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Chapter: Three dimensional Geometry.
Exercise: 11.2

L Show that the three lines are mutually perpendicular if they have direction cosines be
12344123 .3 412
13'13'13'13'13'13'13'13 '13
Solution: As we know, if 1. + MM, +Mn, =0, the Jines are perpendicular
12 -3 -4 4 12 3
i Now, from direction cosines 73" 7373 and 73'73'73" We get

1L, +mm, +nn —Exi+(_—3jxg+(_—4jxi
MM, + M, 13 13 (13) 13 \13) 13

48 36 12
:> — —
169 169 169

=0

Therefore, the lines are perpendicular.

4 12 3 12 -3 -4
ii. Similarly, if we take 737373 and 73°73'73" we get

1L, +mm, +nn —ixi+gx —4 +i><E
mm; "2 13713 (13) \13) 13 |13
12 48 36
= - - =0
169 169 169

Therefore, the lines are perpendicular.

-3 -4 12 12 -3 4
iii. Again, if we consider 7373773 and 73°73° 13" We get

11, +mm, +nn —ixEJr _—4j><_—4+£>< _—4j
MM M, 13 13 (13) (13) 13 |13
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36 12 48

3 % o6
169 169 169
Therefore, the lines are perpendicular.
Therefore, we can say that all the lines are mutually perpendicular.
2 How can you show that the line passing through the points (L -1 2)(31 4, _2) is
perpendicular to the line through the points (0, 3, 2) and (3, 5, 6) ?
Solution: Let us consider that AB and CD are the lines that pass through the points,
(L_l 2)'(3'4' _2) and (0'3'2)'(3’5’6)’ respectively,
Now, we have & =(2).b=(5),¢, =(-4) and 8 =(3).b,=(2),c, =(4)
As we know that if AB L CD then &2, +bb, +¢,c, =0
3 Show that the line through the points (417’8)(2’ 3, 4) is parallel to the line through the
points (l _2’1) (l 2, 5).
Solution: Let us consider the lines AB and CD that pass through points (4’7’8)'(2’3' 4)' and
(-1-21),(125) respectively.

Now,

aa, +hb, +cc, =2x3+5x2+(—4)x4
= 2%x3+5x2-4x4=6+10-16

=0

Therefore, AB and CD are perpendicular to each other.




Infinit})" ., Sri Chaitanya
’ Learn Educational Institutions

-

Now, we get
8 =(2-4),b,=(3-7).¢,=(4-8) ang & =(1+1).b, =(2+2),c, =(5-1)
3 =(-2),b,=(-4),¢,=(4) and & =(2).b, =(4),c, =(4)

& G

Now, we know that if AB|CD then 7= =% ¢
a2 b2 C2

Now,

i:—_Z _1’E_—4 1’Cl: 4__1

a 2 b, c, 4

Weaqt 2R -G

e got a, b, ¢,
Therefore, AB is parallel to CD.
4. Find the equation of the line if it is parallel to vector 3i+2j-2K and which passes

through point (1, 2, 3).

Solution: Now, let us consider the position vector A be &= i+2]+3K and let
b=31+2]-2k

Now, we know that the line passes through A and is parallel to b,

As we know T =8+D \where 4 is a constant

:>r=f+2j+3|2+/1(3f+2j—2|2)

Therefore, the equation of the ling is T =1 +2] +3K+ 4(31 +2] —Zk)
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’ 5 If the line passes through the point with positive vector 21 = J=4K and is in the
direction i+2j-k . Find the equation of the line in vector and in Cartesian form.
Solution: We know that the line passes through the point with positive vector
Now, let us consider 8= 20— j+4K gng b=i+2j-k
Now, line passes through point A and parallel to b, we get
F=20—j+4k+2(i+2-K)
Therefore, the equation of the line in vector form is T = 21 = ] +4k +/1(' +2] - k) :
Now, we know
F=xi—yj+z2k =X —yj+ 2k =(A+2)[ +(24-1) j+(-A+4)k
X-2 y+1 z-4
Therefore, the equation of the line in Cartesian form willbe —y— ="~ ="
6. If the line passes through the point (-2, 4, -5) and parallel to the line given by
X+3 y—-4 z+8
3 5 g  findthe Cartesian equation of the line.
Solution: We know that the line passes through point (-2, 4, -5) and also parallel to
X+3 y-4 7+8
3 5 6
Now, as we can see the direction ratios of the line are 3,5 and 6.
Xx+3 y-4 748

As we know the required line is parallel to ~3~ = "5 6

Therefore, the direction ratios will be 3k, 5k and 6k

As we know that the equation of the line through the point and with direction ratio is

X-X% — y_Y1:Z_Zl
a b c

shown in form

X+2 y—-4 z+5
Therefore, the equation of the line 3 - 5 - 6
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7. Write the vector form of the line if the Cartesian equation of a line is

Xx-5 y+4 7-6
3 7 2

Solution: As we can see the Cartesian equation of the line, we can tell that the line is passing

through (5’ 4, —6)’ and he direction ratios are 3, 7 and 2.

