 2X + 3x2)j +Q
dx
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It gives 5x—2=P(6x+2)+Q

Comparing coefficient of x from both sides
6P=5=P= >
6

Comparing the constant terms from both sides

2=2P+0Q
{i)ro-
5
Q=-2-
_ 1
-3

Hence, the given integral becomes

d (3x +2x+1) 11
Bx -2 3
2 e o
1+2x% +3x? 1+2x+3x
_ j 6x+2 EI :|é . dx
1+2x+3x 3 3(X2+3X+j

Use the formula I () gy - log| f (x)|+c to find the first integral

(x)

=%Iog|1+2x+3x2|—%j dx

:glog|1+2x+3x2|—%f dx

2 a

Use the formula j 1 S dx = étan‘1 (5)+C
X2 +a
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X+ 1
:Elog‘1+2x+3x2‘—2(ijtan‘l 31+cC
6 o\ v2)™" | 2
3
5 11 3x+1
=Zlogll+2x + 3x* ——tan‘l(—j+c
6 g | 32 2
5x-2 5 11 3x+1
Therefore, | ————=_dx="log|3x® +2x +1|— tan™ +C
I1+2x+3x2 6 g‘ ‘ N/ («/Ej
19.  Find the integral of the function bx+7
\/(x—5)(x—4)
Solution:
The given integral is .[ bx+7 dx
\/(X—5)(X—4)

Suppose that 6x +7 = P(i(xz —9x + 20)) +Q
dx

It gives 6x+7=P(2x—9)+Q

Comparing coefficient of x from both sides
2P=6=P=3
Comparing the constant terms from both sides

7=-9P+Q
—9(3)+Q=7
Q=7+27
=34

Hence, the given integral becomes

_ 3(5)(( 2—9x+20))+34
dx=j

I\/(x—5)(x—4) X —9x+20

dx
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2x 9
2o |
\/(X—) +20——
2 4

Use the formula _f ) dx =2,/ (x) +¢ to find the first integral

ﬂ/f (x)
=6»\/x2—9x+20+_[ 34 dx

Use the formula j log (x +x2—a’ ) +C to find the second integral

! dx =
VX2 —a?
=6vx2 —9x +20 +34log(x—g+\/x2—9x+20j+c

Therefore,

I\/( 6);;(7 4)dx:6\/x2—9x+20+34|og(x—%+\/x2—9x+20)+C
X—5)(x—

20.  Find the integral of the function X+2
4x — x?
Solution:
The given integral is I X+2
Jax—x?

Suppose that x + 2 = P(i(4x - xz)j +Q
dx

It gives x+2=P(4-2x)+Q
Comparing coefficient of x from both sides

p-1mp-—1
2

Comparing the constant terms from both sides
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2=4P+Q

4(—%)+Q=2
Q=2+2
=4

Hence, the given integral becomes

—1(d(4x—x2)j+4
.f X+2 J 2\ dx dx
Jax—x? Jax —x2
4-2x
dx 4d
‘[\/4x x? +I\/4x x? "

Use the formula I d = 2«/ ) +c to find the first integral

ﬂ

4
(2\/4x x) Iﬁdx

(X . .
= dx = sin™ (5) +¢ to find the second integral

\/4x X2
21. Find the integral of the function __X+2
VX2 +2x+3

Solution:

X+2
The given integral is | ————=—=0dx
: J J.»\/xz +2X+3

Suppose that x +2 = P(i(x2 +2X +3)j+Q
dx
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It gives x+2= P(2x+2)+Q

Comparing coefficient of x from both sides
2P=1=P-= 1
2

Comparing the constant terms from both sides
2=2P+Q
1
2=2| = |+
o)
Q=2-1
=1

Hence, the given integral becomes

1(d
s _J-Z(dx( 2+2x+3))+1

= dx
X2 +2x+3 X2 +2x+3
1
~(2x+2)
—[-2 dx+I 12 dx
X +2x+3 7 f(x+1) +3-1

f'(x) i .
Use the formula | ——==dx =2,/f (Xx) + ¢ to find the first integral
J o JF(x) g

Loz — o
\/(x+1)2+(\/§)

1

Jx2+a’
=/Xx? +2x+3+|og(x+1+\/x2+2x+3)+C

Use the formula J' dx = Iog(x +x*+a’ ) +C to find the second integral

X+2
Therefore, | ———=—_dx=+X*+2x+3+1l0 x+1+\/x2+2x+3)+C
J.\/x2+2x+3 g(
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22.  Find the integral of the function +3
x> —2x-5
Solution:
The given integral is J—de
2X—-95

Suppose that x +3= P(i(x2 —2x—5))+Q
dx

It gives x+3=P(2x-2)+Q

Comparing coefficient of x from both sides
2P=1=P-= 1
2

Comparing the constant terms from both sides
3=-2P+Q
1
2| = |+Q=3
o)
Q=3+1
=4

Hence, the given integral becomes

1(ddx(x —2x— 5))+4

J~ 2X+3 dX—J.z dx
X°—2x-5 x?—2x-5
VIR P S
x?—2x-5 (x-1)"-5-1

Use the formula j#dx = Iog| f (x)| +c to find the first integral

()
1 1
log|x* —2x—5[+4 dx
2 J _1)2 (\/6)2
Use the formula -[x = dx=2—1alog(;(—_:j+c
- +
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~Liog|e —2x— 5+ 4 _tog| X1 |,
2 2\/6 X— 1+J_
2 JE X— 1+J_
Therefore, J‘zx;?’dX=llog|x2—2x—5|+i|og x-1-461, o
X“—2x=5 2 J6 x—1+6
23.  Find the integral of the function _ SX+3
D +4x+10
Solution:
The given integral is J' X +3
m

Suppose that 5x +3=P ((;Jl—x(x2 +4x +10)j +Q

It gives 5x+3=P(2x+4)+Q

Comparing coefficient of x from both sides
2P=5=P= >
2

Comparing the constant terms from both sides
3=4P+Q
5
=4 - |+
2
=10+Q
Q=-7

Hence, the given integral becomes
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5(d
J, 5x +3 Iz(dx(x +4X+10)j 7dx
m JX2 +4x+10
2 4
,f X+ i —dx

27 x* +4x+10 x+2) +6

Use the formula _[ ) dx =2,/ (x) +¢ to find the first integral

Jf(x)
1

=g(2 x2+4x+1o)—7j _dx

\/(x+2)2 +(\/§)

Use the formula _[

= Iog(x +/x* +a? ) +C to find the second integral

1
d

Jx? +a? "

=5(\/x2 +4x+10)—7log‘x+2+\/x2 +4x+10‘+C

Therefore, I«/ﬂ (\/x - AX+10 )—7Iog‘x+2+\/x2+4x+10‘+c
X +4x+10

24. Id—x equals

X2 +2X+2
A) xtan™(x+1)+C B) tan™(x+1)+C
C) (x+1)tanx+C D) tan™ x+C
Solution:
dx dx
The given integral is
. J I +2X+2 I(x+1)2+1

UsetheformuIaJ' o dx—atan (a)+c
X2 +

Hence, j—_ tan(x+1)+C
(x+1)" +1

Therefore, the option (B), is correct.
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dx
25. ————== equals
N
A) lsin‘l(gx_s}rc B) Esin_l(sx_g}rc
9 8 5 5
C) lsin‘l(gx_s}c D) Esin_l(9x_8)+c
3 8 > 5
Solution:
The given integral is | dx _— | dx % 2
\/9X—4X 2\/9X—X2 \/(9) _(
4 8

Use the formula I

\/idx sin” (XJ+C

Hence,

Therefore, option (B) is correct.
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Exercise: 7.5

1. Find the integral of the function B
(x+1)(x+2)

Solution:

. . X
The int dis———,
e integran |5(X+1)(X+2)

e |t has two linear factors in the denominator

e Itis proper fraction

Suppose that X = A B

(x+)(x+2) (x+1) (x+2)

Simplifying, we get
x=A(x+2)+B(x+1)
Plug in x =-2 in the equation (1),

-2=B(-1)
B=2

Plug in x = -1 in the equation (1),

1= A1)
A=-1
Hence, X _ 1 2

(x+1)(x+2)  (x+1) (x+2)

Consider the integral
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——ax

’ J- —j -1 d J‘ 2
(x+1)(x+2) (x+1) (x+2)
=—log(x+1)+2log(x+2)+C
2
:Iog(x+2) +C
x+1
2
Therefore, j;dxﬂog()ﬁrz) +C
(x+1)(x+2) x+1
2. Find the integral of the function le 9
Solution:
. .1 1
The int d = ,
e integran st2—9 (x—3)(x+3)
e |t has two linear factors in the denominator
e Itis proper fraction
1 A B
S that =
PP I  3)(x+3)  (x-3)  (x+3)
It implies
1=A(x+3)+B(x-3) (1)
Plug in x = —3in equation (1)
1= A(O) + B(—6)

=1
6

Plug in x = 3in equation (1)
1=A(6)+B(0)

A=

o

Consider the integral
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1 1
= dx=]—" d
IX2—9 " I(x—3)(x+3) X

=—|———-———d&x
X+3 Xx-3

:%[Iog|x+3|—log|x—3|]+c

X+3
X—3

Therefore, I dx = % log +C

x? -9

3x-1

(x—1)(x—2)(x-3)

3. Find the integral of the function

Solution:

3x-1

(x—1)(x—2)(x-3)

e |t has three linear factors in the denominator

The integrand is

e Itis proper fraction

Suppose that “ea - B ¢

(-)(x-2)(x=3) (x-1) (x-2)  (x-3)

It implies
3x—1=A(x—=2)(x—3)+B(x—1)(x—3)+C(x—1)(x—2) e (1)

Plug in x =1in equation (1)

Plug in x = 2in equation (1)

5= A(0)+B(1)(-1)
B=-5

> N
I Il I
NN >
|
=
o I
N [ Xl [Nl
N —
o
«Q
=< | > =
||+
w | w
+
|_\
(@)
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Plug in x = 3in equation (1)
6= A(0)+B(0)+C(2)()

C=

B oo

Consider the integral

3x-1

J.(x—l)(x—z)(x—S)

dx=j 2 - 5 + 4 dx
Xx-1 x-2 X-3

=log|x —1|—5log|x — 2| +4log|x -3 +C

3x-1

Hx-2)(x-9

Therefore, I(x dx = log|x —1]-5log|x — 2| + 4log|x — 3|+ C

X

(x=1)(x—2)(x—3)

4. Find the integral of the function

Solution:

X

(1)~ 2)(x-9)

e It has three linear factors in the denominator

The integrand is

e Itis proper fraction
X A B C

SRR 623 () (-2 (-9
It implies
x=A(Xx-2)(x-3)+B(x—1)(x—3)+C(x-1)(x-2) ... (1)

Plug in x =1in equation (1)
1= A(-1)(-2)

