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Chapter: Three-dimensional Geometry.
Exercise: Miscellaneous Exercise

1. We need to show that the line determined by the points (3,-5,1), (4,3,-1) is
perpendicular to the line joining the origin to the point (2,1,1)

Solution: Let us consider the points be 5(315’ _1) and C(413’ _1) and the line joining the
origin 0(0.,0,0) ang A(2.1.1)

We can tell that the direction ratios of OA and BC will be 2, 1, 1 and
(4-3)=1(3-5)=-2 gnq (-1+1)=0 respectively

As we know that for lines to be perpendicular, then && B0, +¢,c, =0
Now, && +0b, +¢¢, =2x1+1x(~2)+1x0

=2-2+0

=0

Therefore, the lines are perpendicular

2. We needed to show that direction cosines of the perpendicular to both of the lines
M, —=myny, My, =nol, hm, =1, My e b M Ny gng by MM gre the direction
cosines of two mutually perpendicular lines.

Solution: Let us take hlz +#mum, +nn, =0...(1), 17 +mf +nf =1...(2), I} +my +n7 =1....(3)
Let us consider I,m,n be the direction cosines of the line with direction cosines
L,m,n ang l:m,.n,

We got, I, +mm, +nn, =0 gng I, +mm, +nn, =0
. 1 o m n
“mn,-mn nl—nl  Lm,—lLm
1? m?

n
= 2 2 2
(m1n2 _m2n1) (nllz _nzll) (Ilm2 _Izml)

2

1> +m*+n?
= 2 2 2 ------
(4)
(mn, —m,n,)" +(nl, —n,l,)" +(l,m, —1,m,)
As we know that I, m, n are the direction cosines of the line, we get that

1 +m’ +n’ =1......(5)

As we know that,
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(If +m? +nf)(|22 +m; +n22)—(I1I2 +mm, +nn,)
=(mn, —mznl)2 +(ny, —n2I1)2 +(I,m, —I2ml)2

Now, from (1)(2)(3) we get
=11-0=(mn, —-m,n, )" +(nl, —n,1,)* +(l,m, —Izml)2

~(mn, —myn )" +(nl, —n,L ) +(Lm, —1,m,)* =1....(6)|
By putting the values from equation (5) and (6) in equation (4), we get

|2 m> 2
= = _1

(m1nz_mzn1)2 (nllz_n2|1)2 (Ilm2_|2rnl)2_

=1=mn,-m,n,

n

m=nl,-n,l,
n= I1mz - |2m1
Therefore, the direction cosines of the required line are MM, —M,n;, Ml —npl, Lm, —1,m,
3. The direction ratios are a, b, ¢ and b-c, c-a, a-b, find the angle between the lines

Solution: As we know that, for any angle 8, with direction cosines, a, b, ¢ and b-c, c-a, a-b

can be found by,

a(b—c)+b(b—c)+c(c-a) ‘

cosf =
\/az+b2+02+\/(b—c)2+(c—a)2+(a—b)2 ‘

Solving this we get, €056 =0
@=cos'0
= 0=90°

Therefore, the angle between the two lines will be 90°
4. Find the equation of a line passing through the origin and line parallel to x-axis
Solution: As it is given that the line is passing through the origin and is also parallel to x-axis
IS X-axis,
Now,
Let us consider a point on x-axis be A
So, the coordinates of A will be (a, 0, 0)

Now, the direction ratios of OA will be,
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=(a-0)=a,0,0

x-0 y-0 z-0 x_y z
TheequationofOA:> 2 0 0 :IZBZEZa

Therefore, the equation of the line passing through origin and parallel to x-axis is

X y 1z

1 0 0

5. Find the angle between the lines AB and CD if the coordinates of the points A, B, C,
D be(1, 2, 3), (4,5, 7), (-4,3,-6) and (2, 9, 2) respectively.

Solution: It is given that coordinates A, B, C, D are (1, 2, 3), (4,5, 7), (-4, 3,-6) and (2, 9, 2)
respectively
We know that,

a =(4-1)=3b =(5-2) =3, =(7-3)=4
8, =(2-(-2))=6,b, =(9-3) =6,¢, = (2—(-6)) =8
b ¢ 1

C

& _h_ 6
a b, ¢, 2

— AB||CD

We get to know that the lines are parallel to each other.

