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Chapter: 9. Differential Equations

Exercise: Miscellaneous

1. For each of the differential equations given below, indicate its order and degree (if
defined)
. d?y dy\’
1) —+5x| — | —6y=logx
) dx? (dxj y=19
Solution:

ax? dx

2 2
The given differential equation is dy +5x(ﬂ) —6y =log x
X

2
The highest order derivative in the equation is of the term (;TZ thus the order of the

equation is 2 and its highest power is 1. Therefore its degree is 1

3 2
i) (Qj —4(ﬂj +7y=sinX
dx dx

Solution:

3 2
The given differential equation is (%j —4(%) +7y-sinx=0
X X

3
The highest order derivative in the equation is of the term (%) , thus the order of the
X

equation is 1 and its highest power is 3. Therefore its degree is 3

..o dly . (dd
i) —-—sin| — =0
) dx* (dx3
Solution:
4 3
The given differential equation is d—?{—sin d—Z =0
dx dx
d*y
The highest order derivative in the equation is of the term o thus the order of the
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equation is 4.

As the differential equation is not polynomial in its derivative, therefore its degree is

not

defined.

2. For each of the exercises given below, verify that the given function (implicit or
explicit) is a solution of the corresponding differential equation.
2
i) xy =ae* +be™ +x? :xd—)2/+2ﬂ—xy+x2 -2=0
dx dx
Solution:
The given function is xy = ae* +be™ +x°
Take derivative on both side:
= y+ xﬂz ae* —be ™ +2x
dx
Take derivative on both side:

2
:>—+xd—¥+ﬂ=aex+be‘x+2
dx dx® dx

2
:xd—¥+2ﬂ=aex+be‘x+2 .......... (1)
dx dx

The given differential equation is

2
xd—¥+2ﬂ—xy+x2—2=0
dx dx

Solving LHS

2
Substitute x%+2% from the result (1) and xy

d’y ,dy 2
x—2+2-2L |—xy+x2-2
:{ v dxj v
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:>(aex+be’x+2)—(aex+be*X+x2)+ X2 —2
—=2-x+x2=-2
=0

Thus LHS = RHS the given function is the solution of the given differential equation

2
ii) y=e*(acosx+bsin x):%—2%+2y=0

Solution:

The given function is y =e*(acosx+bsinx)

Take derivative on both sides

:%:ex(acosx+bsin x)+e* (—asin x+bcos x)

dy .
=3¢ ((a+b)cosx+(b—a)sinx)

Take derivative on both side

2
:%ﬂ* ((a+b)cosx+(b—a)sinx)+e*(—(a+b)sinx+(b—a)cosx)

=e*((a+b+b-a)cosx+(b—a—a—h)sinx)

d?y .
=7 =e (2bcos x—2asinx)

The given differential equation is

d’y dy
=2 22 2y=0
e Cax Y
Solving LHS

= e*(2bcos x—2asin x) - 2e” ((a+b)cosx+(b—a)sin x)+2y

] . . e
y
D_|Q-
= N
N
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= ¢e"((2b—2a—2b)cosx+(-2a—2b+2a)sin x)-2y

= e*(—2acos x—2bsin x) -2y
= —2e" (acos x+bsinx)—2y

=0

Thus LHS = RHS, the given function is the solution of the given differential equation

d?y

iii) y=xsin3x: F+9y—6c053x =0
X

Solution:

The given function is y = xsin3x
Take derivative on both side

= ﬂ =sin 3x+ 3xc0s3x
dx

Take derivative on both side

d? .
= dTZ =3¢0s3x +3(cos 3x+ X(-3sin 3x))

2
= % =305 3X+3¢c0S3X —9xSsin 3x
X

2
:>d—2/ =6c0S3X —9xsin 3x
dx

The given differential equation is

2
9 9y _6cos3x=0
dx

Solving LHS

2
:d—¥+9y—60033x
dx
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:>(6cos3x—9xsin 3x)+9(xsin 3x)—6cos3x
= 6C0S3X—9x5Sin3X +9xsin3x —6c0s3x
Thus LHS = RHS, the given function is the solution of the given differential equation.

. dy
iv) x> =2y*logy:(x*+y?)—=-xy=0
) y*ogy: (x* +y*) 2=y
Solution:
The given function is Xx* =2y’ logy

Take derivative on both side

= 2X= Z(Zylog y+y? (EDQ
y ) )dx

ﬂ: X

:> -
dx (2ylogy+y)

Multiply numerator and denominator by y

dy _ Xy

~ dx (2y*logy+y?)
dy Xy

= dx (x*+y?)

The given differential equation is

(x2 + yz)%—xy=0
Solving LHS
= (x2 + yz)%—xy

:>(x2 +y2)(xz)§/y2j—xy

= Xy — Xy
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=0

Thus LHS = RHS, the given function is the solution of the given differential equation

3. Form the differential equation representing the family of curves given by

(x— a)2 +2y% =a®, where a is an arbitrary constant
Solution:

Given family of curve (x—a)’ +2y? =a’

= x*—2ax+a’+2y° =a’

= X +2y° = 28X........... (1)

Differentiate both side with respect to x

dy
2(X— 4y—=0
= 2(x-a)+ Y
_dy_ 2(x-a)
dx 4y
:ﬂ:2a—2x

dx 4y
Multiply numerator and denominator by x

dy 2ax—2x’
>——=—
dx 4xy

Using expression (1) back substitute 2ax

dy  x*+2y*-2x°

dx 4xy
2 2
L dy_2y'-x
dx 4xy
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. . : . : _dy 2y°-x°
Thus the differential equation for given family of curve is — =
dx 4xy
4. Prove that x* —y* = c(x2 +y? )2 is the general solution of differential equation

(x*—3xy*)dx =(y* —3x’y)dy, where c is a parameter

Solution:

Given differential equation
(x*—3xy*)dx =(y* —3x"y)dy

3 2
_dy X 3%y
dx y®-3x%y

As it can be seen that this is an homogenous equation. Substitute y = vx

- d(vx) _ X —3x(vx)2
dx (vx)3 —3x?(vx)

dv 1-3v2-v'+3v°

dx v —3v
dv 1-v*

= X— =
dx v3-3v

Separate the differential
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Integrate both side

Vi —3v dx
_[ —dv=|—
1-v X
:>.[V3_3Vdv:logx+logc
1-v*

3
= | =Iogx+|ogC[I :_[Vl _3Vdvj

Solving integral |

v:—3v
=1 =J v dv
:>v3—3v_ v —3v
1-v (1-v?)(1+v?)
Ve — v: —3v
— -

1-vt (1-v)(1+v (1+ vz)

Using partial fraction

vy A
= +

B Cv+D
+

— =
1-v*  1-v

1+v  14V2

Solving for A, B, Cand D

A=-1
2
gl
2
=-2
D=0
1 1
3_ T > —
vV -3v 2., 2 . 2v+0

1-v*  1-v

1+v  1+v
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2V
1+v

=——_[—d + LIy v—|

1+v 70V

| = —%(—Iog (1—v))+%(log (1+Vv))-log (1+v2)

I =%(Iog(1—v2))—glog(l+v2)

1 X2 Xz_yz)J
=1 ==|log 5
2 (x*+y?
22
= | 1 log (X y)z +1Iogx2
2 x2+y2) 2
2,2
=1 :l log (X y)z +log x
2 x2+y2)

(¢-y°)
== Iog—22 +logx=logx+logC
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= X—yz — C2
(x*+y?)

:>x2—y2:c(x2+y2)2:(c:cz)

Thus for given differential equation, its general solution is x* - y* =¢(x” + y* )2

5. Form the differential equation of the family of circles in the first quadrant which

touch the coordinate axes
Solution:

Draw a circle according to question

C'inele with radius a

The equation of the given circle will be

2

(x—a)2 +(y—a)2 =a
Differentiate both side with respect to x

dy
= 2(x- 2(y—a)-==0
(x-a)+2(y-a)
= x—-a+yy'—-ay'=0

_X+yy'
1+y'

=a

Using equation of circle
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= (x-a) +(y-a) =a’

() )

(g (et )
|

. 2 2 N\ 2
Y(X=Y)) ,(y=x| _[x+yy
1+y' 1+y' 1+y'

:>(x—y)2 (1+ y'2)=(x+ yy')2

Thus the differential equation for given family of curves is

(x—y)2(1+ y'z)z(x+ W'Y

_ g2
6. Find the general solution of the differential equation %+ 1_)/2 =0
X —X

Solution:
_ g2
The given differential equation is ﬂ+ L y2 =0
dx \V1-x
s /1 y:
dx V1-x°
dy__ -y
dx 1-x?
- dy _ dx
\/1—y2 J1-x2

Integrate both side

[
J-y e
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=sin"y=-sin"x+C

=sin"y+sinx=C
Thus the general solution of given differential equation is sin™ y+sin™ x=C
2
7. Show that the general solution of the differential equation ﬂ +yz+—y+1 =0 is given
dx x“+x+1
by (x+y+1)=A(1-x—y—2xy) where A is a parameter
Solution:
2
The given differential equation is & + yz+—y+1 =0
dx x“+x+1
2
W Yyl
dx X“+x+1
212 S ly+=-=+1
dy 7 (ij
:> —_ j—

o

<
VR

<

+

N |
| /

+

Integrate both side

= dy ] dx

EORCIICE G
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y+1 X+
1 ) 92 1 | 5
= tan =— tan +C
BT B (B R
2 2 2 >

-3}

— tan™ {Zy_ﬂ} + tan‘l{ZXH} = ﬁc
N &2

Thus the general solution for given differential equation is

tan™ {%} +tan™ {&} = ﬁ C
N &2

8. Find the equation of the curve passing through the point (O%) whose differential

equation is sin xcos ydx+cos xsin ydy =0
Solution:

Given differential equation is

sin xcos ydx + cos xsin ydy =0

= Sin xcos ydx +cos xsin ydy =0

Divide both side by cosxcosy

sin x cos ydx + cos xsin yd
- y yay —0
COSXCOSY

= tan xdx+tan ydy =0
= tany dy —tanx dx
Integrate both side

= Jtany dy — j tanx dx
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= log(secy)=—log(secx)+C

= log(secy)+log(secx)=C

= log(secxsecy)=C

= secxsecy =k (k =e°)

As curve passes through (0%)

sec0sec LEJ =k
4

k=42

:>SECXS€C)/=\/§

Thus the equation of required curve is secxsecy = J2

9. Find the particular solution of the differential equation (1+e* )dy+(1+y*)e*dx=0

giventhat y =1 when x=0

Solution:
The given differential equation is (1+e> )dy+(1+ y*)e*dx =0
Divide both side (1+e*)(1+y?)

dy e

dy e «
J’(1+ yz) - I(1+ezx)d

tan'y = —Im

dx
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Substitute t =¢*
dt =e*dx

1
_l —_

=tan"y=—tan't+C
=tan"y=—tan"e*+C
—tan"y+tante*=C
As y=1when x=0

tan™* (1)+tan*(e°)=C

=tan'y+tan'te* =

Thus the required particular solution is tan™' y +tan™* e* =%

10.  Solve the differential equation ye’dx = (xey + szdy(y #0)
Solution:
The given differential equation is yeydx = {xey + yzjdy

X X

ye! g—; =xe’ +y?