Now, we got the position vector @ =51 —4]+6K
From this we got the direction of the vector be b=3I+7])+2k

Therefore, the vector form of the line will be T =9I —4j+6k+ /1(3f +75+ 2k)

8. If the line passes through the origin and (5. —2’3), find the vector and the Cartesian

equation of the line.

Solution: According to the question, line passes through the origin,

Now, the position vector will be a=0
As the line pass through the point (5, 2, 3), the direction ratios of the line through
origin will be 5, 2, 3

As the line is parallel to the vector P =51 =2] +3k

We can say that the equation of the line in vector form will be T = /1(5' ~2] +3k)

Y
2

o | x
w| N

And, the equation of the line in the Cartesian form will be
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9. If the line passes through the point (3' -2, _5)’(3’ -2, 6)’ find the vector and the

Cartesian equation of the line.

Solution: Let us consider the points be P(37 2, _5) and Q(3’ —2, 6)’ so the line passing
through the point will be PQ.

Therefore, the position vector will be a=3-2j-5k and the direction ratios will be
(3-3)=0,(—2+2)=0,(6+5)=11

As the equation of the vector in the same direction as PQ, we get

b=0i —0]+11k =11k

Therefore, the equation of the line in vector form will be F=3i-2]-5k+11k4 and

_ _ @ X-3 y+2 7+5
in Cartesian form it will be 11 11 11

=32 Sp+4 (00 1t

10. Find the angle between the lines
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(i) T =21 —5]+K+A (31 ~2]+6K) gng F =71 —6K-+ (i +2]+2K)
Solution: Let us consider the angle be 0

8,
e

As we know that the angle between the lines can be found by €086 =

a

As the line are parallel to B =31 +2]+6K ang b, =1 +2]+2K e got
by =V/3" +22 + 67 =7,[b,| = V1 + 27 +2° =3 g

b, = (31 +2]+6K)(F +2]+2k) =19

Therefore, the angle between the lines will be

cosd =

7x3

= 6@ =cos == 19

(i) T =31+ 1-2k+A(f - j-2K) ang F:3f—j—56l2+u(3f—5j—41€)

— A

Solution: As the lines are parallel to the vectors b =1-]j-2k 3pg b =3 —5]+-4K,

we get ‘bl‘ \/1 + +(_2 =6, |b ‘_\/32 B ) =572 and

bb, _( —j —2k)(3f—5j+—4|2):16
Therefore, the angle between them will be,

cose——6
1043
= €00 =—=
53

=60= cos‘1i

5V3
11. Find the angle between the lines

o x=2 y-1 2743 X+2 y-4 1-5
02 "5 zad Ty

Solution: Let us take B and P2 be the vectors parallel to the lines, we get
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61 = 2|p+5J°—3lz and 52 = IF+8JG+4I2

Now [ =2 157 +(-3F =38, = (1) +8 4 =9
And,
bb, =(2i‘+5j—3|2)(—f+8j+4|2)

=2(-1)+5(8)+4(-3)

=26

We can find the angle by using C0s6 = |£1|t|;32|
Therefore,

cosé = %

— @ =cos™ (%}

26
: cos | ——
Therefore, the angle will be (9 138 j

z Xx-5 y-2 7-3
1 and 7 1 3

Solution: Similarly let us consider 51 and 52 be the vectors parallel to lines, we get
b=21+2]+k nq b, =41+ j+8k
Now, |51|=./22 +2% 4+ (1) =3,\62\=\/42 +12+82 =9 g
b, = (27 +2]+1K).(4f + j +8K)
=2(4)+2(1)+1(8)
=18

|

ioN
=2

As we know the angle can be found by €0S¢ =

e

Therefore,

COS&ZQ:E
17 3
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=@ =cos™ (Ej
3

a2
Therefore, the angle is €05 1&}

1-x 7y-14 z-3
12.  We needed to find the values of p so the line 3 2p ~ and

7-7Xx y-5 6-z2
3p 1 T are at right angles.