Therefore, the angle between AB and CD is either 0% or 180°

_ _ o x=1 y-1 z-6 x-1 y-2 z-3
6. Find the value of k if the lines 3k 1 -5 and 3 ok o are

perpendicular.
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Solution: From the given equation we can say that & = —3,b =2k,c, =2 gpg
a, =3k,b,=1c,=-5

We know that the two lines are perpendicular, if &0 +bb, +¢c, =0
—3(3k)+2kx1+2(-5)=0

= -9k +2k-10=0

=7k =-10

-0
7

=k

Therefore, the value of k is _—710
7. Find the vector equation of the perpendicular to the plane F-(Ier Zj‘5|2)+ 9=0 ang
passing through (1, 2, 3)
Solution: According to the question, we can say that we have
r=(i+2j+3)
N=i+2j-5K
As we know we can express the equation of a line passing through a point and
perpendicular to the plane in form I=r+aN,2€R
We got,
F:(f+2j+312)+/1(f+2j—5|2)

Therefore, the vector equation to the plane will be | = (' +2] +3k)+ ﬂ(' +2] _5k) :

a ~

8. Find the equation of the plane parallel to the plane F-(' + i+ k) =2 and passing
through (a, b, ¢)

Solution: According to the question, plane is parallel to plane rl-(iAJr i+ IZ) =2 and it also
passes through point (a, b,c)
From this we get the equation,
(af+bj+cl2).(f+ j+|2):/1
=a+b+c=1

Now, putting value in equation, we get,
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Fl.(f+ J°+I2):a+b+c

Now we will put rl-(x'p+ i+ Zk) in equation, we get
(xf+yj+z|2).(f+ J°+I2)+a+b+c:>x+y+z—a+b+c

Therefore, the equation of the plane will be X+Y+Z=a+b+c,

9. What is the shortest distance between these two lines
r=6f+2j+2l€+/1(f—2i+2l2)
F =41 K-+ p(3 - 2] - 2K)

Solution: According to the question, we need to find the distance between the lines,
r=6f+2j+2|2+,1(f—2j+2|2)
F =—4f—|2+y(3f—2j—2|2)

As we know we can find the shortest distance by,

(@sz)-(éi_éz)
‘ b, <b,|

Now, from the equation of lines we get

d:

a =61 +2]+2k

b =i-2j+2k

b, =3 -2j—2k

= a, —a,=(-41 —K)— (67 +2]+2k) =-10f -2} -3k

i ] ok
=hxb =1 -2 2|=(4+4)i—(-2-6)]+(-2+6)k
3 2 2
=81 +8]+4k
(b;xb,).(8, &) = (8 +8] +4k).(~10f — 2 - 3K
—-80-16-12
=-108
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Now, putting these values in d=

" we get
‘ 108

Therefore, shortest distance between the above two lines is of 9 units.

10. Find the point of intersection where the line passing through (5, 1, 6) and (3, 4, 1)
intersecting through the YZ plane.

Solution: We know that the equation of the line passing through the points is

X=X _ Y=Y _2-1%

=X Y=Y 4,4
Now, according to the question, the line is passing through the point, (5, 1, 6) and (3, 4,

1), we get
Xx-5 y-1_ z—6:> Xx-5 y-1 7-6
3-5 4-1 1-6 -2 3 -5

=>x=5-2k,y=3k+1,z=6-5k

Now we know that any point on the line will be of form (5_2k’3k+L6_5k)’
Now for YZ plane, x=0, we get
x:5—2k:0:>k:g

= y:3k+1:3><§+1:E
2 2

=z=6-5k =6—5><§:—E
2 2

17 -13
Therefore, the required point of intersection O'? '

11. Find the point of intersection where the line crosses through the ZX plane and through
(5,1,6),(3,4,1)
Solution: As we know that the equation of the line passing through the point is