I . . e

Y U
(@) NI

I +
NN N

Il

O

NS
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X

:>ye§%—xe§:y2
dy
[ydx—x}
Lol
y
Substitute z = e’
z7=¢’
d,_d,
dz dy
dz d §
> —=—8
dy dy
dz %d [Xj
= —=0 —| —
dy — dyly
dz §_(1jdx x}
—>—=¢€ — |
dy — |lyJdy y
_y%_x
4z dy2
dy y
:E:]_
dy
=dz=dy
=z=y+C
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X

Thus the required general solution is el = y+C

11.  Find a particular solution of the differential equation (x—y)(dx+dy)=dx—dy given

that y=-1 when x=0. Hint (put x—y =t)
Solution:

Given differential equation is (x—y)(dx+dy)=dx—dy
= (x—y)dx—dx=(y—x)dy—dy
= (x—y+1)dy =(1-x+y)dx

Oy _1-x+y
dx x-y+1

Put x—y=t

o Oy _dt
dx dx

:>1_ﬂ:d_y
dx dx

_dt 1t
dx 1+t

Integrating both side

[ ] . . e
U U U U
,.|r gle 22 2=
Q_"’ I I Il
= |l =
I +|N + '
S - Iy
g‘ ~ | = — | —+
+
T
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:jltltdt=2jdx

:I%dt+]dt=2x+c

= log|t|+t =2x+C

= log|x—y|+x-y=2x+C
= log|x—y|-y=x+C
Asy=-1whenx=0

= log|0—(-1)|-(-1)=0+C
=logl+1=C

=C=1

Thus the required particular solution is Iog|x— y| -y=x+1

12.  Solve the differential equation et _Y & =1(x=0)
' Jx x| dy
Solution:
e 2

Given differential equation is [

2%

dy e y
=>-—== ——
dx  Vx  Jx
_2,\/;
Ay v e
dx Jx  x

It is linear differential equation of the form = % +py=Q
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D= -
Jx
g2
Q=
Jx
Calculating integrating factor
I —el™
1
—=dx
I.F = eI ¥
|LF =e2*

The general solution is given by
yx1.F =[(QxIF)dx+C

2%

yx(e2ﬁ)=j(e& ><ez’ﬁJdX+C

e~2«/7+2\/§

= yez‘& :j( N ]dx+c

= ye2¥ =j'%dx+c

— ye?¥ —2/x+C

Thus the general solution for the given differential equation is
ye?* =2x +C

13.  Find a particular solution of the differential equation j—i+ y cot x = 4xcosecx(x # 0)

given that y =0 when x = %

Solution:
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The given differential equation is

ﬂ+ y cot X = 4x cosecx
dx

dy

It is linear differential equation of the form i +py=Q

p = cot X
Q =4xcosec X

Calculating integrating factor
LF —e™
| F _ ejcotxdx

| F = elog\sinx\
I.F =sinx
The general solution is given by

yx1.F=[(QxI.F)dx+C
= yxsin x = [ (4xcosecx)sin xdx+C

= ysinx:4jxdx+C
X2
= ysinx=4(?j+c

= ysinx=2x"+C

As y =0 when x=%

2
Oxsin(zj = Z(EJ +C
2 2
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{5

c=-2
2

Thus the required particular solution is

2
sinx=2x2 -2
y 2

14. Find a particular solution of the differential equation (x+1)% =2e "’ -1 given that

y=0 when x=0. (x+1)%:2e‘y -1

Solution:

The given differential equation is (x +1)% =27 -1

dy  dx
27 -1 x+1

Integrate both side
dy  p dx
:>~"2e‘y —1_-[x+1

dy
=log(x+1)+logC......... 1
:>I2e_y @ log(x+1)+logC (1)

Evaluating LHS integral

d d
:jzeyy—lzjze—eyy

Putt=2-¢’

t=2-¢’

N
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’ dt =e’dy
= (115
IZedyy_1= log -
:IZedyy_lz log 2—1ey

Back substituting in expression (1)

dy
SJZe*V = log(x+1)+logC

1
= |Og (2_—@’] = IOgC(X+1)

1

2_ef =
YT PFEY

As y=0 when x=0

1
2-¢°=
R ()
:>2—1=l

C
=C=1

Thus the required particular solution is

1
2—-eV=—"
T T o
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y _ 2x+1
el =—
(x+1)
(2x+1j
= y=log
X+1
i iti i P 2x+1
Thus for given conditions the particular solution is y = Iog( : j
X+

15.  The population of a village increases continuously at the rate proportional to the
number of its inhabitants present at any time. If the population of the village was
20000 in 1999 and 25000 in the year 2004, what will be the population of the village
in 2009?

Solution:

Let the population at time t be y. The according to question (;—i/ oy

:ﬂ:kdt
y

Integrate both side
= W _y ot
y

=logy=kt+C

In 1999 (taking reference year) t = 0 population was y = 20000
= log(20000) =k (0)+C

= C =log(20000)

In 2004, t =5 population was y = 25000



Infinity$ . Sl Chaitanya
Learn | Educational Institutions
= log(25000) = k (5) +log (20000)
= 5k = log(25000) - log (20000)

= 5k =log 25000
20000

—k=1log Fj
5 4

Thus the population relation will be
1 5

logy==log (—jt +log (20000)
5 4

For 2009, t =10

=logy= % log ij10+ log (20000)
5
= logy=2log (Zj +log (20000)

2
= logy =log (gj +log(20000)

= log y = log (% X 20000)

— y=31250

Thus the population in the year 2009, is 31250

16.  The general solution of the differential equation M =0
y

Solution:

Given differential equation
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ydx — xdy 0
y

Divide both side by x

:M:O
Xy

:%—ﬂzo
Xy

Integrate both side

:>Id—;(— d7y20

= log|—| = log k

X‘
X
=—=k

1
=Cx|C==
= ( k)

Thus the correct option is (C)

17. Find the general solution of a differential equation of the type % +Px=0Q,
Yy

Solution:
The given differential equation is

dx
d_y+PlX=Ql

It is linear differential equation and its general solution is

xel™ [ (Qlej e ) dy+C
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Rdy

With integrating factor I.F = eI

Thus the correct option is (C)

18. Find the general solution of the differential equation exdy+(yeX + 2x)dx =0

Solution:

The given differential equation is

e*dy +(ye" +2x)dx =0

:exﬂ+ ye* =-2x
dx

= dy +y=-2xe"
dx

The given differential equation is of the form

Y ipy-Q
dx

=>P=1
=Q=-2xe"

Calculating integrating factor
| F - eJde
1 E=¢®

=|.F=¢"

It is a linear differential equation and its general solution is

y(1.F)=[(Qx1.F)dx+C

y(ex)='f(—2xe‘X xe*)dy+C
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= ye' =—2[xdx+C
2
= ye* =—2[X?j+c

= ye*+x*=C

Thus the correct answer is option (C)
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Exercise: 9.1
4

1 Determine order and degree (if defined) of differential equation —¥+sin(y"') =0
Solution:
'y
Rewrite the equation —-+sin(y™)=0. As
= y"+sin(y")=0
The highest order between the two terms is of Y™ which is four.
The differential equation contains a trigonometric derivative term and is not
completely polynomial in its derivative, thus degree is not defined.
2. Determine order and degree (if defined) of differential equation y'+5y=0.
Solution:
The given differential equationis y'+5y=0

is

of y' which is one. Thus degree is one
Y d%s
3 Determine order and degree (if defined) of differential equation (—j +3 e =0
Solution:
Y d%s
The given differential equation is (—j 3SW =0

The highest order term is y', thus the order is one.

As the derivative is of completely polynomial nature is and highest power of derivative
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d’s
The highest order term is dt® , thus the order is two.

As the derivative is of completely polynomial nature is and highest power of

ds

4
derivative term (dtj which is four. Thus the degree is four.

4. Determine order and degree (if defined) of differential equation
2 2
d_z/ +C0s (ﬂj =0
dx dx
Solution:
2 2
The given differential equation is (d_z/j +CO0S (ﬂ) =0
dx dx
. . d%y .
The highest order term is P thus the order is two
The differential equation contains a trigonometric derivative term and is not completely

polynomial in its derivative, thus degree is not defined.

5. Determine order and degree (if defined) of differential equation

2 2
(%J —C0s3x+sin3x =0
X

Solution:

2 2
The given differential equation is (d—Zj —c0s3x+sin3x=0

dx

2,2 2
(%J —cos3x+sin3x =0 the highest order term is % thus the order is two
X

As the derivative is of completely polynomial nature is and highest power of derivative




Infinityy ., Sri Chaitanya

Learn @ | Educational Institutions
d?y ’
term which is two. Thus degree is two (Fj
X
6. Determine order and degree (if defined) of differential equation

(V) +(y") +(y) +y° =0

Solution:
The given differential equation is (y'“)2 +(y")3 +(y')4 +y° =0.
The highest order term is(y'")z, thus the order is three.

The differential equation is of the polynomial form and the power of highest order term

y™ is two, thus the degree is two

7. Determine order and degree (if defined) of differential equation y"+2y"+y'=0
Solution:

The given differential equation is . y"'+2y"+y'=0

The highest order derivative in the differential equation is y™. Thus its order is three.

The differential equation is polynomial with the highest order term y" having a
degree one. Thus the degree is one.
8. Determine order and degree (if defined) of differential equation y'+y=e'

Solution:

The given differential equation is y'+y=e'. Therefore

=y+y—-e'=0

The highest order derivative in the differential equation is y'. Thus its order is one.
The given equation is of polynomial form with the highest order term y' with degree

one. Thus the degree is one.
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9. Determine order and degree (if defined) of differential equation y'+(y')2 +2y=0
Solution:

The given differential equation is y'+(y')2 +2y=0

The highest order derivative in the differential equation is y'. Thus its order is one.

The given equation is of polynomial form with the highest order term y' with highest

degree two. Thus the degree is two.

10. Determine order and degree (if defined) of differential equation y"+2y'+siny=0
Solution:

The given differential equation is y"+2y'+siny=0.

The highest order derivative in the differential equation is y". Thus its order is two.

The given equation is of polynomial form with the highest order term y" with the

highest degree one. Thus the degree is one.

2

3 2
11. Find the degree of the differential equation [%} +(Qj +sin (d—yjﬂ: 0

NG dx dx

Solution:

2

3 2
The given differential equation is d—z J{ﬂj +sin [ﬂj-l-l: 0
dx dx dx

The differential equation is not polynomial in its derivative because of the term
. (d
dx

thus its order is not defined.

The correct answer is (D).
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2
12. Find the order of the differential equation 2x* % —3% +y=0
X X

Solution:

2

The given differential equation is 2x° d—2 —SQ +y=0
dx dx

2
The highest order term of the equation is % thus the order is two
X

The correct answer is (A)
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Exercise: 9.2

1. Verify the function y =e* +1 is solution of differential equation y"—y =0
Solution:
The given functionis y=e*+1

Take its derivative

Take the derivative of the above equation

d, . d/ .,
&(Y)Z&(e)

n X

=>y"=e
Using result from equation (1)
yu_y| 4 0

Thus, the given function is solution of differential equation y"—y'=0

2. Verify the function y = x> +2x+C is solution of differential equation y'-2x—2=0
Solution:
The given function is y = x> +2x+C

Take its derivative

ﬂ=i(x2+2x+c)
dx dx



Infinit})" ., Sri Chaitanya
Learn Educational Institutions
=y '=2Xx+2

Thus, the given function is solution of differential equation y'—=2x—-2=0

3. Verify the function y=cosx+C is solution of differential equation y'+sinx=0

Solution:

The given function is y =cosx+C

Take its derivative

@ _ i(cosx+c)
dx dx
= y'=-sinx

= y'+sinx=0

Thus the given function is solution of differential equation y'+sinx=0

Xy
1+ x°

4, Verify the function y =+/1+ x> is solution of differential equation y'=

Solution:

The given function is y =+/1+ X

Take its derivative

Y_L(x)

dx dx

_ 1
241+ x?

d 2
x—X(1+X )
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1+ %2

Multiply numerator and denominator by 1+ x?