A=2
2

Plug in x = 2in equation (1)
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2=A(0)+B(1)(-1)
B=-2

Plug in x = 3in equation (1)
3=A(0)+B(0)+C(2)(1)

c=3
2

Consider the integral

1
X 2
J.(x—l)(x—Z)(x—I%)dX:J-x2—1_x—2+x—3

=%Iog|x—1|—2Iog|x—2|+§|og|x—3|+c

X

J-2)(x-9)

Therefore, I(x—l dx=%Iog|x—1|—2Iog|x—2|+§|og|x—3|+C

, , . 2
5. Find the integral of the function —; X
X" +3X+2
Solution:

2x 2X
X2 +3x+2  (x+1)(x+2)

The integrand is

e It has two linear factors in the denominator
e ltis proper fraction

Suppose that 2x = A + B
PP (x+1)(x+2) (x+1)  (x+2)

It implies
2x = A(Xx+2)+B(x+1) o (D)
Plug in x =—1in equation (1)

—2=A(1)
A=-2

] . . e
\
N | W
o
3
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Plug in x =-2in equation (1)

—4=A(0)+B(-1)
B=4

Consider the integral

dx

2X -2 4
j 5 dx = +
X" +3X+2 X+1 Xx+2
=—2log|x +1|+4log|x +2|+C

Therefore, IXZZ—X

+3X+2dx:—2Iog|x+1|+4log|x+2|+C

2

X(1-2x)

6. Find the integral of the function

Solution:

1-x* x> -1

The integrand is =
eOrane s S =2%)  ()(2x-1)

e It has two linear factors in the denominator
e It is improper fraction
x2 -1 1 A B
+_
X

Suppose that —— ==
PP )(2x-1) 2 x 2x-1

It implies
x> —1=x(2x-1)+ A(2x-1)+B(x)
Plug in x =0in equation (1)

-1=A(-1)
A=1

Plug in X = % in equation (1)

(D
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§+ Iog|x|—glog|2x—1|(%j+c

§+Iog|x|—%log|2x—1|+c

-1

Therefore, J' 2—1)
X

§+Iog|x|—glog|2x—]4+c

7. Find the integral of the function

(x* +1)(x-1)

Solution:

: . X

The integrand IS ———————

(x*+1)(x-1)

e It has one linear factor and one irreducible quadratic factor in the
denominator

e Itis proper fraction

X _ Ax+B C

Suppose that =
PP (x2+1)(x—1) 11 x-1

It implies
x=(Ax+B)(x-1)+C(x* +1) e (D)

Plug in x =1in equation (1)

O
o
>
@,
o3
— = I
9 = ' |
I = [ Il Il
N~ >
< | = | vs) >
Nin e Nlw =)
= 2 N
o
X w
I I I e
N |
N |- ~—
+
< |~
+
N
< |
N w
RN
o
>
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1=C (2)
1

C==
2

Compare the coefficient of x?

0=A+C

A=-C
1
T2

Consider the integral

1 1 1
X P
Iz—dx= 3 + dx
(x +1)(x—1) X +1  x-1
1

1 1
=ghmes]

Xz_l dx
X +1

=%Iog|x—1|——

_Ix +1
1 -
=EIog|x—1|—ZIog|x2+1|+§tan Lx+C
X

Therefore, Im =1Iog|x ﬂ—%log|x2+l|+%tan‘lx+c

8. Find the integral of the function +
(x=1)" (x+2)
Solution:

The integrand is ————
SR 1 (x+2)
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e It hasone linear factors and one repeated linear factor in the denominator

e Itis proper fraction

Suppose that 2X __A + B 5+ ¢
(x-1)"(x+2) x-1 (x-1)° x+2

It implies
x=A(x-1)(x+2)+ B(x+2)+C(x—1)2

Plug in x =1in equation (1)

Plug in x =-2in equation (1)

—2=C(9)
c-_2
9

Compare the coefficient of x* in the equation (1)
0=A+C
A=-C

g
9

Consider the integral

j+dx=g de_klj‘%dx_gji
(x-17(x+2) 99 x-1 3 (x—1f  9'x+2
2 1 1 2
—Zloglx-1-=—— %} 2l+C
3 og|x -1 31 9 og|x+2|+

=glog(x_1j— 1 ¢
9 “\x+2) 3(x-1)

Therefore,j‘+dx=zlog(x_lj— l ¢
(x—1)"(x+2) 9 “(x+2) 3(x-1)

dx

(D)
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9. Find the integral of the function %
Solution:

3X+5 3X+5

The integrand is

XX —x+1 (x—1)(x+1)

e It hasone linear factors and one repeated linear factor in the denominator
e Itis proper fraction
3x+5 A B C

+ +

Suppose that =
PP (—1) (x+1) x—1 (x-1) x+1

It implies
3x+5= A(x-1)(x+1)+B(x+1)+C(x~1)° e (1)
Plug in x =1in equation (1)

8=B(2)
B=4

Plug in x =—1in equation (1)

(4)

2

C

Compare the coefficient of x* in the equation (1)

Consider the integral

] . . e
> o
Il Il 1l Il Il
I | N~ O
N~ O f
@)
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.‘.3— :__J._ X+ 4 dx+ _d
(x— 1) (x+1) (x— 1) 29 x+1
:_Elog|x—ﬂ+4(xi1)+Elog|x+1|+c
1 X+1 4
ZOg(x—lj (x—1)+
Therefore, ILdX:llog(xﬂj_ 4 C
(x—1)° (x+1) 2 ~1) (x-1)
10. Find the integral of the function . 2x-3
(x* -1)(2x+3)
Solution:
2x—3 B 2X—3

The integrand is =

° (x*=1)(2x+3) (x—1)(x+1)(2x+3)
e |t has three linear factors in the denominator
e Itis proper fraction

2x -3 __A ., B C
(x-1)(x+1)(2x+3) x-1 x+1 2x+3

Suppose that

It implies
2x—3=A(x+1)(2x+3)+B(x—-1)(2x+3)+C(x—1)(x +1)
Plug in x =1in equation (1)

~1= A(10)
1
10

Plug in x =—1in equation (1)

-5=B(-2)

B=—
2

(D
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Plug in x= —g in equation (1)

()

c=-%2
5

Consider the integral

S I Y N |
2

1 24 1
j(x—1)(x+1)(2x+3) 107 x-1 -

(x+1) X 5J2x+3

1 5 24 1
__Elog|x—1|+Elog|x+]4—?Iog|2x+3|(§j+c
5 1 12
—Elog|x+1|—Elog|x—1|—€Iog|2x+3|+C

2x—-3
x—1)(x+1)(2x +3)

5 1 12
Therefore, I( dx = Elog|x +1 —Elog|x -1 —glog|2x +3+C

11. Find the integral of the function a > W
(x+1)(x2 —4)
Solution:

The integrand is RX = X
(x+1)(x*-4) (x+1)(x-2)(x+2)

e |t has three linear factors in the denominator
e Itis proper fraction

S5X A B C

S that =
G (x+1)(x-2)(x+2) x+1 x—2 x+2

It implies
5x=A(x—2)(x+2)+B(x+1)(x+2)+C(x+1)(x-2) ....(1)

Plug in x =—1in equation (1)

I . VED.
N
N
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Therefore, | ——————dx
J.(x+1)(x2 —-4)
12. Find the integrand of the function
Solution:

—5=A(-3)

A=
3

Plug in x = 2in equation (1)

10=B(12)

B=2
6

Plug in x =-2in equation (1)

-10=C (—1)(—4)
c__10
4
5
T2

Consider the integral

5x

5x

I(x+l)(x2 —4) dX:j(x+1)(

x+1

dx

x—2)(x+2)

‘fxz et

=§Iog|x+1|+Elog|x—2|—zlog|x+2|+C

5x

X3 +x+1

The integrand is

=gIog|x+]4+glog|x—2|—glog|x+2|+C

x3 +x+1

e It has reducible quadratic factor in the denominator

e Itis improper fraction
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X2+ x+1 X(x +1)+1
X2 -1 B X2 -1
X(X2 —1)+2x+1
x? -1
2X+1

D) (x 1)

2x+1 A B
(x-1)(x+1) x-1 x+1

Suppose that

It implies
2x+1=A(x+1)+B(x-1)
Plug in x =—1in equation (1)
-1= B(—2)

Plug in x =1in equation (1)

Consider the integral

jx +x+1d _.[ 2x+1
X (x—1)(x+1)
3
:X?+I 2 dx+ —dx
x* 3

=?+Elog|x—1|+glog|x+1|+c

2
X +X1lex:X?+glog|x—1|+%log|x+]4+c

Therefore, I

13. Find the integral of the function

2
(1- x)(1+ xz)

(D
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Solution:

The given integrand is ———F—
: J (1—x)(1+x2)
e It has irreducible quadratic factor and one linear factor in the

denominator

e Itis proper fraction

Suppose that 2 = A Bx+C

(1-x)(1+x*) (1-x) ’ (1+x?)

It implies that
2= A(1+x°)+(Bx+C)(1-x)
Plugin x=1

2=A(2)
A=1

Compare the coefficient of x?

0=A-B
B

Compare the constant term

2=A+C
C=2-1
=1

Hence,

2 1 X+1

(1-x)(1+x*) (1-x) ’ (1+x%)

Consider the integral

I . .
I
Ll A =
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X+1

2 [+ [T
Joma T foa

1 2x
=—|Og|1—X|+EI2— dx

x? +1 X+~[x2+1
:—Iog|1—x|+%log|x2+1|+tan‘l(x)+C

2 1 _
Therefore, Imdx =—log[L- | +§Iog|x2 +1]+tan™* (x)+C
14. Find the integral of the function x—12
(x+2)

Solution:

The integrand is

(x+ 2)2
e It has repeated linear factors in the denominator

e Itis proper fraction

Suppose that (3X_1 & B
X

w2f (x+2) (x+2f

It implies that
3x-1=A(x+2)+B
Plugin x=-2
-7=B
Compare the coefficient of x
3=A
Hence,

3x-1 3 7

(x+2)"  (x+2) (x+2)
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Consider the integral

3x-1 3 7
ey v L Foveros

=3Iog|x+2|+7—1 +C
X+2

:3Iog|x+2|+L+C
X+2

Therefore, j%dx =3log |x +2|+é+c
X+

: . . 1
15. Find the integral of the function 71

Solution:

The integrand is

X4

1 1

(x* —1) - (x2 —1)(x2 +1)
4 1
(x+1)(x—1)(1+ xz)

e The integrand has two linear factors and one irreducible quadratic
factor in the denominator
e Itis proper fraction.