X=X _ Y=Y _2-1 '
=% Y= 2,7
According to the question, the line passing through (5, 1, 6) and (3, 4, 1), we got
Xx-5 y-1 7-6 x—5_y—1_z—6
3-5 4-1 1- 6 -2 3 -5

=k
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=>x=5-2k,y=3k+1,z=6-5k
As we know for any point on the line, it will be in the form of (5-2k,3k+1,6-5k),
Now, for ZX plane, y=0

= y:3k+1:0:>k:%1

-1

:>x=5—2k=5—2x(?)=£

3

7 -6-5k :6—5{‘_1):5
3) 3

17 23
Therefore, the required point of intersection 3’0'?
12.  Find the point of intersection where the line crosses through the plane 2X+Y+2=7
and through (3, -4, -5), (2,-3,1)
Solution: As we know that the equation of the line passing through the points

X=X _ Y=Y _2-1%

=X Y=Y 4,4
According to the question, the line passing through (3, -4, -5) and (2, -3, 1), we get,

Xx-3 y+4 _z+5:>x—3_y+4_z+5_k
2-3 -3+4 1+5 -1 1 6

=>x=3-k,y=k—-4,z=6k -5

As we know that the point on the line will be in the form of (3—k,k—4,6k-5)
As the point lies on 2X+Y+Z=7, e get

2(3—k)+(k—4)+(6k—5)=7

—=5k-3=7

=k=2

Now, by putting the value of k in equation, we get

(3—k,k—4,6k—5)=(3-2,2-4,6(2)-5)=(1,-2,7)
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Therefore, the point on the required plane (1, -2, 7)
13. Find the equation of the plane passing through the points (-1, 3,2) and perpendicular

to each of the planes X+2Y+32=5 gng 3x+3y+2=0
Solution: As we know that the equation for plane passing through the point can be given as,
a(x+1)+b(y—3)+c(z-2)=0
Now that we know a, b, c are direction ratios of normal to the plane,
We know that @& +BB, +¢,C, =0 the lines are perpendicular to each other,

Now, if X+2Y+32=5 jg perpendicular then,
a.l+b2+¢c3=0

=a+2b+3c=0

And if 3X+3Y+2 =0 js perpendicular then,
a.3+b.3+¢cl1=0

=3a+3b+c=0

Now,

a 3 b 3 c
2x1-3x3 3x3-1x1 1x3-2x3
:izgziz k

-7 8 -3

= a=-7k,b=8k,c=-3k

By putting values of a, b, ¢ we get



Infinityp ., Sti Chaitanya

Learn | Educational Institutions
—7k(x+1)+8k(y—3)-3k(z—2)=0
= (~7x=7)+(8y—24)~32+6=0
= —7x+8y-3z-25=0
=7x-8y+3z=25

[
e m e ab B e e S——
iy L
L)

-
=
CJ
&
.
K
]

\
/

Therefore, the equation of the plane will be 7X—8y+3z=25

14. For = (3f+ 4j _12k)+13 =0, the points (1, 1, p) and (-3,0,1) are at equal distance
from the plane, then find the value of p

Solution: According to the question the vectors are,
d =i+]+pk,a,=—4i +k
And the plane ‘s equation is T = (31 +4]-12k)+13=0

As we know that the perpendicular distance between vector and the plane can be found by

F.N=d,

Now,

D a.Na—d‘
N

N =3 +4]-12k goq d =-13
Then, the distance between the point (1, 1, p) and the given plane is
(f+ j+ pIZ).(Sf+4J°—12I2)+13‘

3 +4]-12k




Infinityp ., Sti Chaitanya

Learn Educational Institutions

3+4-12p+13 ‘
\/32 +4? +(—12)2

Similarly, the distance between the point (-3,0,1) and the given plane is
(—3f+|2).(3f+4j—12|2)+13‘

D2 = ~ Py ~
3l +4]-12k

‘ -9-12+13 ‘

=D, =
2 ‘\/32+42+(—12)2

Now, from the given conditions,
D, =D,

20-12p| 8
> 1=—
13 13

—20-12p=8,—(20-12p)=8
=12p=12,12p=28

Therefore, the value will be, P=LP= 3

15. Find the equation of the plane parallel to x-axis and passing through the line of
intersection of the planes F-(' i+ k) =1 and F-(Z' +3) - k)+4 =0