, 1 V1+x?

y'= x
V14x% A1+ X2

Substitute y =1+ X2

=Vy'=

Xy
j— =
Y o
Thus the given function is solution of differential equation y'= h " 5
+X

5. Verify the function y = Ax is solution of differential equation xy'=y(x#0)

Solution:
The given function is y = Ax

Take its derivative

dy d
L2 (A
dx dx( X)
=>y'=A

Multiply by x on both side
Xy'= AX

Substitute y = Ax
=>xy'=y

Thus the given function is solution of differential equation xy'= y(x # 0)
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6. Verify the function y = xsin x is solution of differential equation xy'=y+ xe2 -y

(x=0and x>y or x<-y)

Solution:

The given function is y = xsinx

Take its derivative

% = %(xsin x)

= y'=sin x%(x)+x%(sin X)

= y'=sin X+ XC0S X
Multiply by x on both side
Xy ' = X(Sin X+ Xxcos x)
Xy' = XSin X+ X* CoS X
Substitute y = xsinx

= Xy'=y+ X’ Ccos X

Use sin x = Y and substitute cos X
X

xy' = y+x*1-sin?x
2
Xy'=y+x° 1—(lj

X

=Xy =y +xyy: %

Thus the given function is solution of differential equation = xy' =y + Xy/y* — x*
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7. Verify the function xy =logy +c is solution of differential equation

y2
‘= Xy #1
V=g
Solution:
The given function is xy =logy+c
Take derivative on both sides
d d
—(xy)=—;(lo
dx( y) dx( J y)
— yi(x) = xi zlﬂ
dx dx ydx
1 1 1
= y+xy =—Yy
y
— yZ + nyl — yl
Shift the y' term on one side and take it common
=(xy-1)y'=-y’
2
=>y'= Y
1-xy
y2
Thus the given function is solution of differential equation y'= %y
8. Verify the function y—cosy = x is solution of differential equation
(ysiny+cosy+x)y'=1
Solution:
The given function is y—cosy = x

Take derivative on both side
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dy d d
dx dX(cosy)_dX(x)

=Yy+y'siny=1
=y'(l+siny)=1

: 1

s =
y 1+siny

Multiply by (ysiny-+cosy+x) on both side

(ysiny+cosy+x)
1+siny

(ysiny+cosy+x)y'=

Substitute y =cosy+ x in the numerator

(ysin y+cosy+x)y':(yL_y+y)
1+siny

(ysin y+cosy+x)y':y(sm—_y+y)
1+siny

=(ysiny+cosy+x)y'=y

Thus the given function is solution of differential equation (ysin y +C0s y+x) y'=y

9. Verify the function x+y =tan™'y is solution of differential equation y’y'+y*+1=0
Solution:
The given function is Xx+y=tan™y

Take derivative on both side

d
&(Xﬂ’)—

1+y'= 1 '
y'= 1+y? y

%(tan‘l y)
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1
' ~1(=1
:>y_1+y2 }

=Y

|'1—(1+ y?)
1+y?

[ -y
-1
=Y _1+y2}

=-y’y'=1+y’
= yy'+y’+1=0

Thus the given function is solution of differential equation y*y'+y*+1=0

10.  Verify the function y=+a?>—x* xe (—a, a) is solution of differential equation

d
X + yd—i=0(y¢0)

Solution:
The given function is y =v/a’—x* xe(-a,a)

Take derivative on both side

Substitute y =+/a* —x?

[ ] . . e
y J U gl
o_|cz_ o_|o_ Q_|Q. I
X < X < X < 1
1 I I ><|°-
'\J N —_—
B I o]l | () QO
|| =< NN Nl = >
¢ |l < | >|<
SN —
e
—~~~
g.’I\)
[
><N
N—
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L
dx vy
= X+Y dy =0
dx

Thus the given function is solution of differential equation x+ y% =0(y=0)

11. Find the numbers of arbitrary constants in the general solution of a differential
equation of fourth order

Solution:
The number of arbitrary constants in the general solution of a differential equation is
equal to its order. As the given differential equation is of fourth order, thus it has four
arbitrary constants in its solution.
The correct answer is (D).

12.  Find the numbers of arbitrary constants in the particular solution of a differential
equation of third order

Solution:
The particular solution of any differential equation does not have any arbitrary

constants.

Thus it has zero constants in its solution.

The correct answer is (D).
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Exercise: 9.3
1 Form a differential equation representing the family of the curve —+ Y1 by
eliminating arbitrary constants
Solution:
. . . Xy
The given differential equation is 3 +B 1
Take the derivative on both sides
i(ﬁ + XJ -0
dx\a b
11
=—+-y'=0
a b y
Take the derivative of the above equation to eliminate the constants
1
=0+=y"=0
b y
:> y n — 0
The curve for given differential equations is y"=0
2. Form a differential equation representing the family of the curve y* = a(b2 - x2) by
eliminating arbitrary constants
Solution:
The given differential equation is y* =a(b*—x*)
Take the derivative on both sides

dy
2 —a(-2
Y i a(-2x)
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= 2yy % = —2ax

dy
— W'Y = —ax.... 1
yy'g, =X (1)

Take the derivative of the above equation to eliminate the constants
=y'+y'y'=-a

=(y) +y'=-a

Substitute this in result (1)

W' =((y) +yy)x

= Xyy "+ x(y')2 —yy'=0

The curve for given differential equation is xyy "+ x(y')2 —yy'=0

3. Form a differential equation representing the family of the curve y =ae* +be™* by

eliminating arbitrary constants

Solution:
The given differential equation is y = ae®* +be™
Take the derivative on both sides
y'=3ae® —2be >
Take derivative of above equation
y" =9ae™ +4be >
Compute y'+2y

y'+2y =3ae® —2be > +2ae™ + 2be ™
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=5a% =y'+2y

}

Y2y

5
Compute 3y—y'
3y—y'=3ae”+3be " —(3ae” — 2be ™)
=5b ™ =3y—y'
b = 3y-y

5
Substitute the above results in y"
g Y12 oY)

5 5

oy Sy '+30y

5
=y"=y'+6y
=y"-y-6y=0
The curve for given differential equation is y"-y'-6y =0

4, Form a differential equation representing the family of the curve y =™ (a+bx) by
eliminating arbitrary constants
Solution:

The given differential equation is y =e*(a+bx)
Take the derivative on both sides
y'=2e"(a+bx)+e*(b)

= y'=e”(2a+2bx+b)




Infinityp ., Sti Chaitanya

Learn Educational Institutions
Compute y'-2y

§

y'—2y =e*(2a+2bx+b)—2e* (a+bx)

= y'-2y=be*.... (1)

Take derivative of the above equation

= y"-2y'=2be™

Substitute the above results using result from equation (1)
=y"-2y'=2(y'-2y)

=y"-4y'+4y=0

The curve for given differential equation is y"-4y'+4y=0
5. Form a differential equation representing the family of the curve
y =e*(acosx+bsinx) by eliminating arbitrary constants.
Solution:

The given differential equation is y =e*(acosx+bsinx)
Take the derivative on both sides

y'=e*(acosx+bsinx)+e* (—asinx+bcosx)

= y'=e*[(a+b)cosx—(a—b)sinx]

Take the derivative of the above equation
y"=e*[(a+b)cosx—(a—b)sinx|+e*[—(a+b)sinx—(a—b)cos x|
y"=e*[(a+b-a+b)cosx—(a—b+a+b)sinx |

= y"=e"[2bcosx—2asin x|
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= y"=2¢e*[bcosx—asinx|

:y?:ex[bcosx—asin x]

Add y on both side

y+y?:ex(acosx+bsin x)+e*(bcosx—asin x)

= y+y7=ex((a+b)cosx—(a—b)sin X)

Back substitute y'

y
+ — =
y2y

=2y+y"=2y'
=y"-2y+2y=0

The curve for given differential equation is y"-2y'+2y=0

6. Form the differential equation of the family of circles touching the y-axis at the origin
Solution:

Let a circle with radius a touches y-axis at origin

Y axis

X axis

Thus the given circle will have the center at (a,0). So it equation will be
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Take the derivative of the above equation
2X+2yy'=2a

= X+yy'=a

Back substitute a in equation (1)

X +y? =2(x+yy')x

= 2X°+2yy'Xx=x>+Vy°

= X’ +2yy'x=y?

Thus the differential equation for the given family of the circle is X* +2yy'x = y?

7. Form the differential equation of the family of parabolas having vertex at origin and

axis along positive y-axis
Solution:
Draw a general parabola with given properties

Y

= lay

Plotof r*|= lay

Take the derivative of the above equation
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2X =4ay'
X
=a=—
2y'

Back substitute a in equation (1)

2_4 S
=z

= xy'-2xy =0

Thus the differential equation for the given family of the parabolas is x’y'-2xy =0

8. Form the differential equation of the family of ellipses having foci on y-axis and

centre at origin
Solution:

Draw a standard eclipse with given properties

b

plotof|— +
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’ Take the derivative of the above equation

2x  2yy*

b2 al 0
Xy

:F'F?_O ...... (1)

Take the derivative of the above equation

biZJr%:O

1 1, ., "

b )

Back substitute in equation (1)
1 12 n yyl

X —?(y +VYy ) +?:O

= —xy?—xyy"+yy'=0
Thus the differential equation for the given family of the parabolas is

—Xy*—xyy"+yy'=0

9. From the differential equation of the family of hyperbolas having foci on x-axis and

centre at origin
Solution:

Draw a standard hyperbola with given properties
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Y

1

9 b ]
ey
e, e

a h?

X I3
plotof :
X2 yz
priei
a~ b

Take the derivative of the above equation

Take the derivative of the above equation

biﬁ%:o

1 1
)

Back substitute in equation (1)

x[—é(y'% yy")}+%:0

= —Xxy?—xyy"+yy' =0

= —Xyy"- Xy~ yy'=0

Thus the differential equation for the given family of the

xyy "+ xy “—yy'=0

parabola

is
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10.  Form the differential equation of the family of circles having center on y-axis and
radius 3 units

Solution:

Draw the circle with given properties

X & X
Plotof > (y—b)* =9
"
x> +(y —b)2 =9

Take the derivative of the above equation
2x+2(y-b)y'=0
= x+(y—b)y'=0

X
=(y-b)=——

(v=b)=—
Back substitute in the equation circle
2
X’ +[_—Xj =9
y

= x> +y?+x* =9y

2

:>(x2—9)y'2+x2 =0
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’ Thus the differential equation for the given family of the parabolas is

(x2 —9)y'2+x2 =0

11.  Which of the following differential equation has y =c,e” +c,e * as the general

solution?

2

) +y 0 ) -y=0 C)%+1:0 )__1 0

2
Solution:
The given equation is y =ce” +c,e™”
Differentiate the equation

@ _ c,e”

dx

—X

—c,e

Differentiate the above equation

d’y
chle +Cze

Back substitute the y

Thus the correct answer is option B

12. Which of the following differential equation has y = x as one of its particular

solutions?

d’y . dy d’y dy
A) —-—X +Xy =X B) —+X—+Xy=X
) dx? dx Y= ) dx>  dx a4
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d’y _dy

d’y ,dy
C) ——x"—Z+xy=0 D) —+x—Z+xy=0
)dx2 dx Y )dxz dx o

2

Solution:
The given equation is y = x
Differentiate the equation

Yy _q
dx

Differentiate the above equation

Deducing for the option

2
%—x2%+xy=0—x2(1)+x(x)

d’y ,dy A
—2 =X == Xy =—X° +X
= dx? dx Xy

d’y _,dy
il AVl ATy
i

Thus the correct answer is option C
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Exercise: 9.4

1. Find the general solution for dy _1-cosx
dx 1+cosx

Solution:

The given differential equation is dy _1-cosx
dx 1+cosx

Use trigonometric half-angle identities to simplify

dy _1-cosx
dx 1+4cosx

2sin? X
2

Separate the differential and integrate
dy = [| sec? 2 ~1|dx
Joy=J{sec*3-1)
_ 2 X o
:>y_jsec de jdx
= y:2tan§—x+c

Thus the general solution of given differential equation is y = 2tan g —X+C

2. Find the general solution for % = J4-y? (-2<y<2)

] . . e

U U U
Q_|D. o_|o. o_|o.
X < X < X | <

Il I Il

[72] —+ N

3, 5 g
N | X N | = @«

| N | <

H
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Solution:
The given differential equation is % =4-y*(-2<y<2)
Simplify the expression

dy
4-y

= =dx

2

Use standard integration

-

=sint<=x+c

N <

:%:sin(x+c)

= y=2sin(x+c)

Thus the general solution of given differentia equation is y = 2sin(x+c)

& Find the general solutions for = % +y=1(y=1)

Solution:

The given differential equation is = % +y=1(y=1)

Simplify the expression

d—y+y=1

dx
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:ﬂ—l

dx -y

Use standard integration
dy

= J‘m = J‘dX

=—log(1-y)=x+c

=log(1-y)=—(x+c)

=1-y=e "

y=1-Ae*(A=e")

Thus the general solution of given differential equation is y =1— Ae™*

4, Find the general solution for sec’ x tan ydx +sec® y tan xdy = 0
Solution:
The given differential equation is sec’ x tan ydx +sec’® y tan xdy =0

Divide both side by tanxtany

sec” x tan ydx +sec’ y tan xdy 0
tan xtany

2 2

X

= 3 X+ X Yy —0
tan x tany

Integrate both sides

2 2
jsec de+J'sec ydy=0
tan x tany

I . VED.