1 __A B Cx+D
(x+1)(x—1)(1+x2) Xx+1 x-1 x*+1

Suppose that

Simplifying
1 1= A(x-1)(x*+1)+B(x+1)(x* +1)+(Cx+D)(xX*-1) ... (1)

Plugin x=-11in (1)

1=A(2)(-2)
!
4
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Plugin x=1in (1)

1=B(1+1)(1+1)

-1
4

Comparing x* coefficient in the equation (1)

A+B+C=0
—1+1+C=0
4 4
C=0
Plugin x=0 in (1)

1= A(-1)+B(1)+D(-1)
1=-A+B-D

1:£+1—D
4 4

D=-=
2

1

Hence 1 -t
’(x+1)(x—1)(1+x2) 4(x+1) 4(x-1) x*+1

Integrate both sides

J.(x+1)(x_11)(1+ xz)dx :—%j(ﬁjdx+%j(ﬁjdX+I2(X_z—l+l)dx

=_%Iog(x+1)+%Iog(x—1)—%tan‘1x

1

4

x-1

X+1

—ltan‘1x+C

Therefore, I ( ! dx=llog

Xx+1)(x—1)(1+x%) 4

Xx-1

X+1

—ltan‘1x+C
2

16. Find the integration of the function

X(x"+1)

Solution:
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The given integrand can be rewrite as

1 X"
x(xn +1) - x"(xn +1)

Apply integration on both sides

j#dX:ILdX
x(x“+1) x”(x”+1)

Putx" =t, so that dt =nx""dx

J.x(x +1 - -[ t+1
=—j dt - jmdt
=—|Iog|t|—|og|t+1||+C

=—Iog +C
n

t+1

n

1
=—log
n ~|x

X
"+1

+C

Therefore, I—dx:llog xX +C

x +1) n +1

COS X

17. Find the integral of the function - -
(1-sinx)(2-sinx)

Solution:

The given integral is I(l—sin )ic))z;—sin X)dx

Put sinx =t so that cos xdx = dt



Infinityy ., Sri Chaitanya

Learn ' Educational Institutions

COS X 1
dx = dt

ja—ﬂnXXZ—ﬁn@ X j@—mﬂZ—Q

1oLy

1-t 2-t

=—log(1-t)+log(2—-t)+C
2-t
1-t
2-sinXx
1-sinx

=log +C

=log

2-sinx
1-sinx

COS X
—sinx)(2-sinx)

Thmeﬂxe,f(l dx =log

18. Find the integral of the function

Solution:

Consider the integrand

)(¥+2)
(x*+3)(x*+4)

Supposethat(
X

It implies that
(3 +1)(x*+2) =(x*+3)(x* +4)+ A(x* +4) +B(x* +3)

Substitute x> =—4

Hence,

w
c
o
wn
~—+
=
Ve E
(S
~ X
— N —
| Il IL) —_
> B | w 5%
n w o + | +
N | o w|
% (@)) + —— | N~—"
o + | + >
— ()
+ U+ +
w Il
o = = ——
| + 3 | =
£ y BN
N —+ +
+ | > w|
w —_—I
o + | +
+ | NN
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(x +1)(x +2)_ L2 6
(x2+3)(x2+4)_ X2+3 x2+4

Integrate both sides

X* +1)(x* +2)

(
-[(x2 +3)(x* +4)

dx:_[ldx+'[X22+3dx—J‘X2i4dx

2 . . x _{xj
=X+—tan"| ——= |- 3tan™"| = |+C
3 (Jﬁj 2

X2 +1 (x2 +2)

Therefore,IEX2+3;(X2+4)dx x+%tan (%) 3tan™ ( j +C

19.  Find the integral of the function 2X
(x2 +1)(x2 +3)

Solution:

Consider the integral j 1;2( 3 dx
X2 +1)(x% +

11 2

We know that X2+1 X2+3_(X2+1)(x2+3)

I(x+1)(x+3 B jx+1 x+3X

=%(Iog(x +1)—log(x* +3))+C

Therefore, I x +1§2(x2+3) dx =

20. Find the integral of the function

Solution:

Il
| N |~
= o
PR N |~ «Q
< _
|J>|—\ 8 XN‘XN
+ |+
= XN‘XN ol
+ |+ +
Wl o
+
@)
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The given integral is JX4—1)dX
j X(X4 _1)dX = j v (X4 _1)dX

1 4x°
:ZI x“(x4 —1) x

Put x* =t, so that 4x%dx =dt
Hence,

1 1 4x3
Ix“ dx

dt

EEEa

=_J'___d

= Z[Iog|t|— log|t—1|]+C

1 4
Therefore, J‘(%dx = ZIog x“X— +
X[ X

-1) ]

21. Find the integral of the function

1
(e-1)
Solution:

Substitutee* =t , so that e*dx =dt

Hence,
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1 1 \dt
Jee- I )T

1
:It(t—l) a

Use the partial fractions

det =j L

t(t-1) Jt-1 t
=log|t—1] - log|t|+ C
=log t=1 +C
t
Substitute t =¢*
| Xl dx = log |2 ;1+C
e’ -1 e
Therefore, | Xl dx = log|° :1+C
e’ -1 e
29 J‘L:
(
A) log (x=1) +C B) log (x—21) +C
C) log (Ej +C D) log|(x-1)(x-2)|+C
Solution:
The given integral is J.L
(x—1)(x-2)
A B

X
S that =
Hppose tha (x—1)(x-2) x—1' x_2

This can be written as

x
|
H
~
bl x —_
| | >
ol N |
N
~
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x=A(x-2)+B(x-1 . (1)
Plug in x =2 in the equation (1)

2=B
Plug in x =1 in the equation (1)

1=—A=A=-1

Hence X 1,2
" (x-1)(x-2)  x-1 x-2

Hence, the integral becomes

X 1 2
— dx=—[——dx+[—=d
J.(x—l)(x—z) X J.x—l X X—2 X

=—log|x -1+ 2log|x-2|+C

2
= log (x=2)° +C
x—1
Thus, the correct answer is (B)
dx
23. " =

J’x(xz +1)

A) Iog|x|—%|og(x2 +1)+C B) Iog|x|+%log(x2+1)+c
C) —|og|x|+%|og(x2+1)+c D) %Iog|x|+|og(x2+1)+c

Solution:

The integrand is ———
? x(x2 +1)

e One linear and one irreducible quadratic factor in the denominator

e Itis proper fraction

1 A _Bx+C

Suppose that =—+
PP x(x2+1) X X241
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Simplifying
1= A(X* +1)+(Bx+C)x
Plug in x =0 in the equation (1)
1=A
Compare the coefficient of x* in the equation (1)
A+B=0=B=-A=B=-1
Comparing the coefficient of x in the equation (1)
C=0

The integral can be written as

1 1 —X
jmdx=j;dx+J. v +1dx

=Iog|x|—%|og|x2+1|+C

Therefore, the option ( A) is correct.
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Exercise: 7.6

1 Find the integral of the function xsin x
Solution:

To find the integral of product of two functions, use the integration by parts
If(x) Ig x)dx — If Ig X ) dxdx
Consider the integral

I :jxsin xdx
= xJ.sin xdx—IlIsin xdxdx  «f (x)=x,0(x)=sinx
= x(—cosx)—j—cos xdx

=—-XCcosX+sinx+C

Therefore, Ixsin xdx =—-xcosx+sinx+C

2. Find the integral of the function xsin3x

Solution:

To find the integral of product of two functions, use the integration by parts
[f(x)a(x (x) [ g(x)dx— [ £/(x) [ g(x)dxdx
Consider the integral

| =jxsin3xdx
= xjsin 3xdx—j1jsin 3xdxdx  «f (x)=x,g(x)=sin3x

X 1
:5(—c053x)—§‘[—c033xdx

=—1xcosx+lsin3x+c
3 9

Therefore, Ixsin 3xdx = —% XCOS X + %sin 3x+C
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3. Find the integral of the function x%¢*
Solution:

To find the integral of product of two functions, use the integration by parts
[f(x)a(x (%) [ g(x)dx— [ £/(x) [ g(x)dxcx
Consider the integral
| = _[ x2e*dx
= xzj.exdx —IZXIeXdde «f(x)=x%9g(x)=¢"
=x*(e*)- 2J. xe*dx
= x’e* —2(xe*)+ Zjexdx

=x%* —2xe* +2e* +C
Therefore, .[xzexdx =x%* —2xe* +2e*+C
4. Find the integral of the function xlog x

Solution:

To find the integral of product of two functions, use the integration by parts
If(x) Ig x)dx — If Ig x ) dxdx
Consider the integral
I = I xlog x dx
=Iongxdx—j%_|'xdxdx «f(x)=logx,g(x)=x

2
= X?(Iog x)—%jxdx

2 2
_X Iogx_x_+C
2 4
2 2
Therefore, _[xlogxdx _X logx —XI+C
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5. Find the integral of the function xlog2x

Solution:

To find the integral of product of two functions, use the integration by parts
[f(x)a(x () [a(x)ax—[ £/(x) [ g(x)dxdx
Consider the integral
I = j xlog 2x dx
= Iogij xdx—J'%J‘xdxdx «f (x)=log2x,g(x) =

2
= X?(Iog 2x)—%jxdx

_ X’log2x  x?

+C
2 4
2 2
Therefore, _[xlog 2xdx = X log2x —XI+C
6. Find the integral of the function x”log x

Solution:

To find the integral of product of two functions, use the integration by parts
[f(x)g(x () [a(x)ax—[ £/(x) [ g(x)dxdx
Consider the integral

I :sz log x dx

:Iong‘xzdx—j%szdxdx -f (x)=logx,g(x)=x*

x3 1¢ ,
—?(Iog X)_EIX dx

3 3
=m_x_+c
3 9
2 *logx x°
Therefore, Ix log xdx = —§+C
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7. Find the integral of the function xsin™ x
Solution:

To find the integral of product of two functions, use the integration by parts
I f(x)g(x)dx=f (X)Ig (x)dx—f f ’(X)Ig (x) dxdx

Consider the integral and take f (x)=sin""x,g(x)=x

jxsin‘1 xdx =sin™* xj xdx —j{(;—xsin‘l x)j xdx}dx
[ X)L X
=sin X[Zj Iﬂzdx
=xzsin‘1x+lj- —x? dx
2 2° 1-x?
:xzsin‘1x+lj-{ 1-x? 1 }dx
2 27 |J1-x2 {1-%°

_X’sin'x 1 — 1

= 5 +EJ‘{\/1 X ﬂ}dx
2 i1

U X+%{j\/1—x2dx— ! dx}

2

2 qin-1
_ x’sin x+1{§ f1—x? +%sinlx—sinlx}+c

2 22

- %(sz —1)sin’l x+§\/1— X2 +C

Therefore, Ixsin‘l Xdx = %(sz —1)sin‘1 X + 2\/1— x?+C
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8. Find the integral of the function xtan™ x
Solution:

To find the integral of product of two functions, use the integration by parts

If(x) Ig x)dx — If Ig x ) dxdx

Consider the integral and take f (x)=tan™x,g(x)

j xtan™ xdx = tan™ xj xdx — j {(s—xtan‘l xjj xdx} dx
2

2 2 2 -1
—tantx| X —_[ ! Z.X—dx:—X tan x Ll X > dx
2 1+x° 2 2 271+X

x tantx 1 x*+1 1
) 2 7 | dx
2 2901+x° 1+x

xtan x 1 (1_ 12)dx
2 2 1+ X

M—E(x tan™ x) +C
2 2

2
=X—tan‘1x—5+1tan‘l+c
2 2 2

X

2
Therefore, _[ xtan™ xdx = X? tant x — % + % tan+C

9. Find the integral of the function xcos™ x
Solution:

To find the integral of product of two functions, use the integration by parts
If(x) Ig x)dx — If Ig x ) dxdx

Consider the integral and take f (x)=cos™x,g(x)=x
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’ j XCc0s ™ xdx = cos™ xj Xdx — I {(i cos™ xj _[ xdx}dx
=CO0S” x( ] I
_x cos” x 1
2 \/1 x?
x?costx 1p| 1-x 1
= - - dx
2 2‘|.{\/1—x2 \/1—X2}
_xfcos”x 1 — 1
= 5 2'[{\/1 X ,_1_X2}dx
x?costx 1 1
=== —E{I\/l—XZdX—I — dx}
_X C;S_l X —%{gx/l— X2 +Lsintx—sin x}+C

1
4(2x —1)cos x—lel x> +C
Therefore, jxcos’1 xdx = %(sz —1) costx— 2\/1— X2 +C

10. Find the integral of the function (sin‘1 x)2

Solution:

To find the integral of product of two functions, use the integration by parts
J'f(x Ig x)dx — If Ig x ) dxdx

Consider the integral and take f (x)= (sin‘l x)2 g(x)=1

I(sm x) dx = (sin"* x) Ildx J'{( (sin- xzj 1dx}

)

- o g

Xsin~ X

Ny

= x(sin™ x)2 - ZI




Infinityp ., Sti Chaitanya

Learn Educational Institutions

Again use integration by parts. Use f (x)=sin""x,g(x)= -
1-x

It implies that

x(sin‘l x)2 - Zj )\(/Slli%( dx = x(sin‘l x)2 —jsin‘1 x(\/%jdx

= x(sin‘1 x)2 —sin™! x(—2 1- x2)

+_[ 11 2(—2 1—x2)dx
—X

x(sin‘l x)2 —2sin™ x(—\ll— xz)— Zjldx

x(sin‘l x)2 +241-x2sintx—2x+C

Therefore, I(sin‘1 x)2 dx = x(sin‘l x)2 +241-x%sintx—2x+C

11. Find the integral of the function xclo_s sz
Solution:
Consider the integral ILSlex
Suppose thatcos™ x =t so that — o dx=dt and x =cost

X C0s X

N

To find the integral of product of two functions, use the integration by parts

[ f(x)g(x)dx=f(x)[g(x)dx— [ £'(x)] g (x)dxdx

The integral becomes _[ dx = —jt - costdt

Consider the integral and take f (t)=t,g(t)=cost
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—_[t-costdt = —t_[costdt+I{(%tjfcostdt}dt

:—tsint+'[sintdt

=—tsint—cost+C

=—cosX-\1-x* —x+C

Therefore, I XCOS_ X = —J1-x?cosx—x+C

e

12.  Find the integral of the function xsec® x

Solution:

Given integral is Ixsecz xdx

To find the integral of product of two functions, use the integration by parts
If(x) _[g x)dx — .[f Ig x ) dxdx

Consider the integral and take f (x)=x,g(x)=sec’x

J'xsec2 Xdx = xj sec? xdx — _[ 1 Isec2 xdxdx
= Xtan x—jtan Xdx

= xtan x + log|cos x|+ C
Therefore, jxsecz xdx = x tan x + log|cos x| + C

13.  Find the integral of the function tan™ x

Solution:

To find the integral of the function tan™ x, consider the integral jl- tan™ xdx
To find the integral of product of two functions, use the integration by parts
[f(x)a(x () [a(x)ax—[ £'(x) [ g(x)dxdx

Consider the integral and take f (x)=tan™*x,g(x)=
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Hence, the required integral becomes

X
1+ x°

2x2dX
1+x

dx

jl- tan~* xdx = tan™* x - Ildx —I

=xtan‘1x—%j

= xtanlx—%log‘1+ X*|+C
Therefore, jtan’l xdx = xtan "t x — % log |1+ x2| +C

14.  Find the integral of the function x(log x)2 dx
Solution:

Consider the integral of the function [ x(logx)® dx

To find the integral of product of two functions, use the integration by parts
.[ f(x)g(x)dx=f (x)_[g (x)dx—.[ f ’(X)Ig (x) dxdx

Consider the integral and take f (x)=(log x)2 ,g(x)=x

The given integral becomes

[ x(log x)* dx = (log x)’ .X?z—jz log x(%)(x?zjdx

2
:X?(Iogx)z—_[xlogxdx

X 2 X2 1 x?
_7(Iogx) —Iogx(?J+I;?dx

x? 2 X x?
_?(Iogx) —?(Iogx)+I+C

2 2 2

Therefore, Ix(log x)” dx = X?(Iog x)’ —X?(Iog X) +X7 +C

15. Find the integral of the function (x2 +1) log x

Solution:
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Consider the integral of the function J’(x2 +1)log xdx
To find the integral of product of two functions, use the integration by parts
.[ f(x)g(x)dx=f (x)_[g (x)dx—j f'(x)fg (x) dxdx
Consider the integral and take f (x)=(logx),g(x)=x"+1

The given integral becomes

j(x2 +1)(log x) dx = (log x)-(§+xj—ji(§+xjdx

X3+ 3x NG
=log x — | — +1dx
: ( 3 j Is

-—-x+C

3 3
Therefore, _[(x2+1)(logx)dx=logx(x +3XJ );

16.  Find the integral of the function e* (sin x+cosx)
Solution:

Consider the integral jex (sin x +cos x) dx
Use the formula jex(f(x)+ f’(x))dx =e*f (x)+C
Let f(x)=sinx= f'(x)=cosx

Hence, the given integral becomes

Iex (sinx +cos x) dx =J'eX (f(x)+f'(x))dx
=e*f(x)+C

=e*sinx+C

Therefore, J'ex (sinx+cosx)dx =e*sinx+C

Il
o
<@
<
N\
>
w
w |+
w
<
N
|
©|*,
|
<
+
(@)
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X

17. Find the integral of the function

(1+ x)2

Solution:

Consider the integral and then rewrite it as
xe* X
———dx=|e*| —— |dx
‘[(1+ x)2 I (1+ X)ZJ
J'ex X+1—;|. dx
(1+x)

1 1
(1+X)-(1+X)2de

Use the formula [e”(f (x)+ f'(x))dx=e*f (x)+C

Let f(x)= % = f'(x)=- (1+1x)

2

Hence, the given integral becomes

je"[( - N 2de='[ex(f(x)+f'(x))dx

1+X) (1+x)

Therefore, I (1xe
X

)2

;.<_ Il Il
—
Il @
7 e
x
+
O I Il
CDX (.DX
e Y
[l —_~
+ ‘I—‘ >
> +
N———
+ @)
@
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18.  Find the integral of the function e* (mj

1+cosx

Solution: Consider the integrand

X

., X s X . X X
. SIN° — +C0S* — + 2SIiNn —C0S —
X(1+smxj 2 2 R
X
1+cosx ZCOSZE

o X XY
e*| sin = +cos—
( 2 2)

2c0s2 X
2

. X X
1 | Sing+cos_
2 2

X
Cos -
2

2
tan§+1}
2

1+tan25+2tan5J
2 2

sec? X 1 2tan 5)

2 2
Use the formula Iex(f(x)+ f/(x))dx =e*f (x)+C
Let f(x):2tan§:> f’(x)=se02§

Hence, the given integral becomes

1, » X X 1l ,
jze (sec E+2tan5jdx_gje (f(x)+f'(x))dx
1
_ Ze*f (x)+C
5¢ (x)+
—e*tan>+C
2

1+sinx
1+cosx

Therefore, _[ex ( jdx =e*tan g +C

Il Il [l Il

NI, N, N N |
(¢») (¢} D D
< > > >
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2

19. Find the integral of the function e* (l - i)
X X

Solution:

2

The given integral is Iex (l—ij dx
X X

Use the formula [e”(f (x)+ f'(x))dx=e*f (x)+C

Let f(x)=2= F'(x)=-=

Hence, the given integral becomes

Iex (%—%)dxﬂ'ex(f(x)dr f’(x))dx
=e*f (x)+C
=% ic

X

Therefore, jex (1 - iz) dx=""+C
X X X

20.  Find the integral of the function (x-3)e

(x-1)°

Solution:

Consider the integral and rewrite it as

< x=3 o X—1-2 «
[e {—(X_l)S}dx— {(X_l)s}d

Use the formula jex (f(x)+f'(x))dx=e*f (x)+C

Let f(X):;:f'(X):

(x-1y
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Hence, the given integral becomes

<] X=3 C[ax 1 2 \
Je hx—l)%dx_f e {<x—12‘(x—1>3}d
f

=e*f(x)+C
- ° >+C
(x-1)
Therefore, | (2(_31))3 dx:( eX1)2+C
X — X —

21. Find the integral of the function e* sinx

Solution:

Consider the integral Iezx sin xdx

To find the integral of product of two functions, use the integration by parts
I f(x)g(x)dx = f (x)jg (x)dx—J' f '(X)J'g (x) dxdx

Consider the integral and take f (x)=sinx,g(x)=e*

The given integral becomes
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e2x e2x
jezxsinxdx=sinx-——jcosx = |dx
2 2
2X 3
_E Slr]X—lj'e“cosxdx
2 2
2X Az 2X
_e7sinx 1 cosx| & —lje“(—sinx)dx
2 2 2 2
2X Az
_E SInX—lezxcosx—lj'ezxsinxdx
2 4 4
2X i
(1+1 J'ezxsinxdx=e SINX 1o posx
4 2 4
2X A
Ejezxsinxdx=e SlnX—lezxcosx
4 2 4

) 2 ] 1
Iezxsm xdx = gezx sinx —gezx oS X

Therefore, jezx sin xdx = éezx sinx — %ezx COS X

22. Find the integral of the function sin™ (1 G 2)
+ X

Solution:

Consider the integral jsin‘l( & 2)dx
1+x

Putx = tan @, so that dx =sec? 6d&

The given integral becomes

jsin‘l(l 2);2 jdx = jsin‘{%)secz 6de
+ +

= [sin (sin 20)sec’ 6d 6

= ths?sec2 0do
To find the integral of product of two functions, use the integration by parts
.[ f(x)g(x)dx=f (x)_[g (x)dx—j f'(x)fg (x) dxdx

