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Chapter: Three-dimensional Geometry.
Exercise: 11.3

L Determine the direction cosines of the normal to the plane and the distance from the

origin.
(@) z=2

Solution: It is given that equation of the plane is z=2
Now we can tell that the direction ratios are 0,0,1.

Which means YO+0+1° =1

Now we will divide both sides of equation by 1, we get
0+0+2=2
1
Therefore, the direction cosines and distance of the plane is (01 0’1) and 2 units

respectively.

(b) X+Y+2Z =1

Ans : X+Y+Z=1 js the equation of the normal
Now, from the equation given we can say that the direction ratios of normal are 1,
land 1.

Which means VI* +1° +1° =3

Now we will divide the equation by V3, we get
L d 1,1
B BB B
1 1 1
Therefore, the direction cosines and distance from the origin | 3 /5’ 2

3 V3 V3

1
And ﬁ units respectively.

(c). 2X+3y—2=3

Solution: 2X+3Y =2 =3 js the equation of the normal

Now, from the given equation we get the direction ratios of normal as 2, 3,-1.
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2
Which means y22+32+(-1)" =14

Now, we will divide the equation by \/1_4 we get

3 1 5

2
X+ — Z=
N7 RN v N VRN,V

Therefore, the direction cosines and the distance from the origin of the normal are
2 3 -1 5

RN \/1—43nd \/1—4units respectively.

(d) oy+8=0
Solution: 9Y ¥8=0=0x+35y+0z =-8 js the given equation
Now, from the equation we can tell that the direction ratios of normal are 0,-5 and 0.
2
Which means y0° +(-5)" +0" =5
Now, we will divide the equation by 5, we get
8
5
Therefore, the direction cosines and the distance from the origin of the normal are 0,-
2. Find the vector equation of plane which is at the distance of 7 units from the origin
and the normal vector 3! +5] 6K
Solution: Let us consider the normal vector be & =31 +5] 6k
c_ N _3+5]-6k _3i+5j-6k
We know that |ﬁ| m J70

8
1,0 and ¢ units respectively.

As we know the equation of the plane with position vector is shown in form rA=d :

Therefore,
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_(31+5]-6k
=7 — | =7
S

o o[ 3T +5j -6k _
Therefore, the vector equation is in the form '- —«/ﬁ

3. Find the Cartesian equation of planes
(a) F.(f-l— j—k\)= 2

Solution: We have been given equation of the plane as F'(' +- k) =2

As we know, the position vector is T = Xi+yj -2k
Putting the values of " in equation, we get

(xf+ yj—zl?).(ﬁ j—l?)=2

=>X+y-2=2

Therefore, the cartesian equation will be X+Y—2=2
by T-(2F +3]-4k)=1

Solution: We have been given equation of the plane as F.(2| +3) _4k) =1

As we know the position vector M s given by,

o 2 (>
|

r=X+yj—zk

Putting the values of " in equation, we get

(X1 + yj—zl?).(Zi +3j—4l2)=1

=2x+3y-4z=1

Therefore, the Cartesian equation will be 2X+3y —4Z=1X+y-2=2

© T((s=20)7+(3-1) j+(2s+1)k)=15
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Solution: We have been given equation of the plane as

r.((s—2t)i+(3-t) j+(2s+t)k)=15

As the position vector is in form as T = Xi +yj -2k
Putting the values of " in equation, we get
(xf+yj—zIZ).((s—Zt)f+(3—t) j+(25+t)|2):15
=(s—2t)x+(3-t)y+(2s+t)z=1

Therefore, the cartesian equation will be (S—2t)X+(3=t)y+(2s+t)z=1
4. Find the coordinates of the foot of the perpendicular drawn from the origin.
a) 2X+3y+4z-12=0

Solution: Let us consider the coordinates of the foot be (Xl’ Yis Zl)

Now, we have been given equation as 2X+3y +42-12=0

As we can tell the direction ratios will be 2, 3 and 4.
Which means, V2*+3 + 4 =29

Now, we will divide the equation by V29 , We get
2 3 4 12
NN RN RN
The coordinates of the foot of the perpendicular will be,

( 2 12 3 12 4 12 )

V29 29' 29729 V29 29

24 36 48
= = = =
[29 49 29)

24 36 48
Therefore, the coordinates of the foot of the perpendicular will be (2_94_9 ’ 2_9j

(b) 3y+4z-6=0
Solution: Let us take the coordinates of the foot of perpendicular be (Xv Yis 21)

Now, we have been given equation as 3Y +42—6=0

As we can tell the direction ratios will be 0,3 and 4.
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Which means, VO+3° +4° =5
Now, we will divide the equation by 5, we get

3. 4.6
OX+-y+—-2=—
5° 5 5

Now, the coordinates of the foot of the perpendicular will be,

18 24
Therefore, the coordinates of the foot of the perpendicular will be (0’ o5 gj

(c) X+Yy+Z =1
Solution: Let us consider the coordinates of the foot of perpendicular be (Xr Y 21)

Now, we have been given equation X+Y+2=1

As we can tell the direction ratios will be 1, 1 and 1.
Which means, P+1°+1° =3
Now, we will divide the equation by VB, we get

2 1
— X+ —

1 1
Ny A
B BB TER
Now, the foot of the perpendicular will be,
(LLLLLLJ

111
===z
(3 3 3)

1
Therefore, the coordinates of the foot of the perpendicular will be (5'

Wl
~—

Wk

(d) :>5y+8:0\

Solution: Let us consider the coordinates of the foot of perpendicular be (X1 Y 21)

Now, we have been given equation as Y +8=0=0x-5y+0z=8
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’ Now, we can tell that the direction ratios will be 0,5 and 0.