U

-

K=5

Zle
I

o

>
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’ 2 2
[SEC Y gy [ X gy ... ()
tany tan x
Use a substitution method for integration. Substitute tanx =u
For integral on RHS
=tanx=u
= sec’ xdx =du
sec’ X du
= dx=|—
tan x u
sec’ x
= _[ dx=logu
tan x
= .f sec” X dx = log(tan x)
tan x
Thus evaluating result from (1)
= log(tan y) =—log(tan x)+log(c)
C
= log(tany)=log| —
a(any) =g
—tanxtany=c
Thus the general solution of given differentia equation is tanxtany=c
5. Find the general solution for (e* +e™)dy—(e* —e™)dx=0
Solution:
The given differential equation is (e*+e™)dy—(e* —e™)dx =0
Simplify the expression
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d :{ex_e_x}dx
e*+e
Integrate both sides
et —e”
dy = AXeorneee 1

Joy=[| S )
Use a substitution method for integration. Substitute e +e™ =t
For integral on RHS
—e +e " =t
= (e +e™)dx=dt

e e dt
= dx=|—s

I ' +e” } I t

:>j eX _e_x}dx= Int+c

e +e

B eX _p
= dx=(loge* +e™)+c

I ' +e” } ( J )
Thus evaluating result from (1)
y=log(e* +e™)+c
Thus the general solution of given differential equation is y = log (eX +e*X)+c
6 Find the general solution for & = (1+x°)(1+y?)
Solution:
- - - - - y _ 2 2

The given differential equation is == = (1+ x*)(1+ y*)
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’ Simplify the expression

133;2 = (1+x* ) dx

Integrate both side

J’lf);z = I(l+ X* ) dx

Use standard integration
tanly = Idx + I x*dx

3
_ X
= tan ly:x+§+c

3
. . . . y - X
Thus the general solution of given differential equation is tan™y = x+€ +C

7. Find the general solution for ylog ydx—xdy =0
Solution:
The given differential equation is ylogydx—xdy =0

Simplify the expression

ylog y dx = xdy
dx __dy
X ylogy

Integrate both sides

K@)

Use substitution method for integration on LHS. Substitute log y =t

logy =t
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= Lay-dt
y

ylogy 't

S A

Evaluating expression (1)
log(log y)=log x+logc

log(log y) =logc x
logy =cx

_ACX

—>y=e

Thus the general solution of given differential equation is = y =e™

8. Find the general solution for x° % =-y°

Solution:

The given differential equation is x° % =-y°

Simplify the expression

dy  dx

5 5

y X
Integrate both sides

J‘ﬂ: dx

y5 X—5
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= [y Sdy =[x *dx

-5+1 -5+1

y X
=— +
—5+1 5+1
-4 -4

=Y - X ¢

—4 —4
=X +y*t=—4c
=x*+y*=A(A=—4c)
Thus the general solution of given differential equation is X * +y™ = A

. : dy .
9. Find the general solution for Fvi sin”™ x
X
Solution:
The given differential equation is % =sin~' x
Simplify the expression
dy =sin™ xdx
Integrate both side
Idy:Isnrixdx
=y= jlxsin‘1 X dx
Use product rule of integration
Ishr*xdx:shrixjdx—j[ ! jdedx
J1-x2

= J‘sin‘l xdx = xsin™* x—j X dx

1-x2
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’ Substitute 1—x* =t*
1-x* =t?
= —2xdx = 2tdt
= —xdx =tdt

Evaluating the integral

2X% + X A Bx+C

(x+1)(x* +1) x4+l X2+l

] ] tdt
sin xdx=xsin? x+ | —=
j e

= jsin‘1 xdx = xsint x+t+c
= .[sin‘l xdx = xsint X ++/1— x? +¢

= y=Xsin" X+y1-x* +C

Thus the general solution of given differential equation is y = xsin™ x++1—x* +c¢

10. Find the general solution for e* tan ydx+(1—ex)sec2 ydy =0
Solution:
The given differential equation is e* tan ydx +(1—e")sec® ydy =0
Simplify the expression
(1-e*)sec® ydy =—e*tan ydy

sec’y . €
tanydy_ (1—ex)dX

Integrate both sides
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sec’y . €
Itany dy = j(l—ex)dx ........... (1)

Substitute tany =u

tany=u
=sec’ y =du
Evaluating the LHS integral of (1)

sec’y . rdu
:Itanyd I

u

2
:>J-sec ydy:Iogu
tany

sec’ y
:>'[ any dy =log(tany)

Substitute 1-e* =v

1-e*=v

= —e'dx=dv

Evaluating the RHS integral of (1)

e” _rav
:—Imdx_j v

= —je—xdx =logv

=

= —IL dx = log(1-e")

(1-¢)
Therefore the integral (1) will be

log(tan y) = log(1-e")+logc
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= log(tany) = logc(1-€")
=tany= Iogc(l—ex)

Thus the general solution of given differential equation is tany = Iogc(l—ex)

11.  Find the particular solution of (x3 + X2+ x+1)% =2x"+x;y=1,x=0 to satisfy the
X
given condition

Solution:
The given differential equation is (x3 + X%+ X +1)g—y =2X°+Xy=1,x=0
X

Simplify the expression

dy  2x*+X
dx (x3+x2+x+1)

dy  2x*+x

dx (x +1)(x2 +1)

= dy :ﬂdx
(x+1)(x* +1)

Integrate both side

2X2 + X
= (1)

dy=[—%2 "2
'[ / J.(x+l)(x2 +1)
Use partial fraction method to simplify the RHS

2x% + X A Bx+C

(x+1)(x2 +1) X+l X2+l

= 2X° +X= A(x2 +1)+(Bx+C)(x+1)




Infinit})" ., Sri Chaitanya
’ Learn Educational Institutions
=24 +x=(A+B)¢ +(B+C)x+(A+C)

By comparing coefficients

A+B=2
B+C=1
A+C=0

Solving this we get

e [2) (30

(x+1)(x2+1)_x+l X2 +1

- 2X% + X =£(L+3x—1J
(x+1)(x2+1) 2\ x+1 x?+1

Rewriting the integral (1)

y—lj( 1 +3X_1jdx
20 x+1 x*+1

3X— 1
x+1

:>y:— m J.

1 3 X 1
= y:EIog(x+1)+EJ' - dX_EI

X2 +1 x?+1
1 3¢ 2X 1
=vy="log(x+1)+— | ——dx—=tan x
y 2 g( ) J-X2+ZI. 2

1 3 1.
:>y=EIog(x+1)+Zlog(x2+1)—Etan LX+c
For y=1when x=0

:%Iog(O+1)+%log(0+l)—%tan10+c

=c=1

Thus the required particular solution is
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= y:%log(x+1)+%log(x2 +1)—%tan‘1x+1

12. Find the particular solution of x(x2 —1)% =1,y =0 when x =2 to satisfy the given

condition

Solution:

The given differential equation is x(x2 —1)3—§ =1,y=0 whenx =2

Simplify the expression

x(x2 —1)% =1

dx

—dy= x(x2 —1)

dx

= dy= X(x—-1)(x+1)

Integrate both sides

Use partial fraction method to simplify the RHS

1 A B _C
x(x=1)(x+1) x

B x-1 x+1
=1= A(x2 —1)+ Bx(x+1)+Cx(x-1)
=1=(A+B+C)x*+(B-C)x—A

By comparing coefficients

A+B+C=0

—
(@R
<
Il
x
—
x
|
Rlo
>
x
gs
~—
iy
-
~—
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[
~A=1

Solving this we get

e [2) [3)
x(x-1)(x+1) x x-1 x+1
:x(x—ll)(x+1):_%+%(i ﬁj

Rewriting the integral (1)

1 11 1
y=|| ——+=| —+—— | |dx
(x Z(X—l x+1D

= y:—Iogx+%|og(x—1)+%log(x+1)+Iogc
2 1 1 2
= y_—Elogx+§log(x—1)+EIog(x+1)+EIogc

= = (~log  +10g (x~1) +log(x-+1) + Iog )

2(y2_q
:‘y:%"’g[%z)]

Fory =0whenx =2

e

22

3c?
O=log| —
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Thus the required particular solution is y %Iog[ o
X

4(x? —1)]

13. Find the particular solution of cos(%} = a(a € R) ; y=1when x=0 to satisfy the
X
given equation
Solution:
The given differential equation is cos (%) =a(aeR); y=1when x=0
X

Simplify the expression

cos (ﬂj =a
dx

d S
= _cos'a

dx
= dy =cos " adx
Integrate both sides

Idy < j‘cos’l adx
= y=cos' aj dx

= y=Xxcos'a+c
For y=1whenx=0

1=0costa+c

] . .
U
C')N -I>|
[
RIES A




Infinit})" ., Sri Chaitanya
Learn | Educational Institutions
=c=1

Thus the required particular solution is

y=xcos ‘a+1

14. Find the particular solution of % =ytanx;y =1 when x =0 to satisfy the given

condition

Solution:

The given differential equation is % =ytanx;y=1 when x=0
X

Simplify the expression

dy
— =ytan x
dx y

:g—yztanxdx

X

Integrate both sides
dy
= I& = jtan X dx
= jlog y =log(secx)+logc

= logy =log(csecx)
= Yy =CSecx

Fory=1whenx=0

] . . e

U U
(@)
g [T

TN -
< Il

J «
Il SDH
o))
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’ 1=csecO

=c=1

Thus the required particular solution is y = sec x

15. Find the equation of a curve passing through the point (O, 0) and whose differential
equation is y'=e*sinx
Solution:
The given differential equation is y'=e€*sinx
The curve passes through (0,0)
Simplify the expression

:d—y:exsinx
dx

= dy =e”sin xdx

Integrate both sides

Idy =Jexsin x dx

Use product rules for integration of RHS. Let

| = jex sin x dx

= | =sin xJ'eX dx—j(cos xj'exdx)dx

= | =e”sin x—(cos xjexdx+_f(sin xjexdx)dx)
— | =e*sinx—e* cosx—_[(eX sin x)dx

= | =e*sinx—e*cosx—I
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X

= :%(sin X—COS X)

Thus integral will be

X

y:%(sin X—COSX)+C

Thus as the curve passes through (0,0)

e0
O=E(sin0—coso)+c

1
0==(0-1)+c
Z(0-1)+
1
=Cc==
2
Thus the equation of the curve will be
y:i(sin x—cosx)+1
2 2
e’ .
= y=?(sm X—COS X +1)
16.  For the differential equation xy% =(x+2)(y+2) find the solution curve passing
through the point (1,—1)
Solution:
The given differential equation is xy% =(x+2)(y+2)
The curve passes through (1,—1)

Simplify the expression
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:{ Y jdy=(x+2)dx

y+2 X

:{1—ijdy: (x+2) dx
y+2 X

Integrate both side
2 (x+2)
1-—— |dy=|——=d
I( y+2jyj X "

:jdy—ZIﬁdy:jgdx+‘[§dx

= y—2log(y+2)=x+2logx+c

= y—x=2log(y+2)+2logx+c

= y—x=2log[ x(y+2)]+c
=y-X= Iog[xz(y+2)2}+c

Thus as the curve passes through (L —1)
=-1-1=log| (1)" (-1+2)" |+

=-2=logl+c
=Cc=-2

Thus the equation of the curve will be
y—X= Iog[xz(y+2)z]—2

:>y—x+2=|og(x2(y+2)2)
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17. Find the equation of a curve passing through the point (O, —2) given that at any point

(x,y) on the curve, the product of the slope of its tangent and -coordinate of the point
is equal to the -coordinate of the point y x

Solution:

According to question, the equation is given by

y o«

dx

The curve passes through (0,—2)

Simplify the expression
= ydy = xdx

Integrate both sides

Iydyzjxdx

=y -x=2c

Thus as the curve passes through (0,—2)
=(-2)"-0?=2C

=4=2c

=c=2

Thus the equation of the curve will be

[ ] D, BB, U
U <o U
s g s
|
> I
;N ke
I ) +
— (@]
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18.  Atany point (x, y) of a curve, the slope of the tangent is twice the slope of the line
segment joining the point of contact to the point (—4, —3). Find the equation of the

curve given that it passes through (-2,1).