Consider the integral and take f (6)=6,g(6)=sec’6
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The integral becomes

2[0sec’ 0d6 = 20 tan 6 - 2| tan 6d0
=260tan@ - 2logsecd +C
=2xtan" x—log(1+x*)+C

2

Therefore, Isin‘l(lz);
+

jdx =2xtan™ x—log(1+x*)+C
23. J'xzexsdx
A) letic B) letic
3 3
C) leiic D) letic
2 3
Solution:
Given Ixzexsdx

Putx® =t , so that 3x%dx =dt

The given integral becomes
szexadx = lJ‘(sz)exadx
3

=%J‘e‘dt

=lex3+C
3

This is matching with the option (A)

Il
Wl
—

CDu—»
N—
+

@]
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24. Iexsecx(l+tan x)dx =

A) e*cosx+C B) e*secx+C
C) e*sinx+C D) e*tanx+C
Solution:

The given integral is jex sec x (1+ tan x ) dx
Use the formula [e*{f (x)+ f'(x)}dx =e"f (x)+C
Consider the integral and rewrite it as

je"secx(l+ tan x ) dx = je" (sec x +sec x tan x)dx

:jex(f(x)+ f'(x))dx
=e*f(x)+C

=e*secx+C

This is matching with the option (B)
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Exercise: 7.7

1. Find the integral value of the function 4—x°

Solution:

Consider the integral J\/4— X% dx = J‘,/(Z)2 - (x)zdx

2

Use the formula J\/az —x2dx = gﬂ/az 2 %sin‘l X.c
a

Hence,
j\/4— X* dx = j,/(z)z —(x)zdx
X 4

=—\4-x +—sin1(5)+c
2 2 2

Therefore, .[\/4— X2 dx = 24— x? + gsin‘l(gj +C

2

2. Find the integral of the function v1—4x?

Solution: Consider the integral

[I=axax= [ 1 (2x)"ox
=%J\/1—7dt

2
Use the formula [a® —x* dx = %‘/az 32 %Sin_l Xic

a

Hence,
Lo A gt 2, 1.
EJ. 1-t dt—Z 1-t +ZS|n (t)+C
=27f(\/1—4x2 +%sin‘1(2x)+c
:g»\ll—4x2 +%sin‘1(2x)+C
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Therefore, I\/1—4x2dx = 2\/1—4x2 +%sin‘1(2x) +C

3. Find the integral of the function j\/xz +4X+6dx

Solution:

The given integral is I\/xz +4x+6dx

J'\/xz+4x+6dx=I\/x2+4x+4+2dx
=I\/(x+2)2+(ﬁ)2 dx

2
Use the formula J\/x2 +a’dx = %xlxz +a? +a?log(x +/%? +a2)+C
Hence, the given integral can be written as

J\/xz+4x+6dx=I\/x2+4x+4+2dx
=J'\/(x+2)2+(\/§)2 dx
=X%2\/x2+4x+6+§Iog(x+2+\/x2+4x+6)+c

=X%2 x2+4x+6+log‘x+2+«/x2+4x+6‘+C

Therefore, j\/xz +4x+6dx:XLZ x? +4x+6+|og‘x+2+\/x2 +4x+6‘+C

2

4. Find the integral of the function x* +4x+1

Solution:

The given integral is J'\/x2 +4x+1dx

[V ax T = [N+ x4 3
- j\/(x+ 2)" —(\/5)2 dx
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2
Use the formula sz +a’dx = %xlxz +a? —a?log(x /% —a2)+c
Hence, the given integral can be written as
j\/xz +4x+1dx =I\/x2 +4x+4-3dx

:'[\/(x+2)2—(\/§)2 dx
:XTJFZ xz+4x+1—glog(x+2+\/x2+4x+1)+C

Therefore, I\/xz +4x+1dx :%2\/)(2 +4x+1—glog‘x+2+\/x2 +4x+1‘+C
5. V1-4x—x2

Solution:

Consider, = .[\/1— 4% — x*dx

:j\jl—(xz +4x-+4-4)dx

=.H1+4—(x+2)2dx
=.[\/(\/§)2 —(x+2)2dx

2
) X a’ . X
Since, \/az—xzdx=§«/a2—x2 ?sm tZ24C
a

o= (X+2)\/1—4x—x2 +§sin‘1(i2j+c
2 2 J5

6. X2 +4x-5

Solution:

Let | =I\/x2 +4x —5dx
=J‘\/(x2 +4x+4)—9dx=11/(x+2)z—(3)2dx
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2
Since, J‘a\/x2 —a’dx :gx/x2 -a’ —%Iog‘xm}x2 —a’

+C

I:iiizldxz+4x—5—%kmkx+2)+dx2+4x—5L+C

2
7. J1+3x—x2
Solution:

Put, | = I\/1+ 3x — x2dx

o
oot 24

2
Since, J.\/a2 — x%dx zgxlaz —x? +%sin‘15+c
a

3 3
.'.I:X_—E\/1+3x—x2+ N sin™t —X_E +C
2 4x2 @
2
2x—3J—————7 13 . 4(2x—3J
= 1+3Xx—X“ +—sin +C
4 8 J1_3
8. X2 +3x
Solution:

Let | =I\/x2+3xdx

:I\/x2+3x+g—gdx
4 4
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U COREE

+C

2
Since, v/x? —a%dx :gxlxz -a’ —a?log‘x+\/x2 —a’

I —
X+ 4
o= 2 x2+3x—%log(x+gj+ x* +3x|+C

2

+C

=M\/x2 +3x—§log

4

(x+%}+\/x2 +3x

2

9. 1+—
9
Solution:
2
Let | :_H1+%dx:%J\/9—x2dx:%j,/(3)2+x2dx
2
Since, \/x2+a"'dx:§\/x2+a2 +%Iog‘x+\/x2+a2 +C

o =£[5\/x2 +9 +§Iog‘x+\/x2 +9”+C

3L2

:g x2+9+glog‘x+\/x2+9‘+c

10. 1+x* isequal to
W

A. % 1+x2+%log‘x+\/1+x2 +C

2

B. %(1+x2)3 +C
2

C. %x(1+x2)3 +C

+C

3
D. X?\/l+ x? +%x2 Iog‘x+\/1+ x?
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Solution:

+C

2
. X a
Since, va? + x?dx :E\/az + X ?Iog‘x+\/x2 +a’

+C

.[\/1+ x2dx = 2\/1+ X2 +%Iog‘x+\/1+ X2

Thus, the correct answer is A.

11. I\/x2—8x+7dx is equal
A. %(x—4)\/x2—8x+7 +9Iog‘x—4+\/x2—8x+7 +C

B. %(x+4)\/x2—8x+7+9|og‘x+4+\/x2—8x+7 +C
C. %(x—4)\/x2—8x+7—Sﬁlog‘x—4+\/x2—8x+7‘+c
D. %(x—4)\/x2—8x+7—%Iog‘x—4+\/x2—8x+7‘+c

Solution:

Let | =I\/x2—8x+7dx

= [ /(" -8x+16)—90x
:'[ (x—4)2—(3)2dx
Since, X2 —a’dx = 2/x? —a? —a?zlog‘x+\/x2—a2

2

+C

o :Mw/xz _8x+7—%Iog‘(x—4)+]\/x2_8x+7‘+C

2

Thus, the correct answer is D.
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Exercise: 7.8
b

1. Find the value of j xdx
a

Solution:
- - - b
The given integral is I xdx
a
Use the limit as sum formula

[0 £ ()dx=(b=a)im [ f (a)+  (a-+h)+...+ f (a-+(n-D)h)

n—w N

Here h=B

n
Plugin f(x)=x
Hence,

bedx:(b—a)lim%[a+a+h+....+a+(n—1)h]

n—o

:(b—a)lim%[na+h(1+2+3+...+n—1)]

—(b—a)lim= na+h[%ﬂ

n—o0 n

_ (b=a)tim®|na+ (b_a)[(”_l)(”)ﬂ

n—w n 2

- spfa-[20-2)

ol )

~2(b-a)(b+a)

b?—a’
2

b2 _a2

b
Therefore, j xdx =
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b
2. Find the value the definite integral Io (x+1)dx using the limit as sum concept.
Solution:

- - 5
Consider the integral J.O (x+1)dx
Use the limit as sum formula

[0f () dx=(b=a)im [ f (a)+ f (a-+h)+...+ f (a-+(n-D)h)]

n—w N

Here hzﬂzﬁ,azo,bzs
n n

Plugin f(x)=x+1

js(x +1)dx = (5)Iim£[1+1+ h+..+1+(n —1)h]

0 n—wo N

o1
=5lim= h(l1+2+3+... -1
|mn[n+ (1+2+3+..+n )]

n—o0

-simdl2. 2 (20
ZSM[“%[WH
=5(1+gj

_3
2

5 35
Therefore, jo (x+1)dx = >

3
3. Find the value of L x*dx using limit as sum concept
Solution:

Consider the integral Jj x2dx
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Use the limit as sum formula

[7f (x)dk=(b-a)lim=[ f (a)+ f (a-+h) .t f (a+(n-1)h)]

n—o N

Here hzﬁzl,azz,bzs
n

>

Plugin f(x)=x’

3 AT 2 2
szdx=rl]mﬁ_22+(2+h) +....+(2+(n—1)h)}
T l_ 2 2(q12 , 52 1\2 _
—rl]l_r)gn_n(Z )+h (1 +2%.+(n-1) )+4h(1+2+...+(n 1))}
~lim: n22+h2((”_1)(”)(2”_1)j+4h(—("_1)(“)H
n—e 6 2
:,im[“%((n—n(n)(m—1>j+4[<n—1)2(n>ﬂ
n—o n 6 2n
Therefore, j3xde2§
2 3
4. Find the value of f(xz - x)dx using limit as sum concept

Solution:
4
Consider the integral _[ (x2 —x)dx
1
Use the limit as sum formula

[0 £ (x)dx=(b=a)im [  (a)+ f (a-+h)-+...+ f (a-+(n-D)h)

n—w N

Here h=—===,a=1b=4

4-1_3
n n

2

Plugin f(x)=x"—-x

I Il
[ N
wlo
o N
+
N
VR
N[
-
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j4()(2 B x)dx _ |im§_12 +(1+ h)2 .t (14(n —1)h)2
L N> —(1+1+h+1+2h+..+1+(n-1)h)

3 _n(12)+h2(12 +...+(n—1)2)+2h(1+2+...+(n—1)) ]

=lim—
n—w —n—h(1+2..+(n—l))

g e
- |im§_h2((”_1)(")(2”_1)j+h[mﬂ

n—o N i 6 2

m[%[( - )(nes)(Zn—l)}%((n—Zi)z(n)ﬂ

1

.3
=lim=

nN—oo n

27
Therefore, Lzl(x2 - x)dx ==

5. Find the value of 'f_llexdx using limit as sum concept.
Solution:
Consider the integral J._llexdx
Use the limit as sum formula
[ (x)dx:(b-a)m%[f (8)+ f (a+h)+ .t (a+(n-1)h)]