Solution: We have been given the two planes, F-(“ i+ k) =1l= F-('AJr j+k)—1= 0 and
r.(2f+3j—|2)+4=0

Now, we know that the equation of line passing through the line of intersection will
be,

[F.(f+ j+|2)—1}+,1[r.(2f+3j—|2)+4}=o

] . . e
U U U
A O e,
Il Il Il
c'TJ| © N
=
W
N
_ 1
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F[(22+2)7 +(32+1) j+(1-2)K | +(42+1) =0

a =(24+1),b,=(324+1),¢c,=(1-1)

As we know that the required plane is to be parallel to x-axis, the normal will
perpendicular to x-axis,

Now, the direction ratios of x-axis will be 1, 0, and 0, which means
a,=1b,=0,c,=0

1.(24+1)+0(32+1)+0(1-1)=0

=21+1=0

=>A=—=.
2

1
By putting A= "5 in(1)

. 1/.\ 3" [~ n
:r.[—zJ+Ek}+(—3):0:r(1—3k)+6:0

Therefore, the required Cartesian equation of the plane is y—-3z+6=0
16. If O be the origin and the coordinates of P be (1, 2, -3), then find the equation of the
plane parallel to x-axis and passing though P.

Solution: From the question we know that the direction ratios of OP will be
a=(1-0)=1b=(2-0)=2,c=(-3-0)=-3
Now, we know that the equation will be as,
a(x—x)+b(y-y,)+c(z—2)=0
As we can tell, the direction ratios of the normal are 1,2,3
Therefore, the point is P(1,2,-3)
Therefore, the equation of the plane is
1(x—1)+2(y—2)—3(z+3)=0
= X+2y-32-14=0
17.  Find the equation of the plane which holds the line of intersection of the planes
F-(“ 2] +3‘2)_4 =0, F-(Zf +]- 12)+5 =0 and is perpendicular to the plane
r.(5f+3j—6|2)+8=o

Solution: According to the question, it is given that,
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r(i+2j+3k)-4=0 ... (1)
r.(2f+j-K)+5=0 . (2)

Now, we know that the equation of the required plane will be,

|7 (i +2]+3) -4+ (2 + j-K)+5] =0

Now according to the question, the plane is perpendicular to the plane,
So, (51 +3j-6k)+8=0

~.5(24+1)+3(1+2)-6(3-4)=0

=194-7=0

:>/1:1
19

7
By putting value of A= 19 inequation(3)

i+ J+—
19 19° 19 9

Therefore, the required Cartesian Equation of the plane is 33X +49Y +50z2—41=0
18. Find the distance of the point (_l 5, _10) from the point of intersection of line
F =20 — j+2K+A(3+4]+2K) and the plane 7-(T— 1 +K)=5
Solution: According to the question, it is given that line is,
F =20 j+2k+ (381 +4]+2K)...(1) and the plane is , T-(I— i+K)=5.-(2)
Now, we will put the value of " from (1) into (2), we get
|2 = j 2K+ (3l +4+2K) ||({- j+K)=5
:>[(3l+2)f+(4l+1) j+(2/1+2)I2].(f— j+|2):5
=(31+2)—(44-1)+(24+2)=5
= 1=0

Now if we put the value in equation, we will get the equation of the line as

F=2i—j+2k
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Therefore, the required distance between both the points is,

d = /(-1-2)" +(-5+1) +(-10-2)° =O+16+144 169 =13
Therefore, the distance between the |points is 13 units.

a
|

19. Find the vector equation of the line parallel to the planes F-( -+ 2k) =9 and
F-(3f ++ k) =6 and passing through (, 2, 3)
Solution: Let us consider that line parallel to vector b js given by, b= bi +b, j+bk