Solution:
Let the point of contact of the tangent be (x, y). Then the slope of the segment joining
point of contact and (—4,—3)

_y+3
X+4

m

According to question the for the slope of tangent 3—)): if follows

d—y:2m
dx

dx X+ 4

Simplify the expression
dy _ z(y_+3j
dx X+4

dy 2

y+3_x+4

Integrate both sides

J‘i: idx
y+3 X+4

= log(y+3)=2log(x+4)+logc
= log(y+3)= Iog(x+4)2+logc

= log(y +3) =logc(x +4)’




Infinit})" ., Sri Chaitanya
’ Learn Educational Institutions

= y+3=c(x+4)’
Thus as the curve passes through (-2,1)

1+3=c(-2+4)’
=4=4C

=c=1

Thus the equation of the curve will be y+3=(x+4)2

19.  The volume of spherical balloons being inflated changes at a constant rate. If initially
its radius is 3 units and after 3 seconds it is 6 units. Find the radius of balloon after t

seconds

Solution:
Let the volume of spherical balloon be V and its radius r. Let the rate of change of
volume be k.

Y _«
dt

4 d
jgﬂ(grz)a= k

= 4xrdr =kdt
Integrate both sides

I4nr2dr = I k dt
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:>4ﬂfr2dr —kt+C

:%nra =kt+C

At initial time, t=0and r =3

%ﬂ33=k(0)+C

= C =36rx
Att=3theradiusr=6

%ﬁ(63)=k(3)+367r

=3k =2887—-367
=k =84r

Thus the radius-time relation can be given by

%m’e’ =84rt+ 367

=r®=63t+27

E
3

= =(63t+27)

1
The radius of balloon after t seconds given by r =(63t+27)3

20. In a bank, principal increases continuously at the rate of r% per year. Find the value of

r if Rs. 100 doubles itself in 10 years (log, 2 =0.6931)

Solution:

Let the principal be p, according to question

dp_( r
dt {100) P
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Simplify the expression

%:(Ljdt
p 100

Integrate both side
[ I(Ljdt
p 100

= log p—r—t+c
100

r
—+

= p — elOO

rt

= p=Ae®(A=e°)

Att=0,p =100

O]
100 = Ae*®

= A=100

Thus the principle and rate of interest relation

o
p =100
At t =10, p = 2x100 = 200

r(10)

200 =100g 100

r

= 2=¢l

Take logarithm on both side
log (e“’j =log(2)

— ' 06931
10
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=r=6.931

Thus the rate of intersect r =6.931%

21. In a bank, principal increases continuously at the rate of 5% per year. An amount of

Rs 1000 is deposited with this bank, how much will it worth after 10 years
(e*° =1.648)

Solution:

Let the principal be p, according to question principle increases at the rate of 5% per

dp _( 5
dt {100) P

Simplify the expression

year

dp_p

dt 20

:>d—p=idt
p 20

Integrate both side
I% _ jidt
p 20

:Iogp:%+c

t
—+

= p=e®

t

= p=Ae®(A=¢°)

Att=0, p=1000

0

1000 = Ae®
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’ = A=1000

Thus the relation of principal and time relation

t
= p =1000e%

Att=10

10

p =1000e?

= p=1000e"°

= p=1000x1.648
= p=1648

Thus after 10 this year the amount will become Rs. 1648

22. In a culture, the bacteria count is 100000. The number is increased by 10% in 2 hours.
In how many hours will the count reach 200000, if the rate of growth of bacteria is

proportional to the number present?
Solution:

Let the number of bacteria by y at time t. According to question

dy
at <Y
dy
—~=c
a

Here c is constant

Simplify the expression

ﬂ=cdt

y

Integrate both side
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jd_yy: [t

=logy=ct+D

= y — ect+D

= y=Ae"(A=e")
Att=0,y = 100000
100000 = Ae“”
— A =100000

Att=2,y= %(moooo) —110000

y =100000e”

— 110000 =100000e°?

2 _ 11
10

For y = 200000

200000 =100000e”
=e% =2
=ct=log2

_log2
c

=1

Back substituting using expression (1)
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__log2 _
_Elog 11
2 10
ote 2log 2

log (11)
10

Thus time required for bacteria to reach 200000 is =t = 1 log 211 hrs
“log| ==
25(5)
23.  Find the general solution of the differential equation % =™
Solution:
The given differential equation is % = e, Simplify the expression
@ _ e'e’
dx
= ay =e"dx
ey

= e dy =e*dx

Integrate both side
Ie‘ydy = Iexdx
=—-e’'=e+D
—e'+e’=-D
=e*+e”’ =C(C=-D)

Thus the general solution of given differential equation is e* +e™> =C
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Exercise: 9.5

1. Show that, differential equation (x* +xy)dy =(x*+y*)dx is homogenous and solves
it
Solution:

Rewrite the equation in standard form

ﬂ_XZ_i_yZ
dx x>+ xy

Checking for homogeneity

X2 +y?
)=y
(2x) +(2y)

= Flaxay)= (/1x)2 +(Ax)(AY)

22 (%% + yz
= F(lx,ﬁy):ﬁ
X2 +y°

= F(Ax,4y)= Ty

= F(Ax,Ay)=F(Ax,1y)

Thus it is an homogeneous equation

Let y=vx

RS (1+v2)
dx X2 +(1+Vv)

I . .
U o
< 35
e —
+ Il
><N ><I\J
S E
=R
X<
N—
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dv  1+V?
SV+X—=
dx 1+v
dv 1+ V2
dx 1+v

dv 1+v —v—V?
dx 1+v

dv 1 Y]
dx 1+v

Separate the differentials

1+vd dx
1-v X

Integrate both side

J'1+_Vd__

:Iﬁdvﬂogx—logk

:Ilfvdv—ji:zdv:logé

X
—2log(1-v)- | dv=Ilog—
= —2log(1-V) J'v 09
X

= —2log(1-v)—v=log—~

k

v:—logE—Zlog(l—v)

gty
x(1-v)

Back substitute v =

> |<




Infinit})" .. Sri Chaitanya
Learn | Educational Institutions

:>X=Iog

T2
=
X

(x-y)’
Yk
=er = .
(x=y)
, oy
= (x-y) =kxe *

oy
The solution of the given differential equation (X — y)2 =kxe *

2. Show that, differential equation y'= XLXy is homogenous and solves it

Solution:
Rewrite the equation in standard form

dy _x+y

dx X
Checking for homogeneity

X
it

AX+ Ay
AX

= F(Ax,4y) =
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= F(x,y)=F(4x,1y)

Thus it is an homogenous equation
Let y =vx

d(vx)  x+(vx)

dx X

dx _dv x(1+v)
SV—+X— =
dx  dx X

dv
=SV+X—=1+V
dx

:xﬁzl
dx

Separate the differentials

dv:%
X

Integrate both side
dx
dv=|—
Jov=[=

:>jdv:logx+logk

=V =logkx

Back substitute v =

x <

:X:Iogkx
X

=y = xlog kx

The solution of the given differential equation y = xlogkx
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3. Show that, differential equation (x—y)dy—(x+y)dx =0is homogenous and solves it
Solution:
Rewrite the equation in standard form

dy _x+y

dx x-y
Checking for homogeneity

X
F(x,y)=x%§

= F(Ax,Ay)= j;ig

A(x+Y)

= F (Ax,Ay)= 20y)

= F(Ax, Ay) =Y

X—-y
= F(xy)=F(ixAy)
Thus it is an homogeneous equation
Let y =wx

d(vx)  x+(vx)

dx X —VX

] . . e
U Y U
> < <
g2 Y g|e
I o.|o. +
L << =
|‘+ I Q-|Q-
< |< N x| <
| |‘+ I
< < |I< X [ X

|
N
I+

SIS
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dv_ 1+v-v+V?

&_ 1-v

y_1+v2
dx 1-v

Separate the differentials

1-v dx
Sdv=—
1+v X

Integrate both side

1-v dx
j sdv=|—
1+v X

1 v
:>Il+v2 dV_-[l+v2 dv=logx+C

2v
1+v?2

1
,1 v
= tan V—EI dv=Ilogx+C
Lo 1 ,
= tan V—E|Og(1+v )=logx+C
i 1 )
Stan_lvzllogxz+£|og(1+\,2)+c
2 2
Dta“_1V:£|09[X2(l+v2)]+C
2

Back substitute v = y
X

2
—tan™ (lj=£|og[x2 (1+ y2 j}rc
X 2 X

. .
Y U U
'_‘\—-
+ |7
<N<
o
<
1
< |
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1
tant[ 2 |=Z10g(x2 + y?)+C
=t L)=2log(x + v

The solution of the given differential equation tan™ (lj = % Iog(x2 + y2)+C
X

4. Show that, differential equation (x2 — yz)dx+ 2xy dy =0 is homogenous and solves it

Solution:

Rewrite the equation in standard form

2 2

dy_x-y
dx  2xy

Checking for homogeneity

(2%) =(2y)

F(AX,Ay)=—
= P AY) == )
AZXZ_AZ 2
=F (/’lx,/ly) :—Txyy
/12(X2—y2)
F AY)=———— 2~
= F (A%, Ay) (2]
X2 — y?
F(AX,Ay)=—
= F(Ax,4y) 2y

=F(xy)=F(Ax1y)

Thus it is homogenous equation

Let y =vx

-
—_
>
<
N—
Il
|
<
N N
> ||
< <
N
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2

d(w) X —(v)
dx 2x(vx)

dx _dv X(v-1)
Vet X—=——"7
dx dx  x*(2v)

dv v -1
SV+X—=
dx 2V

dv v -1
= X—=
dx 2v

dv vZ-1-2v?

& 2V

v 1+V°
X—=—

dx 2v

Separate the differentials

2V dx
Sdv=——
1+v X

Integrate both sides

1+v? S X

J‘ZV _%

= log(1+V*)=—log x+C
= log(1+Vv*)+logx=C

= Iog[x(1+v2)J =C

Back substitute v =

oz

X |<
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2 2
:{X -y j:kk=e°
X

= x> +y? =kx

The solution of the given differential equations x* + y* = kx

5. Show that, differential equation x? % =x*—2y?+xy is homogenous and solves it

Solution:

Rewrite the equation in standard form

dy _x*-2y’+xy
dx X2

Checking for homogeneity

X2 =2y +xy
F(xy)= 72
AP =222y +(Ax)(Ay)
A2X?