Here h=2t122 4 1p-1
n n

Plugin f(x)=¢"

Il Il
NN
NI
VR
wl
N I
+ >
N | © > +
>
N
= 7\
—~
>
|_\
N
>
>
H
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n—ow n

_2limi|et+ e[_h%] + e(_m'%j ¥ ..__e[_“(“’l)iﬂ

n—w© N

1lexdx:2Iim1 f(-1)+f (—1+EJ+ f (—1+2~g)+....+ f (—1+
- n n

n—-w© N

1 2 4 82
=2lim= e1{1+e”+e“+e“+e(n G

2_
=e-1><2|im1[e . 1}
nawn =1

Therefore, _[1 e’dx =e— 1
-1 e

6. Find the value of j:(x+ezx)dx using limit as sum
Solution:

Consider the integral _[04(x+ezx)dx

Use the limit as sum formula

[0 ()dx=(b=a)im [  (a)+  (a-+h)+...+ f (a-+(n-D)h)

n—w N

Here h=——=—,a=0,b=4

4-0_4
n n

Plugin f(x)=x+e*
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J:(X+ezx)d><=(4—0)m%[f (0)+ f (h)+ f(2h)+...+ f ((n-1)h)]
= 4Iim£_(0+e°)+(h +e”+(2n+e*")+ ... +{(n ~1)h +e2("’1)h}ﬂ

n—o N L

_atim Ll _ 2h | .4h 2(n-1)h
_4!mn_{h+2h+3h+ ..... +(n 1)h}+(1+e +e"+. . +e )}

_aimt h{1+2+....+(n—1)}‘+{e2hn _1H

nN—o0 n

_41im? (h(” 1)) e 1}}
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Exercise: 7.9
. 1
1. Find the value of j (x+1)dx
-1

Solution:
Consider the integral J‘_ll(x+1) dx
Use the fundamental theorem of integral calculus which states that “if
j f(x)dx=F(x)+C thenji f(x)dx=F(b)-F(a)”

Hence the integral becomes

foocffe]

=1+1—£+1
2 2
=2

Therefore, fl(x +1)dx =2

. 3l
2. Find the value of I —dx
2
. . \ 3]l
Solution: Consider the integral | = dx
X

Use the fundamental theorem of integral calculus which states that “if
b

[ £ (x)dx=F(x)+C then | f (x)dx=F (b)-F(a)”

Hence the integral becomes

3l 3
L ;dx =[logx],
=log3-1log2
:|og§
2
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3

31
Therefore, _[2 ;dx =log >

3. Find the value of j12(4X3 —5x% + 6x+9)dx

Solution: Consider the integral I12(4x3 —5x* + 6x+9) dx

(194

Use the fundamental theorem of integral calculus which states that “if
b

[ f(x)dx=F(x)+C then [ f (x)dx=F(b)-F(a)”

Hence the integral becomes

2 5x3 ?
L (4x3 —5x2 +6x+9)dx = {x“ —?+3x2 +9x}

1

:16—4—0+12+18—1+§—3—9
3 3
_64
3

Therefore, Ilz(4x3 —5x% 46X+ 9)dx - %4

4, Find the value of J.Ozsin 2xdx

Solution: Consider the integral Jozsin 2xdx

(194

Use the fundamental theorem of integral calculus which states that “if
b
[ f(x)dx=F(x)+C then | f (x)dx=F(b)-F(a)”

Hence the integral becomes

costT
0

Esin 2xdx = {—

{00 om0
=——| cos——cos0
2 2

1
2
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Therefore, Fsiandx=
0 2
5. Fcostdx
0
Solution: Consider the integral jfcos 2x dx
Use the fundamental theorem of integral calculus which states that “if
b
[ f(x)dx=F(x)+C then | f (x)dx=F (b)-F(a)”
Hence the integral becomes
Fcostdx= sin2x |«
0 2 |
=£(sin£—sin0)
2

Therefore, _[01 cos 2 Xdx = %

6. Find the value of E e*dx

Solution: Consider the integral Ije"dx
Use the fundamental theorem of integral calculus which states that “if
b
[ f(x)dx=F(x)+C then | f (x)dx=F (b)-F(a)”

Hence the integral becomes

[reax=[eT,
_ o _
=e'(e-1)

Therefore, Lsexdx =e*(e-1)
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7. Find the value of J.OX tan x dx

Solution: Consider the integral Etan X dx

(1954

Use the fundamental theorem of integral calculus which states that “if
[f(x)dx=F(x)+C theni f(x)dx=F(b)-F(a)”
Hence the integral becomes
JOZ tan xdx = [ log(sec x)]()%
=log (sec %j —log(sec0)
= Iog(\/f) —log(1)

1
=—log2
> g
z 1
Therefore, _[(;‘ tan xdx = > log2

8. Find the value of J',E cos ecx dx
5

Solution: Consider the integral IE cosecx dx
B

(194

Use the fundamental theorem of integral calculus which states that “if
b
[ f(x)dx=F(x)+C then | f (x)dx=F (b)-F(a)”

Hence the integral becomes
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T

I,;cosecx dx =] log (csc x —cotx) |
6 6

T T T T
=log| csc——cot— |—log| csc——cot—
4 4 6 6

= Iog(\/ﬁ—l)—log(Z—\@)

2-3
Therefore, J'E cosecx dx = log (E}
5 2-3

dx

N

9. Find the value of j:

dx

J1-x2

Use the fundamental theorem of integral calculus which states that “if

Solution: Consider the integral J'01

jf(x)dx= F(x)+C theni f(x)dx=F(b)-F(a)”

Hence the integral becomes

d h,
e

T

_&x _z
Vi-x? 2

1
Therefore, jo

10.  Find the value of Il dx2
01+x
Solution: Consider the integral j:lfx 5
X

I 9 @9
Il Il
NN NN
|
o
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(194

Use the fundamental theorem of integral calculus which states that “if
b
[ f(x)dx=F(x)+C then | f (x)dx=F (b)-F(a)”

Hence the integral becomes

d -
I:1+);2 =[ tan 1x]2

z
4

Therefore, J-Oll ox _ :%
+X

11. Find the value of j: dxl

X2

dx

Solution: Consider the integral j: .
X

1
Use the fundamental theorem of integral calculus which states that “if

jf(x)dx: F(x)+C thenj' f(x)dx=F(b)-F(a)”

Hence the integral becomes

3 dx 1 x—17
I > =—|log—
2x°=1 2 X+1],

3 dx 1
Therefore, =_log| =
L x2-1 2 g(zj

12.  Find the value of IOE cos? xdx

Solution: Consider the integral IOE cos? xdx

Il Il
N, NP
S
«Q o
/N =]
Njw 77
~ BN
@ |
o

«Q
TN
Wk
N
N—
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Use the fundamental theorem of integral calculus which states that “if
b
If(x)dx:F(x)+C thenjf(x)dxzp(b)_p(a)”

Hence the integral becomes

Fcos2 xdx = EFH cos 2xdx
0 2Jo

1( sin 2xj72r
==| X+
2 2 ),
:£(£+Oj
2\ 2
T
4
LA P
Therefore, I 2cos” xdx = —
0 4
13. Find the value of J'a >:dx
2x°+1
Solution: Consider the integral r )de
2 x°+1
Use the fundamental theorem of integral calculus which states that “if
b
J' f(x)dx=F(x)+C thenj f(x)dx=F(b)-F(a)”

Hence the integral becomes

d 1 .32xd
[ty e

:%(Iog(x%l))z

:%Iog (10)—%Iog(5)

2 x%+1

1
=_log?2
> g

Therefore, j:% — % log 2
+
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2X+3
5x% +1

14, Find the value of I dx

Solution: Consider the integral J' ﬁd

5x% +1

Use the fundamental theorem of integral calculus which states that “if
[ f(x)dx=F(x )+Cthenj x)dx = F (b)-F(a)”

Hence the integral becomes

I12X2+3|X—1 1 10x _I
05x°+1 5 05x +1 0

e

1
|1 ) 3(5
= glog(SX +1)+§[Tjta I
J_
1 3
=—log(6)-log(1l)+—=tan"
5109(6)=log (1) + tan”*(\5)
=1Iog6+itan‘1<\/§)
5 V5
12X+3 3
Therefore, —d —L1og6+ —tant (<5
.[ 5 g J5 (J_)
15.  Find the value of j':xexzdx
Solution: Consider the integral f:xexzdx
Use the fundamental theorem of integral calculus which states that “if

[ f(x)dx=F(x )+Cthenj x)dx = F (b)—F (a)”

Hence the integral becomes
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I: xe* dx = %jol2xexzdx

Ir e
il
-3(e-1)

1 2 _ l
Therefore, IO xe*dx = E(e —1)

X2

16.  Find the value ofj A
X2 + 4% +
2

Solution: Consider the integral j TS
X“+4x+

Use the fundamental theorem of integral calculus which states that

[ £ (x)dx=F(x )+Cthenj x)dx = F (b)—F(a)”

Hence the integral becomes

2
jz 5x I _IZSX +20x +15-20x — 15d
1 x®+4x+3 X +4x+3
2
_5j1d —1oj‘ﬂdx+25j‘2;dx
X +4X+3 X°+4Xx+3
=5(x) —=10(log|( x +4x+3 + 25| ————dx
() ( g( ) J‘x+2) -1

—5- 10Iog( 5)+25(3j Iog(x+2_lj
8 2 X+2+1)),

15\ 25 (3) 25. (1

=5-10log| = |+ —1log| = |——1log| =
9(8}2 g(sj 2 g(zj

Therefore, j mdx 5- 10Iog( ) 25| g@j_§|oggj

17.  Find the value of J.()Z(Zsec2 X+ X3+ 2)dx

Solution: Consider the integral IOZ(Zsec2 X+ X+ 2) dx

“if
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Use the fundamental theorem of integral calculus which states that “if
b
[ f(x)dx=F(x)+C then | f (x)dx=F (b)-F(a)”

Hence the integral becomes

x N 2
'[4(25ec2x+x3+2)dx: 2tan X + — + 2x
0 4

Therefore, E(Zsec2 X+ X3+ Z)dx =2 +%+ o

18.  Find the value of joﬂ(sinz % —cos? gjdx

Solution: Consider the integral jfcosecx dx
5

Use the fundamental theorem of integral calculus which states that “if
b
[ f(x)dx=F(x)+C then | f (x)dx=F (b)-F(a)”
Hence the integral becomes
j”(sinzé—cosz 5jdx = —_[”cos xdx
0 2 2 0