Now, the position vector of point (1, 2, 3) will be &=1+2]+3K

From this we get that the equation of line passing through (1, 2, 3) and is parallel to

vector @ will be,

F=a+Ab

Therefore, the equation of the given planes are
F.(3f+j¢+l€):6 (3)
As we can tell that the line in equation (1) and plane in equation (2) are parallel, so we

get that the normal to the plane of equation (2) and the given line are perpendicular

:>(f—2j+2|2).,1(bli‘+b2j+b3|2)=o

= (b —b, +2b,)=0
=b-b+2b,=0 4)

Similarly,

(31+ +K).A (b +b, ] +bk) =0
= A(3b,+b, +b;)=0
=3b+b,+b,=0 ... (5)

From equation (4) and (5), we get

b, __ b, b
(—1)><1—1><2 2x3-1x1 1x1—3(—1)

=l
Il
—_—
-
+
N
>
+
w
>
S~
+
N
—_—
=N
+
O
N
>
+
wO'
~>
\.—/
A~
[N
~—~—
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Now, the direction ratios of b are —394
Which means b =bif +b, ] +bk =31 +5] + 4k
Putting the value of b in equation (1)
=(f+ 2j+3|2)+/1(—3f+5j+4|2)
20. Find the vector equation of the line passing through the points (1, 2, -4) and

x-8 y+19 z-10 x-15 y-29 z-5
perpendiculartothetwolines ~3~ =" ;7= 7 and T3 T g " g

Solution: According to the question, we get that D =bi +b,J+BK ang =i +2j -4k
We know that the equation of the line passing through point and also parallel to

vector, we get
r= f+2i—4l2+/1(b1f+b2j+b3I2)...(1)

Now, the equation of the two lines will be
x-8 y+19 z-10
3 -16 7
x-15 y-29 z-5 (3)

3 8 -5
As we know that line (1) and (2) are perpendicular to each other, we get
3b, —16b, + 7b, =0.....(4)

(2)

Also, we know that the line (1) and (3) are perpendicular to each other, we get
3b, +18b, —5b, =0.....(5)

Now, from equation (4) and (5) we get that

b, b b,
(—16)(—5)—8(7)  7(3)-3(-5) 3(8)-3(-16)
L _ b _b _b

24 36 27273 6

Therefore, direction ratios of b are 2,3,6
Which means D =21 +3]+6k

Putting P =21 +31+6K i equation (1), we get
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F=(i+2j-4K)+2 (2 +3]+6K)

/ F=|:'i'+iij--1.l-c:|+J\|;2'i'+3j+&‘|i:|

Therefore, the vector equation will be T =({ +2] —4k)+ /1(2' +3)+ Gk)
21.  Prove that if a plane has the intercepts a,b,c and is a distance of p units from the
1 1 1 1

St St =—.
a.2 b2 2

origin, then < p

X y z
Solution: We know that the equation of the planeis 7 * 1, "¢~ 1

The distance of the plane will be,

0 0 O
N T U 1
p= a b c —p=
\/ 1V (1P (1) 1 1 1
e IS e I 2ttt
(aj bj (cj a b
.1 1111
1 1 1 p* a b ¢
PO
1 1 1 1
Therefore, we have proved that 7 * 7 2 = s
22.  Distance between the two planes ; 2X+3Y+4Z=4 gnq 4x+6x+82=12 jq
(A) 2 units
(B) 4 units
(C) 8 units
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(D) E units
Solution: According to the question, the equation of the planes are
2X+3y+4z=4
4X+6y+8z=12
We get 2X+3y+4z=6
As we can tell, the given planes are parallel,
We know that the distance between two parallel planes, is given by,

64

dl_dZ

Ja? +b% +c?

D=

:>D=‘

2
Therefore, the distance between two parallel planes is _@ units.

Therefore, the correct answer is D.
23.  Theplanes: 2X—Y+42=35 gng 5X-2.5y+102=6

(A) Perpendicular
(B) Parallel

(C) Intersect y axis

5
(D) Passes through (O,O,Zj
Solution: According to the question we get,
2x—y+4z=5
5x—2.5y+10z=6

As we can see that,

As we can see that the given lines are parallel,
Therefore, the correct answer is B.
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