Solution: As we know that the correct form of the equation is as follows,

x-1 y-2 7-3 x-1 y-5 7-6

3 2p 2 ad3p T T g
7 7
From this we get the direction ratios as
2 -3
a =-3b =7p,c1 =2 and & =Tp,b2 =1c,=-5

As we know the lines are perpendicular, we get
aa, +b1b2 +¢C, =0
= 9p + 2p =10

—11p=70

70

= pD=—
¢ 11

70
Therefore, the value of p is 77 .

X-5 y+2
13. We needed to show that the lines 7 = g5

z X _ y 1
~7 and 7 =% ~ 3 are perpendicular

to each other.
Solution: From the given equation, we get the direction ratios as,
a1 =71b1 =_51C1 =1,8.2 =1,b2 =2’CZ =3

As we know, if && +Bib, +¢,6, =0, the lines are perpendicular to each other

Now,

7(1)+(-5)2+1(3)=7-10+3=0
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Therefore, the lines are perpendicular.
14.  Ifthe lines are F:'A+2j+‘2+ﬂ(f_ j+|2) and F =2~ j_‘z+ﬂ(2f+ j+2l€), find
the shortest distance between them.
Solution: We have been given lines, T =1 +2] +K +’1(' =] _k) and
F =20 - K+ p(20+ j+2K)
(le #2) a, _51)‘
As we know that the shortest distance can be found as d = |51 N | ‘
2
Now, from the given lines we get that

O
X
N
Il
N = =
|
H
N >
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= b, xb, =31 +3k

Then, |61 X52| = \/(_3)2 +30=3\2

Now, if we put all the values in theirs places, we get

J_ (—3?+3I€)(f—3j—2l€)‘ d- _3(1)+3(2)

i 32 - —\—3@ ‘
9 32

“m\:‘d:T

32

Therefore, the shortest distance between the lines is 2 units.

x+1 y+1 z+1
15. Find the shortest distance between the lines 7 > 6 = 1 and

X-3 y-5 z-7
1 -2 1

Solution: As we know that the shortest distance can be found by,

X=X Yo=Y 4,774
& by G
aZ b2 C2
\/(blcz —bzcl)2 +(c.a, —c2a1)2 +(ab, - azbl)2
Now, from the given lines we got that

x =-1 y1=—1121:—1,31=7,b1=—6,(:1=1

d=

X,=3,y,=512,=7,a,=1b,=-2,¢c,=1
And,

X=X Y=Y, Z,-z| |4 6 8
a b, c, |=|7 61
a, b, c, 1 21
=4(—6+2)—6(1+7)+8(-14+6)
=-16-36-64

=-116

And,
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\/(blCZ _b2C1)2 +(ca, —Czam)z +(ayb, _azbl)z = \/(—6+ 2)2 +(1+ 7)2 +(-14+ 6)2

J(be, ~b,c,)’ +(ca, —c,a,) +(ab, ~ah)’ =229

Putting all the values, we get

4116
229

458 _ 5829
J29 29

58
d="2 =d|=2/29

Therefore, the distance the distance between the lines is 2@ units.

16. Find the shortest distance between the lines whose vector equations are
F=i+2]+3K+A(7 8] +2K) gng I =41 +5]+6ke+, (2l +3]+K)

r:f+2j+3l€+,1(f—3j+2|2)

Solution: We have been given lines and

F=4f+5j+6|2+y(2f+3j+|2)

As we know that the shortest distance between the lines can be found by,

4= (leﬁz)(az_él)‘

Bl |
Now, from the given lines, we got
a=1+2]+3k,b =i—-3j+2k

a, =41 +5]+6K,b, =21 +3]+Kk

a,~a = (4 +5]+6k), (i +2]+3K)

=31 +3j+3Kk
i ] kK
bxb, =1 -3 2
2 3 1

= b xb, =—91 +3]+9k
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’ |51x|52|=,/(—9)2+32+92 =319
Now, putting all the values, we get
d :‘L‘zi
319 19
3
Therefore, the shortest distance between the lines is E units.
17.  We needed to find the shortest distance between the lines whose vector equations are
F=(1-t)i +(t—2) j+(3=2t)K gng F =(s+1)i +(25-1) j—(25+1)k
F=(1-t)i +(t—2)j+(3-2t)k

Solution: We have been given lines ( ) ( )J ( ) and

a =1-2j+3k b =—i +j—2k,

a,=i-j—kb,=i+2]—2k

a,-4a =(f—j—|€),(f+2j+3k)= j— 4k,

] oK
bxb,=[-1 1 -2
1 2 =2

=D xb, =21 -4 -3k,

b, b, = (2)° +(-4)’ +(-3)° =29

(Bxb, )x (8, &) = (2 -4 -3K)(j-4K)

=—4+12

F=(s+1)i +(2s-1) j—(2s+1)k

:r:f—zj+3|2+t(—f+i—2|2) and r:f—j+|2+s(f+2j—2|2)
Now, the shortest distance can be found by,

q =‘(51Xbi)(?'2 _51)
‘ |b1><b2|

Now, from the given lines we got,
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Putting all the values, we get

d_‘ 8 ‘_ 8
J291 29

8
Therefore, the shortest distance between the lines is ﬁ units.