=—(sinx),
=0

Therefore, joﬂ (sin2 g —cos® gjdx -0

26X+3

>— dx
0 X +4

19. Find the value of

6X+3
X*+4

Solution: Consider the integral J'OZ dx

1 Il
N N
+ +
Ny Ml
+ I/
— NG
o a N—
N ~
NS +
klb N
I/
NGRS
~_ 5
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Use the fundamental theorem of integral calculus which states that “if

If(x)dx: F(x)+C then_tf f(x)dx=F(b)-F(a)”

Hence the integral becomes

J-262(+3dX:3 22;(+1dx
0 X“+4 0 X +4
_3 22X

dx+3
0 X% +4 IO x> +4

2
= [3Iog(x2 +4)+§tan‘1(5ﬂ
2 (2],
= 3Iog(8)+§(£J—3log4
2\ 4

3
=3log2+—
g 8

dx

Therefore, IOZ ?(Z( +j dx =3log2+ 3z
+

20. Find the value of '[Ol(xex +sin %Xde

Solution: Consider the integral I:(xex +sin ”—Xj dx

Use the fundamental theorem of integral calculus which states that “if

Jf(x)dx: F(x)+C then_tf f(x)dx=F(b)-F(a)”

Hence the integral becomes

1
Il(xex +sin—ﬁx)dx = {ex (x-1) —icos—ﬁx}
0 4 4

T 0
=—1(0—1)—icos(%J+i
T T

_|
oy
D
=
D
@
(@]
=
o
© e
7\
x
D
<
+
X,
>
3
4>|><
N—
[ Il
X |
I [
- N
| | gl
N N
gl +
N SHEN
N
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21.  The value of Lﬁ dX2
+X

27
B) — C D) —
)3 )6 )12

[N
3

A)

w|

Solution: Consider the integral Lﬁl ox
+

Use the fundamental theorem of integral calculus which states that
[f(x)dx=F(x)+C thenj x)dx = F (b)-F(a)”

Hence the integral becomes

NG _
le+x _[tan 1x]

=tan™ («/5) —tan™*(1)

IS

i
4

Sl w

Therefore, this is matching with the option (D)

22. The value of I

+9x
T T T T
A — B) — C) — D) —
) 6 ) 12 ) 24 ) 4
< . : Z2 dx
Solution: Consider the integral IS 5
0 4+9x

Use the fundamental theorem of integral calculus which states that
[f()dx=F(x)+C thenj x)dx = F (b)-F(a)”

Hence the integral becomes

“if

‘Gif
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J‘i dx 2:£J-§4dx
04+9x° 9 0§+X2

2
:EJEL
9Jo 19)?

(j + X2
3

2
3
(B_XH .[ 21 2dx=itan‘15+c
2 a +X a a

0

tan'1—tan™ (0))

Therefore, this is matching with the option (C)

Il Il I
N|;] ol ol ol
N —

1 5
AN
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Exercise: 7.10

, 1oX
1. Find the value ofj ——dx
0x°+1
: , : 1oX
Solution: Consider the mtegralj ——ax
0x“+1

Use the fundamental theorem of integral calculus which states that “if
b
jf(x)dx:F(x)+C thenjf(x)dx=F(b)—F(a)”

Hence the integral becomes

X =
X2 +1 2J0x%+1

jolxd 112xdx

=%[Iog|x2+1|ll)
:%Iogz

1oX 1
Therefore, J, 5z 9 =71002

2. Find the value of jf«/sin¢c035¢d¢

Solution: Consider the integral JOE Jsin ¢ cos’ pd g

(194

Use the fundamental theorem of integral calculus which states that “if
b
[ f(x)dx=F(x)+C then | f (x)dx=F(b)-F(a)”

Suppose thatsing =t, so that cosgd¢ = dt

Hence the integral becomes
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jf,/sinmoss pdg = J‘Ozw/sin¢ cos* p(cosgdg)

J?W(l—sin%)(co%dqﬁ)
= [ VE(1-t)
= [ Vet -2t )at

9 5

b8 s
= [ 7 +t7 —2tedt

3 ou 7
2

12 t2 t
BER
2 2 2 1o
2 2 4
=—+
3 11 7
 154+42-132
231

_64

231

64

2 singcos’ pdgp= —
Therefore, IO ysinggos gdg=—=2

3. Find the value of J'lsin‘l( ZXZde
0 1+ X

Solution: Consider the integral Ilsin‘l( 2X jdx
0 1+x

2
Use the fundamental theorem of integral calculus which states that “if
b
If(x)dx=F(x)+C thenjf(x)dx=F(b)—F(a)”

Suppose that x =tan @, so that dx =sec® 8d&

Hence the integral becomes

I
|
oA
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jlsin‘l( 2X2jdx:j4sin‘1(ﬂ)secz 0do
0 1+x 0 l1+tan“ @

= [ #sin™*(sin26)sec’ 0d o
0

- j(fzesec2 0do

=[26tan «9]0% +[ 2log cos 9)]0%

T
—2[Z ] 10g2
(4) >

v
=——log2
> g

2

Therefore, _[Olsin‘l( 2x

jdx=£—logz
1+x 2

4. Find the value of joz X/ X + 2dx

Solution: Consider the integral .[02 X~/ X + 20X
Use the fundamental theorem of integral -calculus
b
[ f(x)dx=F(x)+C then [ f (x)dx=F (b)-F(a)”

Suppose that x+2 =t, so that dx = dt
When x=0=t=2 andwhen x=2=t=4

Hence the integral becomes

which

states that

(194

1

f
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joz X/X + 20X = j:(t - Z)det

2 5
=%(32—4J§)—%(8—2J§)
_16J§(J§+1)

15

16v2 (V2 +1
Therefore, .[02 XX + 2dx = %

5. Find the value of J.Ozlledex
+c08° X

Solution: Consider the integral .[Ozllexzdx
+C0S” X

(13

Use the fundamental theorem of integral calculus which states that “if
b

J' f (x)dx=F(x)+C thenj f(x)dx=F(b)-F(a)”

Suppose thatt =cos x, so that dt = —sin xdx

When x=0=t=1 and when x:%:tzo

Hence the integral becomes

X —
1+ cos® X 11+t?
[ tan-1t°
—[ tan tl
T

4

IOE sin x q o dt

Therefore, J.Ozls"LXde = %
+c0s’ X

Il Il
N
Nl e 2
| '-r:)\w
N |
‘CIO|'_|\:\0.) N
-
- N
N——
o
—
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6. Find the value of I m
+

: , : 2 dx
Solution: Consider the integral _[0 i
X+4-X

Use the fundamental theorem of integral calculus which
[f()dx=F(x)+C thenj x)dx = F (b)-F(a)”
Rewrite the quadratic expression x +4 — x*as

X+4-—x2=—(x?-x—-4
( )

1)2

Hence the integral becomes

G

J1_7+3 J_ 1
sl

\/1_7+3 \/1_7+1J

X
N7-3 17-1
21+5\/1_7J

4

Therefore, I +4 v —\/1_7|og[21+j«/1_7j

| I
N [
| | [ | 4>|\1
NS
= e =~
B 5~ 5 =) IS
S & & S N‘ | |
«Q «Q «Q «Q — N
NN - |
~ ~ N | =
| |
=< N |
| |
N[N~
N— N S
o

states that

GCif
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7. Find the value of ﬁ%
XS+ 2X+

dx

Solution: Consider the integral _ﬁﬁ
XS4+ 2X+

Use the fundamental theorem of integral calculus which states
b

[ f(x)dx=F(x)+C then | f (x)dx=F (b)-F(a)”

Rewrite the quadratic expression x* +2x +5as

x2+2x+5:(x+1)2+4

= (x+1)" +2°

Hence the integral becomes

Il dx =J'1 dx
11X +2X+5 —1(x+1)2 +2°

1
L tan™" (—X +1)
2 2 9

A
=—tan" (1
L (1)
\
8
1 dx V4
Therefore, j_lm = §

8. Find the value of '[12(% —2—12j e**dx

Solution: Consider the integral f(% - %) e”dx

Use the fundamental theorem of integral calculus which states
b
[ (x)dx=F(x)+C then | f (x)dx=F (b)-F(a)”

Suppose that2x =t, so that 2dx = dt

that

that

(154

1

(195

1

f

f
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When x=1=t=2 and x=2=t=4

Hence the integral becomes

Iz(l—izjezxdx=l 4(£—%}etdx
1\ x 2X 272\t t

1 e’ (e’ -2)

Therefore, J.Z(l - —2) edx=——~
1\x 2Xx 4

1

. (=P
9. The value of the integral j1—4dx IS
3 X

A) 6 B)O C)3 D) 4
Solution:

1

— 3 3
Consider | =J'1l de

;X
Let x=sin@ = dx =cos@dg

When x=1,0:sin‘1(1) and when x=1,0=2
3 3 2

1
Lz (sin 49—sin349)5
= _-[sizn'l[lj sin* @

3

cos@do

2
3

z (sin 0)% (1—sin2 49);

T

z
2

cos@dé@

1
B (sin®)3(cos)
cosgdo = J.sinl(;) Sin4 0

Il Il Il
@ N
N _b|q) o
—_ > N
~ (‘DN I l-|'|||—\
ll\.) N|m|\u f—l-l'_\
N
—~— N
(Do—#
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5

| o f
F (SII’T492)3((-30289)3 costélzj_E 1( )z cosec’ 6d6
sm*[—] sin“@sin“ @ sm*[gj (sin 49)5
z 5
Liznfl 8 (cot6)s cosec® dd6
3
Put cot® =t = —cosec® dO = dt
When 0=sin‘1(%j,t=2\/§ and when 0=%,t=0
0 s
sh=] o (t)edt
0
:_F(t)g}
8" |5
3 o7 gl o
=2 (22| =2|(JB)
3 4
LGl
3
= 2116
e
=3x2
=6
Thus, the correct answer is A
10. |If f(x)=I0thintdt,then f'(x) is
A) cos X + XSinx B) xsinx C) xcosx D) sin x+ xcos X
Solution:
f(x)=] tsintdt

Using integration by parts, we get

f(x)=t[ sintdt —ﬁ{(%tjjsintdt}dt
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= [t(—cost)]: —jox(—cott)dt

=[-tcost +sint]’

= —XCO0S X +Sin X

= f'(x)= —[{x(—sin x)}+cos xJ+cosx

= XSIn X — COS X + COS X
= XSin X

Thus, the correct answer is B
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Exercise: 7.11

1. Pcos2 xdx
0
Solution:

| = _[05 cos? xdx........ (1)

= :Fcos2 Z_xldx
0 2

= :J.Ofsin2 XdX......... (2)
Adding (1) and (2), we get
21 =J.05(sin2 X +C0S° x)dx
— 21 =j021.dx

= 2| =[x]0%

=2l =—

J‘ SlnX

dx
Jsin x ++/cos x

Solution:

Jsin x

2 dx
L Jsin x ++/cos x

Jsin x

T
Consider, | =2

j X
0 /sin x ++/cos X
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. sin(;[—xj
1= . ——ox (jo f(x)dx= | f(a—x)dx)
\/sin[—xj+\/cos(—xj
2 2
== j O gy..(2)
\Jcos + \/smx
Adding (1) and (2), we get
21 ZF s!nx+\/cosxdX
0 /sin X ++/cos X
= 21 = [?1.dx
= 2l :[X]O%
T
2

=2l ==

J-OE sin2 xdx dx

3 3
sin2 x+c0s? x

Solution:

3

Let I =2 SN ()

sin2 x +cos2 X

{2 — o (Z_Xj dx (rf(x)dx: Oaf(a—x)dx)

3 3
sin2 x+co0s? x
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Adding (1) and (2), we get

3 3
Zsin2 X +c0s2 X
2l zfzﬁdx
0

sin2 X +cos2 X

= 21 =j0%1.dx:> 21 =[x]0%

=212
2 4

T

5
2 cos” xdx
4 Izﬁdx
0 sin” X+C0s> X
Solution:
4 5
; 2 cos’ xdx
Consider, | ijﬁdx
0 SIn° X+ C0S” X

V3 - 5

> sin® X

=1 =I2ﬁdx ........ (2)
0 sin° X+Ccos” X

Adding (1) and (2), we get

T :-5 5
 sin® X+ cos® x
21 :IZ—dX

0 sin® x+cos° X
z z
= 2| =j21.dx:>2| —[x]z
0 0

2 4

5. fs|x+2|dx

Solution:
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Let | =j_55|x+2|dx

As, (x+2)<0 on[-5,-2] and (x+2)>0 on [-2,5]
= (xr2)dx [ (x4 2)dx (jb F)=["t 0+ f (x))
I =—{X—2+2x}_ +{X—2+2x}
2 -5 2 -2
R PN O RN R ) (2
= B +2(-2) 5 2(-5) |+ 5 +2(5) 5 2(-2)
=—_2—4—§+10}+{§+10—2+4}
I 2 2
=—2+4+§—10+§+10—2+4
2 2
=29
6. [ |x-5/dx
Solution:
Consider, | :I:|x—5| dx
As (x—5)<0 on [2,5] and (x—5)>0 on [5,8]

| =[~(x-5)dx+ [} (x-5)dx ([” F)=["F(0)+] f(x))

—[2—25—25—2+1O}{32—40—%+25}=9
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7. ij(l— x)" dx
Solution:
Consider, | = _[le(l— x)" dx
1 =[ (1-x)(1-(1-x)) dx
:J':(l— x)(x)" dx = jol(x“ —x")dx
:{nii_niz}{:ﬂ_:ul IMCESRICESTY
=(n+2)—(n+1)= 1
(n+1)(n+2) (n+1)(n+2)
8. JOZ log (1+ tan x ) dx

Solution:

Let | = J?Iog (1+tan x)dx........(1)
o =J.5I0g[l+tan(%—xﬂdx (La f(x)dx= Oa f (a—x)dx)

T
z tan— —tan x
=1=["log 1+ —4— ldx
1+tan%tanx

dx

dx= 1 :jzlog

z 1-tanx
=4l 1
= IO og{ " } o 7 (1+tanx)

1+tan x

=1 :Iflog 2dx—J.OZIog (1+tan x)dx
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== jOZIog 2dx  (from (1))
=2l :[xlogz]og

T
=2l ="log?2
4 g
T
=1=="log2
3 g

2

0. _[ X4[2 =X dx
0

Solution:

Consider, I:J:x 2—xdx

_4x2\2 24\/5_8\/_ 82

3 5

402242 1642

15 15

T

10. If(ZIogsinx—logsin 2x) dx

Solution:
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T

Consider, | ='[05(2Iogsin x —logsin 2x) dx
=1 =J'05(2Iogsin x—log (2sin xcos x)) dx

=1= E(Z log sin x — logsinx— logcosx—log 2) dx

= | :If(logsin x —log cosx—log 2) dx......... (1)

Since, (Ioa f(d)dx= I: f(a- x)dx)

a2

= | :E{Iogcosx—logsin x—log 2} dx......... (2)

Adding (1) and (2), we get

/4

2I:If(—logZ—Iogz)dx
— 21 =-2log 2]021.dx

| =—log2| =
P u

=2 :%(—IogZ)

11.

Solution:
Let | =J7,rsin2 X dx
2

As sin’ (-x) = (sin(—x))2 =(-sin x)2 =sin? x, therefore, sin?x is an even function

If f(x) is an even function, then J: f(x)dx = 2_[: f (x)dx

N\INNM U U
w, _ —
:SN Il Il
= N[N NN
o 6 N\
e —

Q o

N @
N |-
A
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dx

| = Zj.fsin2 xdx = 2]()21_(:;32)(

4

I :If(l—COSZX)dx :{X_sm22x}2 =%
0

12.

Jw X dx
01+sinXx

Solution:

(7=x)

1+sinx(7z—x

= —I”de

Adding (1) and (2), we get

2|=j” T dx
0 1+sinX

o Z”I” (1-sinx) .

o (1+sinx)(1-sinx)

z1—sin X

0 cos’ X

=2l=r dx = 2I :njoﬂ{seczx—tanxsecx}dx
=2l=x[2]=l=x

13. F,,sin7xdx
2

Solution:

As sin’ (-x) = (sin(—x))7 = (—sin x)7 =—sin’ x, thus, sin®x is an odd function

f (x) is an odd function, then J._aa f(x)dx=0

g U —
D @D
— —
n | I n
— < SN s
roly NN = N
@, + i
=] [%2) >
— w
8 5 @ |la
> = S| X
o
=3 >
—_
= N 53 =
~
—_
R~
—
—_
>
N
o
>
Il
© o9
—
—_
QD
|
>
N
o
X
N —
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sl= Fﬂsin7 xdx =0
2
2r 5
14. , 08 xdx

Solution:

Let | = .[02” OS> XdX.......... (1)
cos® (27 —x)=cos’ X
We know that, j;a f (x)dx = 2[: f (x)dx, if f(2a—x)="(x)

=0if f(2a—x)=—f(x)

27
o =ZI cos® xdx
0
=1=2(0)=0 [cosf’(7r—x)=—cos5 x]
15, Find the value of [2 S X~C0SX 4
0 1+5SIN XCOS X
Solution:
Consider, | = [2 10 P gy (1)
0 1+45Sin XCos X

B sin(;r—x)—cos(z—xj . .
L —_— ([t (ax=; f (a-x)c
1+sm(2—xjcos(2—x)

Ny =J‘5 COS X —Sin X 0x......(2)

0 1+Sin XCos X
Adding (1) and (2) we get

T

=21 =F+dx:> 1=0
0 1+5SIn Xcos X

16.  Find the value of f: log (1+cos x) dx
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Solution: Use the property I f (x)dx =I f (a—x)dx
0 0
The given integral can be written as

I =.[O”Iog(1+ cos x ) dx
:jo log(1+ cos(7 — x))dx
I =J'0”Iog(1—cosx)dx
Adding the above two integrals
21 :Ilog(1+cosx)dx+j|og(1—cosx)dx
0 0
log (1 cos® x ) dx

log (sin” x ) dx

= Zjlog(sin x) dx
0
Hence, | :jlog (sin x)dx
0

b 2| f(x)dx If f(2a—x)=f(x
Use the property Jf(x)dxz .([ (x) ( )=1(x)
0

0 If f (2a—x)=—f(x)

The above integral becomes

I 9 8
Il
Oty O ==y
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Il
N

Il
N
Ol V[N O N[y Oy

log (sin x)dx

log (cos x) dx

N
Il
N

log (sin x cos x ) dx

: :
I:IIog(sinZX)d jlog2dx
0 0
T
=21-2| =log2
(2 > j
| =xlog2

Therefore, j'oﬁ log(1+cosx)dx = log2

| N
17. Find the value of | ————=0dXx
.[0 Jx +a=x
Solution: Consider the integral 1 :_[ ————dXx
o Jx +Ja-x

Use the property J.Oa f (x)dx = f: f(a—

The given integral can be rewrite as

1= Va—x
0 \/aTx+\/a—(a—x)

dx

-

The sum of the above two integrals
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21 = jj:i Z

= Ildx

0

[,

a

Divide both sides by 2

=2
2

Jx a

Therefore, Ia dx =

o Jx +Ja-x 2
4
18.  Find the value of IO |x—1] dx

Solution: Consider the integrand

1-x O<xx<l
x--{
x-1 l<x<4

Hence, the integral becomes
I4|x—1|dx = jl(l— x)dx+_[4(x—1)dx
0 0 1

IRt
2 0 2 1

116, 1
2 2 2

=5

Therefore, j04|x ~1dx =5

19.  Show that Ioaf(x X)dx = 2] x)dx, if f(x) and g(x) are defined

f(x)=f(a-x)and g(x)+g(a—x)

4




Infinit})" ., Sri Chaitanya
Learn Educational Institutions
Solution:

Consider the given integral Ioa f(x)g(x)dx

Use the property_[ f(x)dx= _[ f (a—x)dx, the above integral rewrite as
0 0

L= ["F(x)g(x)ax
=j0a f(a—x)g(a—x)dx
=I: f (x)g(a—x)dx

Adding both integrals

21

f (x)g(x)dx+jil f (x)g(a—x)dx

Ot Ot

f(x)(9(x)+g(a—x))dx

= 4J f (x)dx
0
Divide both sides with 2

I =2I f (x)dx

0

Therefore, | :Zj f (x)dx
0

20. The value of B(x3+xcosx+tan5x+l)dx is
2

A)0 B) 2 C) D)1
Solution: Use the property that

0 If f (x) is odd function

ZI f (x)dx If f(x)is even function
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In the given integrand x°, xcos x,tan® x are odd functions.

Hence, the given integral can be rewrite it as

/2

T v
IZ,[(x?‘Jrxcosx+tan5x+1)dx:I2 x® + XCcos x + tan® xdx+Izﬁldx
=2 . 2

z
2

=0+0+0+2j051dx

Consider, Fﬁ (x*+xcosx +tan® x +1)dx = 7
2
This is matching with the option (C)

21.  The value of _[flog (M)dx s

4 + 3cos X
3
A)2 B) D, C)0 D) -2

Solution: Suppose that the integral | :'fflog (mjdx

4 +3cos X
Use the property J' f (x)dx =I f (a—x)dx
0 0

The integral becomes
. 4+ 3sin (” - xj
2
4+ 3005(” - xj
2

z 4+3cosxj
——— |dx
4 +3sin X

dx

Adding the above two integrals
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21 = juog(mjm IZ.OQ(M%X
0 4 +3cos x 0 4+ 3sin x
2 (4+3cosx 4+33inx)
:j log X dx
0 4+3sinx  4+3cosx

= joz log (1) dx
=0

This is matching with the option (C)