= F (Ax,Ay)=

A% (x*=2y* +xy)

= F(Ax,Ay)= pEw

2 2
jp(ﬂx,gy)zLyz"'xy

=F(xy)=F(ix,A1y)
Thus it is an homogenous equation

Let y=vx

d (vx) _ x? —2(vx)2 +X(VX)
dx x?
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dx dv X (1—2v2 +v)
Sy )
dx dx X2

dx

ISP YE
dx

Separate the differentials

L zdv:%
1-2v X
Integrate both side
J‘%dv= %
1-2v X
31 1 dv=Ilogx+C
241
-V
2
1 1
= - |———dv=Ilogx+C
2‘[[1)2_\/2
2
Ly
3% 11 |09\/1E =logx+C
2)(7 R
5 1E
1 1+\/§v|
= lo =logx+C
22 gl—\/fv| g
Back substitute v = %
()
- log XA _jogx+C
L)
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| X2y o x4 C
= 0g =log x+
2\/E |X—\/§y|
The solution of the given differential equation ——| [x+2y log x-+C
€ solution o € given dirrerential equation 0g =log X+
2\/5 |X—\/§y|

6. Show that, differential equation xdy — ydx = «/ x? + y?dx is homogenous and solves it

Solution:

Rewrite the equations in standard form
xdy = X% + y?dx+ ydx
2 2
N % _ Jx +y° +y
X X

Checking for homogeneity

X +yi 4
F(X, y) #

X

2,2 2,2
:F(ﬂx,ﬂy):‘/ﬁ X“+ Ay + Ay

AX

A7 (X +y?)+ Ay
AX

AT )

AX

’2 2

= F(Ax,4y)=

= F (Ax,Ay)=

= F(xy)=F(Ax,Ay)

Thus it is an homogenous equation
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dx

Separate the differentials

! dv:%

V14V X

Integrate both sides

dv=|—
1+v? X

= log ‘v+»\/1+v2

J~ 1 _ X

=logx+logC

Backs substitute v =

2
= log X+,/1+y—2
X X

y+ 1+ %2
X

.S

= |<

=log Cx

= log =log Cx

y+/1+x% =Cx?

The solution of the given differential equation y ++1+x* = Cx?
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7. Show that, differential equation

{x cos( yj+ ysin ( yj} ydx = {ysin (XJ - xcos(l]} xdy is homogenous and solves
X X X

it
Solution:

Rewrite the equation in standard form

{xcos( yj+ ysin ( yj} ydx = {ysin(lj— xcos(lj} xdy
X X X
{xcos(yJ + ysin (yj} y
ﬂ _ X X
o {ysin (yJ— xcos(y)}x
X X
Checking for homogeneity

ol o)
e )

:
oy 1)
() )

SO i 1 O
o)

F(xy)=

= F(Ax,Ay)=

n
—~
N
x
NS
<
N—"
Il
f—jg_‘\F—J;_‘\
< =<
0, Q
5 2
VR VR
x < | % |<
A AN /
| +
< < u
o » > |< | X <
o - ><
n = pa
7~ \|~—/—/ o
X |< | X |< 173
N N
H_J\_ﬁf_J
> < N—
Hf_/
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Thus it is an homogenous equation

Let y=vx

d (w) ) {x cos(x):/j +Vvxsin (\z(j}vx
ax {vxsin(t()—xcos(vjj}x

dx _dv x*{cosv+vsinv}v
SV—+X— = —
dx dx X {vsm v—cosv}

dv vcosv+v sinv
dx  vsinv—cosv

=>V+X—

dv vcosv+v smv
dx VSinVv—cosV

(v _ VCOSV +V?sinv—v?sinv+vcosv
dx vsinv—cosv

dv 2vCcosvV
S>X—=—
dx vsinv—cosv

Separate the differentials

vsinv —CcosvV dx
—_ dv=2—
VCOSV X

Integrate both side

J~vsmv CosV ZJ-
VCosV

vsinv cosV dx
[NV g, [ L8V o &
VCOSV VCOSV

:jtanvdv—jldv: 2log|x|+logC
v

= log|secv|—log|v| = logC|x’
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|secv]|

=log—/—— = IogC|x|2
v

= secv = Cvx?
Back substitute v=-=:s
—secl=C (Xj X

X X
= cos? = LS k= 1

x xy C
The solution of the given differential equation is cosl e L

XXy
8. Show that, differential equation x% —y+Xxsin (lj =0 is homogenous and solves it
X X
Solution:
Rewrite the equation in standard form
xﬂ— y+xsin(lj =0
dx X
(Y

—Xxsin| =
o TN )
dx X
Checking for homogeneity

y—Xxsin (yj

F(xy)=

x <

X

Ay —Axsin (’W)
AX

F(Ax,Ay)= —
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ﬂ(y—xsin(yn
X
F(AX,Ay)=
= F(Ax 4y) —

y— xsin(yJ
= F(ix,ly)zfx

= F(xy)=F(AxAy)

Thus it is an homogenous equation

Let y=vx
vx—xsin(vxj
d(vx) _ X
dx X

dx dx X

=>V+ xd— =v-sinv
dv .
= X— =-sinv
dx
Separate the differentials

idv:—%
sinv X

Integrate both side

dx
I cosecvdv = —J' o~

= log|cosecv—cotv|=—log x+logC

C
= log|cosecv —cotv|=log—
X
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’ :>cosecv—cotv=;
1 cosv_C
sinv sinv X
=1-cosv=—sinv
X
Back substitute v =
—1-cosy==sinY
X X X
= x(l—coslj = Csin(lJ
X X
The solution of the given differentia equation x(l—cos X] =Csin (lj
X X
9. Show that, differential equation ydx+ xlog [X) dy — 2xdy =0 is homogenous and
X
solves it
Solution:
Rewrite the equation in standard form
ydx = 2xdy — x log (lj dy
X
dy_ oy
dx 2x—xlog (yj
Checking for homogeneity
y
F(X,y)=
(x) ;

< |<

2x—xlog (xj
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Ay

Ay

= F(Ax,Ay)=
2Ax—Axlog (j

AX

Toeon])

= F(axAy)=—L
2x—xlog (ij

= F(xy)=F(Ax,A1y)

= F(Ax,4y)=

Thus it is an homogenous equation

Let y=vx
d(vx) VX
dx 2x—x|og(vxj
X
dx _dv XV
SV—+X—=

dx dx x(2-log(v))

dv v
SV X—=————
dx 2-log(v)

dv Vv
=>X—=
dx 2-logv

XQ_V—2v+vlogv
dx 2—logv

xﬂ— viogv-v
dx 2-logv

Separate the differentials

2—logv dv:%
viogv-v X
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’ Integrate both side

IZ—Iogv dv— dx
viogv-v X
jMdvﬂongogC
v(logv—v)

1 1-logv

d dv=I logC

:Iv(logv—l) V+Iv(|ogv—1) v =109xIog

1 1

—————dv—|=dv=IlogCx.......... 1

:Iv(logv—l) Y v V=IO ®

Solving:

J.;dv
v(logv-1)
Substituting logv—1=t

logv—1=t
= 1 dv =dt
v

Thus the integral will be
1 dt
- dqv=[=
:Iv(logv—l) Y J‘t

1
—————dv=logt
:Iv(logv—l) V=19

1
———dv=log(l -1
:Iv(logv—l) v=log(logv—1)

Using above result for solving (1)

= log(logv—1)—logv = log Cx
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= log

logv-1 _ log Cx
v

logv-1 _Cx

= log

Back substitute v =

|Ogl_
X

= =Cx

= Iogl—lz Cx(lj
X X

:Iogl—1:Cy
X

The solution of the given differential equation Iog%—lz Cy
10.  Show that, differential equation (1+ edex +e’ [1—§j dy =0 is homogenous and

solves it
Solution:

Rewrite the equation in standard form

[1+edex+ey[l—iny=0
y

Checking for homogeneity

Q_|Q_
< | X
Il
@D
7\ < |x< ><‘\<
= /N
+ =
1] |
< | >
N < | =<
~—
x <
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e’ [1—")
Uy

F(xy)= -
[1+eyJ

er[1-X
= F(Ax,Ay)= [—ij
£1+ey]
= F(xy)=F(4x1y)

Thus it is an homogenous equation
Let x=vy

o © 1)

d W
g 1+e’

dv e'(1-v)
_+yd_:_ -
y l+e

=V+ ﬂz_ev(l_v)
ydy 1+¢€'

dv  e'(1-v)
:>yd—:— Z
y l+e

dv_ —e"+ve'-v-ve'
= y—=-
dy l+e

\'

U M
[ &
oo S
< |I< ;
NS
<
N—"
Il
(9}
— &
+ N
H
@ [
— < | X
—
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O G
dy 1+e"

Separate the differentials

1V+e dv:—d—y
e’ +v y

Integrate both side

1+e"  ~ cdy
jeV+vdv__IV

Iev +1dv=—logy+logC ........... (1)
e’ +v

Solving the LHS integral. Substitute e’ +v =t
e’ +v=t

= (" +1)dv=dt

Solving the expression (1)

1 C

= log(t) = IogE
y
= log(e"+v)= Iog%

e +v=—
y

. X

Back substitute v=—
y

X

v X
=el+-=

¢
y oy
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X

:>ye9+x=C

X

The solution of the given differential equation yey +x=C

11.  For the differential equation (x+y)dy+(x—y)dx=0. Find the particular solution for

the condition y =1 when x=1
Solution:

Given differential equation is

(x+y)dy+(x—y)dx=0

N

dx  x+y

Checking for homogeneity

X-y
F(X, y):—ry

:F(ﬁx,ﬂy)=—j(x_y)

= F(ﬂx,ﬂy):—ézly)

= F(x y)=F(Ax,A1y)

Thus it is an homogeneous equation

Let y=vx

o
o |—
<R
—
I
|
X [ X
+ |1
?A
B
— N~
—~~
x
< +
~ <
~
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dv v-1
SV X—=——
dx v+1
dv_v-1
dx v+1

dv v-1-v’-v

Ei v+1
dv 14V
dx v+1

Separate the differentials

v+1 dx
Sdv=——
1+v X

Integrate both side

1+ V2 dv= X

J'V+1 _%

% 1
dv + dv=—-logx+k
:>~[1+v2 J‘1+v2 g

:%Iog(1+v2)+tanlv+logx: k
= %Iog[x(1+v2)}+tanlv: k

Back substitute v = %

2
:>1Iog x[1+y—zﬂ+tanll =k
2 X X

= Z1og| XY }tan‘llzk
2 X

Now y=1and x=1
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2,12
31|09 YA antiok
2 1
k= 1 log 2 + z
2 4

The required particular solution

2 2
:>1Iog Xy +tan‘1l:1I092+Z
2 X X 2 4

12 For the differential equation x’dy+(xy+y*)dx =0. Find the particular solution for

the condition y =1 when x=1
Solution:
Given differential equation is x’dy +(xy +y*)dx=0

2

Oy xy+y

dx NG

Checking for homogeneity

2

Xy+y
F(X'y):_ N

(Ax)(Ay)+A%y?
A2x?

= F(Ax,1y)=—

/Iz(xy+ y2)

= F (Ax,Ay)=— pEv

2

= F(Ax, Ay)=- Xy;;y

= F(xy)=F(Ax,A1y)

Thus it is an homogenous equation
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Let y =vx

dx dv w4 viX?

SV—FX—=— -
dx dx X
v o xXE(vev?)
SVHX—=———F—=
dx X
\4 2
SV+X—=-V—V
dx
v
= X—=-Vv>-2v
dx

Separate the differentials

1 dx
5 dv=——
VS +2v X

Integrate both side

1 dx
[——dv=—[&
Ve +2v X

—J'V+2 \ dv=-logx+logC

v+2

V+2 1
= dv-= dv=—1 logC
I (V+2) Y 2-[v(v+2) v =—logxiog
1¢1 1¢ 1
DEIVdV—EIde——IogX+|OgC

1 1 C
Zlogv—=log(v+2)=log—
= 510gv-7log(v+2)=log—

:>1IogL—logE
2 Tv+2 X
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5
- =
V+2 X
v._c
v+2 X
Back substitute v = %
Yy o
X
:>y =7
=+2
X
2
= Xy =C?
y +2X

The required particular solution

2

- XY
y+2X

5
3

= y+2x=3x°y

13.  For the differential equation {xsin2 (ﬁj — y} dx+xdy =0. Find the particular solution
y

for the condition y :% whenx =1

Solution:
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Given differential equation is {xsin2 (ﬁj — y} dx+xdy =0
y

Lo =l

dx X

Checking for homogeneity

|:(x,y)=_$§j_y

X

ﬂxsinz(ﬂxj—ﬂy
Ay

AX

) ﬂ(xsin2 Gj— YJ

AX

= F(Ax,Ay)=—

xsinz(yj—y
= F(axy) =X

= F(x,y)=F(ax,1y)

Thus it is an homogenous equation

Let y =vx

dx dv —xsinz(v)+vx
SV— 4 X—=
dx dx X

dv .
= V+X—=-SIiN“V+V
dx

] . . e
o
s
N—"
Il
|
>
(25
>
N
>
=< | =
N—
|
Y




Infinitj»" .. Sri Chaitanya
’ Learn | Educational Institutions

dv _—
= X—=-8in"v
dx

Separate the differentials

dx
cosec’vdv = ——

X

Integrate both sides
jcos ec’vdv = — _[ X
X

= —cotv=—logx—logC

= cotv=IlogC x

Back substitute v =

x <

:>cotX=Iong
X

Now y=%andx=1

T

cot% =logC(1)

=logC =cot%

=logC =1
=C=e
The required particular solution

= cot% =log |ex|
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14, For the differential equation % _y +COoS ec (lj _0. Find the particular solution for
X X X

the conditiony =0and x = 1

Solution:

Given differential equation is y_y +Cosec (lj =0
dx x X

:ﬂzx_cosec(zj
dx X X

Checking for homogeneity

F(xy) =¥—cosec(%}

= F(Ax,Ay)= Y _cos ec(lj
X X

= F(xy)=F(Ax,1y)

Thus it is an homogenous equation

Let y=vx

d(vx)
dx

=v—cosec(V)

dx dv
= V—+X—=V—cosec(V)
dx dx

dv
= V+X——=V—cosec(V)
dx

dv
= X—=—cosec(V)
dx

Separate the differentials

. dx
sinvdv = ——
X
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Integrate both sides

. dx
jsm vdv = —j?

= cosv =log|Cx|

Back substitute v = %
y_

= cos= = log [CX|
X

NowY =0andx=1
0
= c0s- = log|C1

=logC=1
=C=1
The required particular solution

= cos% =log |ex|

15.  For the differential equation 2xy + y* —2x° »

conditiony =2 when x =1

Solution:

dy

0. Find the particular solution for the

Given differential equation is 2xy + y* —2x° % =0

2
Ly _2y+y’
dx 2x°

Checking for homogeneity
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2xy +y°
F(X' y): 2X2

2(Ax)(Ay)+A%y?

= F(Ax,Ay)= Y%

2
= F (A%, Ay)= ZX;’;V

= F(xy)=F(Ax,A1y)
Thus it is an homogenous equation

Let y=vx

d(vx) _ 2x(vx)+(vx)2
dx 2x°

dx dv 2v+V?
SV—+ X— =

dx dx 2
dv e
SV+HX—=VH—
dx 2
dv V°
= X—=—
dx 2

Separate the differentials
2
vi 2\ x
Integrate both sides

dv dx
=15

—2+1
=
—2+1

=log|x|+C

:>—2:Iog|x|+c
v
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y

’ Back substitute v = "
X log|x|+C
Nowy=2and x=1
= 2y =log[l]+C
=>C=-1
The required particular solution
:_ﬁ =log|x| -1
y
2X
=y= x#0,e
y 1-log |x|( )
16.  What substitution should be used for solving homogeneous differential equation
dx_ hm
dy y
Solution:
The required equation substitution will be
X
— =V
y
= X=Vy
The correct answer is (C)
17 Which of the following equation is homogeneous
A) (4x+6y+5)dy—(3y+2x+4)dx=0
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B) (xy)dx—(x"+y*)dy =0

C) (X*+2y*)dx+2xydy =0

D) y?dx+(x* ~xy—~y*)dy=0
Solution:

For option (A)

F(x ):§Xigfiﬂ
4x+6y+5

3y +2Ax+4

F(AX,Ay)=—"—"""—"—
( y) 42X +61y+5

F(Ax,Ay)=F(x,y)

For option (B)

X = Xy
F ( ! y) X3 + y3
(4x)(2y)

F(Ax,Ay) :W

F(Ax,Ay)= z(:i "

F(Ax,Ay)=F(xYy)

For Option (C)

xX° +2y?
F(xy)=—
(X y) 2xy
X +22%y?
F(Ax,Ay)=—22—°"22
() 2(Ax)(2y)
A +2y°
F(Ax,Ay)=—2>"°
(4x.25) 2xy
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F(AxAy)=F(x,y)

For option (D)

2

)y
AZyZ
F(AX,Ay)=—
( X y) ﬂzxz_(ﬂX)(ﬂy)—ﬂzyz
y2
F(ﬂX,ﬂy):—m

F(Ax Ay)=F(xY)

Thus the correct answer is option (D)
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Exercise: 9.6
1. Find the general solution for the differential equation :—y+ 2y =sinx
X
Solution:
. . . .. dy .
The given differential equation is d—+ 2y =sin X
X
It is a linear differential equation of the form g—y+ py =Q, with
X
p=2
Q=sinx

Calculate the integrating factor
LE—el™

S F=e®

= |.F =¢*

General solution is of the form
y(1.F)=[(QxI.F)dx+C

ye?* = [ sinx(e*)dx+C

= ye” =1+C(1 = [sinx(e”)dx).......... (1)
I = [sin x(e*)dx

= 1 =(sin X)J'e2X dx—j((sin x)'jezxdx)dx

2X 2X
== e—sin x—_[(cos x(e—ndx
2 2
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== %sin x—%j[cos xjezxdx—j((cos x)'(_[ezxdx)ﬂ dx

2 1] e* 1 o
=l="—sinx—= —cosx+—je (smx)dx
2 2| 2 2

2X 1 2X 1
= | =—sinx—=| —cosx+—=1
2 2| 2 2

2X 2X

) 1
=l =—sinx———cosx——1|
2 4 4

5 e2x 2X
= — | =—sinx——-—cos x
4 2 4

2X 2X

e .
sin x—?cosx

=1 =

e2x
== ?[ZSin X—Cos x|

Back substituting I in expression (1)

2X
= ye¥ = e?[Zsin x—cosx]+C

=y= %(Zsin X —cos x)+Ce ™

The general solution for given differential equation is y = %(ZSin X —COS X)+ Ce™

2. Find the general solution for the differential equation %+3y =g

Solution:

The given differential equation is g—i +3y =




Infinityy ., Sri Chaitanya

Learn Educational Institutions
Itis a linear differential equation of the form g—i+ px =Q, with
p=3
Q= g2

Calculate the integrating factor
ILF—el™

1 F el

= |.F=¢*

General solution is of the form
= y(I.F)=[(QxI.F)dx+C
= ye¥* = Ie’zx (e™)dx+C

= ye¥ = Ie’ZMX dx+C

= ye* :.[eX dx+C

= ye¥=e"+C
—y=e>+Ce™

The general solution for given differential equation is y =& +Ce™>*

3. Find the general solution for the differential equation :—i+% =x°
Solution:
The given differential equation is %+¥ =X’
dy

It is linear differential equation of the form ™ + py =Q, with
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’ 1
p="
X
Q=x*

Calculate the integrating factor

J'de
= |.F=¢ex

= |.F =¢"¥"

=1.F=x

General solution is of the form
y(1.F)=[(QxI.F)dx+C
= yx=_[x2(x)dx+C

:>xy=_[x3dx+C

4
. . . . . X
The general solution for given differential equation is xy = 7+C

4. Find the general solution for the differential equation

dy T
— +(secx)y=tanx| 0<x<—=
dx ( )y ( 2)

Solution:

The given differential equation is % +(secx)y =tanx

It is a linear differential equation of the form g—i+ py =Q, with
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’ p=Secx
Q=tanx

Calculate the integrating factor

LF=el™

sec xdx

=I1.F= eJ
—~|F= elog(secx+tanx)
=I1.F =(secx+tan x)
General solution is of form

y(1.F)=[(QxI.F)dx+C

= y(secx+tanx) =.|'tan x(secx+tanx)dx+C
= y(secx+tanx)= jtan xsecxdx+Jtan2xdx+C
= y(secx+tan x) = secx+ [ (sec® x—1) dx+C

= y(secx+tan x)=secx+_[sec2 xdx—jdx+C

= y(secx+tan x) =secx+tanx—x+C

The general solution for given differential equation is

y(secx+tanx)=secx+tanx—x+C

5. Find the general solution for the differential equation

cos’ xﬂ+y=tan x(os XSEJ
dx 2

Solution:
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dy

The given differential equation is cos® xd— +y=tanx
X

dy 2 2
—+(Sec” X =Sec” xtan x
dx ( ) y

It is linear differential equation of the form % + py =Q, with
X

p =sec’ X
Q =sec? xtan x
Calculate the integrating factor

|F=¢l™

—|E= eJ'sec2 xdx

tanx

=I1l.F=e

General solution is of the form
y(1.F)=[(QxI.F)dx+C

= ye™ = Iem”x (sec® xtan x)dx+C

=y = | +C(I = [ (sec” xtan x)dx) ............. (1)

Solving the integral |

| = _[e‘a” (sec® xtan x)dx
Substitute tan x =t

tanx =t

= sec” xdx = dt

:>|=je‘tdt

= 1 =t[e'dt— [((t)' [e'dt)dt
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= =te‘—|!(e‘)dt
=1 =te'—¢
Back substitute t:

| =tan xe™™ —e™"*

Back substitute | in expression (1)
= ye™ =1+C

= yetanx — tan Xetanx _etanx + C

tan x

The general solution for given differential equation is ye""* = tan xe*™* —e"™"* +C

6. Find the general solution for the differential equation xg—y +2y =x"log x
X
Solution:
The given differential equation is xg—y+ 2y = x* log x
X
dy + = y = xlog x
dx x

It is linear differential equation of the form % + py =Q, with

x| N

p:
Q =xlog x

Calculate the integrating factor
ILF—e™

Igdx
= |.F=ex

= |.F =g
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log x?

=|.F=e
= |.F=x

General solution is of the form
y(1.F)=[(QxI.F)dx+C

= yx’ =fx2(xlog x)dx+C
:>yx2:I+C(I:j'x3Iogxdx) ........ (1)
Solving the integral |

I=J.x3 log xdx

= | =log xj x3dx—j((log x)'Idex)dx

= | =§Iogx—j(%[§ndx

x* 1
=1 =""logx—=|x*dx
4 g 4-[

Ne 1 x*
=X Jogx-=[| X
=1 e[

4 4

X X
=l=—logx——
4 16

Back substitute I in expression (1)

=y’ =1+C
4 4
, X X
= yx" =—Ilogx——+C
¥ 4 J 16

4

=Yy ::—6(4Iog x-1)+Cx”
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4
The general solution for given differential equation is y = :—6(4 logx—1)+Cx~

7. Find the general solution for the differential equation xlog x%+ y= ; log x
Solution:
. . . Lo dy 2
The given differential equation is xlog x& +y= S log x
v,y _2
dx xlogx x?
It is linear differential equation of the form % + py =Q, with
1
p =
xlog x
2
Q==

Calculate the integrating factor

|F—el™

Il dx
= |.F =¢ X

Substitute logx =t

logx =t
:>1dx=dt
X

I%dt

=Il.F=e

= |.F =g

=1.F=t
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General solution is of the form

= y(I.F)=[(QxI.F)dx+C

= ylogx:jx—zz(log x)dx+C

:>y|ogx=I+C(I =I%(Iogx)dxj ............ (1)
Solving the integral |

| = J%(Iog x) dx

I =2:Iog xj%dx—]((log x)'j%dx]dx}

Back substitute I in expression (1)

ylogx=1+C

= ylogx:—é(log x+1)+C

The general solution for given differential equation is ylog x = —E(Iog x+1)+C
X
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8. Find the general solution for the differential equation

(1+x*)dy + 2xydx = cot xdx (x  0)
Solution:

The given differential equation is

(1+x*)dy + 2xydx = cot xdx (x  0)

dy 2xy cotx
— 4 =
dx 1+x* 1+x°

It is linear differential equation of the form % + py =Q, with
D= 2X
1+ Xx°
_cotx
1+ x?

Calculate the integrating factor

LF=¢l™

Zxd

= |.F ="
Substitute log x =t
1+ x% =t

= 2xdx = dt

j%dt

=Il.F=e

= |.F =g
=I1.F=t

= |.F=1+%x

General solution is of the form
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y(1.F)=[(QxI.F)dx+C

cot x
= y(1+x*)= 1+ x*)dx+C
y(14x) = [ (1)
= y(1+x*) = [ cotxdx+C
= y(1+x*)=log[sinx|+C
The general solution for given differential equation is y(1+ x2) =log|sinx|+C
9. Find the general solution for the differential equation
x%+ y—X+xycotx=0(x=0)
Solution:
The given differential equation is X%—i— y—X+xycotx=0
X
:>d—y+1—1+ ycotx=0
dx X
:>—y+(£+cotxjy=1
It is linear differential equation of the form Y, py =Q, with

[
p=| =+cotx
X

Q=1
Calculate the integrating factor
LF—el™

1+cot x]dx

:>I.F=ej(X
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1
J.fdx+jcotxdx
= I.F=ex*
=1F= e'°9x+|og(sinx)

log(xsinx)

=Il.F=e
= |.F =xsinx

General solution is of the form
y(1.F)=[(QxI.F)dx+C

= y(xsin x)=j(1)(xsin x)dx+C
:>xysinx=|+C(I=Ixsinxdx) .......... 1)
Solving the integral |

I =_[xsin xdx

== xjsin xdx—j((x)'jsin xdx)dx

=3 =x(—cosx)+j(cosx)dx

= | =Xxcos x+sin x
Back substitute I in expression (1)
xysinx=1+C

= XySin X=—XC0SX+Sinx+C

1
= y=—-COtX+—+—
X XsInx

. . . . L 1
The general solution for given differential equation is y =—cot x+—+ S
X Xsinx

10.  Find the general solution for the differential equation (x+ y)% =1

Solution:
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The given differential equation is (x + y)g_i =1
W1
dx Xx+y
=>-—=X+Y
= % —-X=Y
dy

It is differential equation of the form %+ px =Q, with
y

p=-1
Q=y

Calculate the integrating factor

| Py

I.LF=e

L F =gl

=I|.F=e”’

General solution is of the form
x(1.F)=[(QxI.F)dy+C

=N x(e‘y):j(y)(e‘y)dy+C
=xe’=1+C (I = j ye’ydy) ............. 1)
Solving the integral |

I :Iye’ydy

=1= yje*ydy—f((y)'je*ydy)dy
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=1 =—ye” +[((1)e)dy
=l=-ye”’ +_|‘e‘y dy
=l=-ye’ e’
Back substitute I in expression (1)
xe?V=1+C
=>xe’'=-ye'-e?+C
=>x=-y-1+Ce¢’

= Xx+y+1=Ce’

The general solution for given differential equation is x+ y +1=Ce’

11. Find the general solution for the differential equation ydx + (x — yz)dy =0
Solution:
The given differential equation is ydx+(x—y*)dy =0

2

_, Y,
dy y

dx [1)
=—+|—[X=Y
dy \y

It is differential equation of the form ?+ px =Q, with
y

Calculate the integrating factor

QO o
Il Il
< < |
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LE—el™

1
:>I.F:eIy

= |.LF ="

=lLF=y

General solution is of the form
x(1.F)=[(QxI.F)dy+C

=x(y)=[(y)(y)dy+C

:>XY=Jy2dy+C

=>xy=--+C
Y73

2
The general solution for given differential equation is X = y? +9
y

12. Find the general solution for the differential equation (x +3y2)% = y(y > 0)

Solution:

The given differential equation is (X+3y2)% =y

%_x+3y2
dy y

I . . e
U
E3 v
,_'x I
oo|“<M -
N ! 3
I
w
<<
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It is differential equation of the form %+ px =Q, with
y

1

p=—=
y

Q=3y

Calculate the integrating factor
LE—el™

e
=|lF=e"?

= |F=e"

= ILF=¢""

:>I.F:1
y

General solution is of the form

X(1.F)=[(QxI.F)dy+C

-l

:>§=3Idy+c

=Z_3y+C
y

= x=3y*+Cy

The general solution for given differential equation is x = 3y” +Cy
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13.  Find particular solution for g—i+ 2ytan x =sin x satisfying y =0 when x =%

Solution:

The given differential equation is %+ 2y tan x =sin x
X

dy .
—+(2t =
dX+( anx)y =sinx

It is differential equation of the form j—i+ py =Q, with
p =2tanx
Q=sinx

Calculate the integration factor

|F=¢l™

2| tan xdx
=Il.F=e I

2log|sec|

=IlF=e
log(secx)?

=Il.F=e

= |.F =sec® x

General solution is of the form

= y(1.F)=[(Qx1F)dx+C

= ysec” x = [ (sin x)(sec” x) dx+C
= ysec’ X = _[tan xsecxdx+C

= ysec’ x=secx+C

= y =C0s X+ C cos” X
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14.

Given y =0 when x=%

0 = cos (zj +C cos?® (zj
3 3

Therefore the particular solution will be
= Yy =C0S X — 2C0S” X
The particular solution for given differential equation satisfying the given conditions is

y = CO0S X —2C0S° X

Find particular solution for (1+ xz)%+ 2xy = 1 1x2
+

satisfying y=0 when x =1

Solution:

The given differential equation is (1+ xz)% +2xy =1 lx
+

2

ﬂJ{ 2X jy_ 1
dx \1+x? (1+x2)2

It is differential equation of the form g—i+ py =Q, with
D= 2X
1+ x?
1
Q= =
(1+x )

Calculate the integrating factor
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padx

I.F:eJ

2% g
= |.F =g ¥

2log|secx|

=Il.F=e

| E= elog(1+x2)

= |.F=1+x°

General solution is of the form

y(1.F)=[(QxI.F)dx+C

:>y(1+x2)=j (1+x2)dx+C

2

(1+x?)

1
1+ X

dx+C

= y(1+ xz):j .
= y(1+x*)=tan"* x+C
Given y=0 when x=1
0(1+1)=tan"(1)+C

:>C+£=O
4

—c=-2
4
Therefore the particular solution will be
= y(l+x?)=tanx-Z
y(1+x°) 7

The particular solution for given differential equation satisfying the given conditions is

_ T
y(1+x2):tan 1X—Z
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15. Find particular solution for :—y—3ycotx=sin 2x satisfying y =2 when x=%
X

Solution:

The given differential equation is % —3ycot x =sin 2x
X

dy i
—+(-3cot =sin2
dX+( cotx)y =sin2x

It is differential equation of the form 3—y+ py =Q, with
X

p =-3cot X
Q =sin2x

Calculate the integrating factor

|F=el™

-3 cot xdx
=Il.F=e ]

—3log|sin x|

=I1.F=e

General solution is of the form

y(1.F)=[(Qx1F)dx+C
- y(Sin13 xj - I(Sin 2X)[sinlB xjdHC

1 . 1
=2 d
:y(sinsxj I(sm xcosx)(sin3xj X +C
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’ y COS X
= =2 dx+C
sin® x J.(sinzxj
= y3 :chotxcosecxdx+c
sin® x
= y3 =-2cosecx+C
sin® x
= y=-2sin*x+Csin’x
Given y=2 when x=%
2=—2$in2[£j+Csin3(£j
2 2
=C-2=2
=C=4
Therefore the particular solution will be
—y:x+y

= y=-2sin*x+4sin’ x
The particular solution for given differential equation satisfying the given conditions is

y =-2sin® x+4sin® x

16. Find the equation of a curve passing through the origin given that the slope of the

tangent to the curve at any point (x, y) is equal to the sum of the coordinates of the
point
Solution:

. . dy . .
According to question the slope of tangent ﬁ is equal to sum of the coordinate
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’ The given differential equation is

ﬂ:x+y

dx

g—i+(—1)y=x

It is differential equation of the form g—i+ py =Q, with

p=-1
Q=x

Calculate he integration factor

LF—el™

S F=el®
=|.F=¢"

General solution is of the form
y(1.F)=[(QxI.F)dx+C
=y(e™)=[x(e™)dx+C

— ye X =—xe™* +I(e‘x )dx+C
=>ye=-xe—-e +C

= y=-—x-1+Ce”

= y+x+1=Ce"

Given y=0 when x =0 as it passes through origin

0+0+1=Ce°

=C=1
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Therefore the equation of the required curve is y+x+1=¢"

17. Find the equation of a curve passing through the point (0,2) given that the sum of the
coordinates of any point on the curve exceeds the magnitude of the slope of the

tangent to the curve at that point by 5

Solution:

Let the slope of tangent be g—i

According to question
X+y= dy +5
dx

The given differential equation is

x+y=%+5

dy
2L 41(-1)y=x-5
5 Ty =x

It is differential equation of the form g—i+ py =Q, with

p=1
Q=x-5

Calculate the integrating factor
|.E=el™
—1.F=e "

=|.F=e~

General solution is of the form

y(1.F)=[(QxI.F)dx+C
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y(e™)=[(x-5)(e™)dx+C
=y(e™) =_|‘x(e‘x)dx—'[e‘X dx+C
= y(e™)=x[edx—[((x) [e™dx)dx—5[e~dx+C
= ye " =-xe”" +j.(e‘x)dx+5e‘X +C
=ye =-xe " +4e+C
= y=—Xx+4+Ce™
= y+x—4=Ce™"
Given as it passes through (0,2)
2+0-4=Ce’
=C=-2

Therefore the equation of the required curve is y+ X +4 =—-2¢*

dy

18. Find the integrating factor of the differential equation xd— —y=2x
X

Solution:

Given differential equation is x%— y = 2%

Thus it is a linear differential equation of the form :—i+ py =Q

] . VB
= U
Il Q_|Q_
| X |<

< |~ |
TN
X | =
~—

<

Il

N

>

N
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_J.de
=Il.F=e"*

—logx]

=I1l.F=e

logx*

=I|.F=e

= I.F:i
X

Therefore integrating factor is 1 .
X

Thus the correct option is (C)

19. Find the integrating factor of the differential equation

(1- yz)j—;+ yx=ay(-1<y<1)
Solution:

Given differential equation is (1— yz)g—;+ yX = ay

dx y _ay
:>d_y+(1—y2}(_ (1—y2)

Thus it is a linear differential equation of the form %+ px=Q
y

U U - o
— — L I
: : Il =
T M ® | A
I I = <
o [}
® ®__ 2
N - lr‘
<
Tl e
Sol< £
Qo
<
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N | F _ e—%log(l,yz)

1
L LE =)’

1
1-y?

=I|.F=

Therefore integrating factor is
1-y?

Thus the correct option is (D)