Which means, VO+5°+0=5

Now, we will divide the equation by 5, we get

.8
5
8
Therefore, the foot of the perpendicular will be 01(_1)@’0

8
Therefore, the coordinates of the foot of the perpendicular is (0’ ’(gj’oj.

5. Find the vector and Cartesian equation of the planes

(a) That passes through the point (1' 0, _2) and the normal to the plane is i+ -k
Solution: Now, according to the question, the position vector of point (1’ 0, _2) be = i -2k

Now, the normal vector N perpendicular to the plane will be N=i+]-k

!

Now, the vector equation of the plane will be in form (r—é)- =0

>
)
o
—*t
=
@D
©
(@]
wn
=
<
(¢}
<
@D
(@]
—
o
=
o
—r
QD
=)
<
Ee]
e.
>
—
o
~—~~
X
<
N
~
D
«Q
@D
—

(3 yi+2K)=(7=2K) | (+ ] -K) = 0= [ (x=D)T +yi +(z+2)K (i + j-K) =0
=(x-1)+y—(z-2)=0
=>X+y-2=3

Therefore, the equation will be X+Y—2=3,
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(b) That passes through the point (1,4,6) and the normal to the plane is i-2j+k

Solution: Now, according to question, the position vector of point vector of point (1,
4, 6) will be

— o

a=i+4j+6k

—

As we know that the normal vector N perpendicular to the plane, N

a
|

—2j+k

So, the vector equation of the plane is will be in form,

[F—(f+4i+6l€)}.(f—2j+l€):0

As, T is the positive vector of any point p(x,y,z) in the plane,

Now,

=(x-1)-2(y—4)+(z-6)

0

0

=(x-1)-2(y—-4)+(z-6)
=>X-2y+z+1=0
Therefore, the equation of the plane will be x-2y+z+1=0.

6. If the plane passes through the given points, Find the equations of the plane.

@ (12-1).(64.5). (429

Solution: Now, let us consider the points be A(LL_2)7 8(61 4 _5)’(:(_4’ =2, 3)

1 1 1
Now,|6 4 -5/=(12-10)-(18-20)—(12+16)=2+2-4=0
4 2 3

Therefore, A,B,C are collinear points,
The number of planes passing through will be infinite

(0) (1,1,0), (1, 2, 1), (-2,2,-1)
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Solution: Now, let consider the points be A(ll,O)), B(l 2’1)’C(_2' 2,0

110
Now, [1 2 1|=(-2-2)—(2+2)=-8%0
2 2 _

From this we get to know that a plane will pass through the points A, B, C

Now, the equation of the plane through the points will be,
X=X Y=y, ZI-17 x-1 y-1 z

X, =X Y,=Y, Z,-7|=0=| 0 1 1|=0
X=X Ys= Y 4374 -3 1 -
=(-2)(x-1)-3(y—-1)+3z=0=-2x—3y+3z+2+3=0

=-2X—-3y+3z=-"5=2x+3y-3z=5

\ /
Therefore, the equation of the plane is 2x+3y -3z =5.
7. Find the intercepts cut off by the plane 2x+y—-z=5
Solution: Now, the equation of the plane is given as 2x+y—z=5
Now we will divide both sides by 5, we get intercepts,

ﬁ+X—5=1:>i+l+i=1
5 5 5 5 5 -5

2
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’ Now, as we know the equation of a plane in intercepts form is X, Y, < =1 As

We can see that we got a :g,b =5,c=-5 as the intercepts of the plane.
Therefore, the intercepts of the plane will be 2,5 and 5.

8. Find the equation of the plane parallel to ZOX plane and having intercept 3 on the y-
axis.

Solution: We have been given plane ZOX with intercept 3
As we know, if the plane is parallel to the equation, it will be in the form y=a
Since the y-intercept of the plane is 3, we get
A=3
Therefore, the equation of the required plane is y=3.

9. Find the equation of the plane through the point (2,2,1) and the intersection of the
plane 3x—y+2z—4=0 and x+y+z-2=0

Solution: As it’s given that the equation of the plane pass through the intersection of the
planes 3x—y+2z—4=0 and x+Yy+z—2=0, and passes through the point (2, 2, 1)

We know that (3x—y+2z—4)+a(x+y+z—2)=0,a R

Therefore, (3x2—-2+2x1-4)+a(2+2+1-2)=0

:>2+3a=0:>a:—§
. 2
Now, putting o = —3 we get

(3x—y+22—4)—§(x+ y+z-2)=0

=3(3x—y+2z-4)-2(x+y+2-2)=0
= (6x—3y+62-12)-2(x+y+z—-2)=0

=7Xx-5y+4z-8=0
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Therefore, the equation of the plane will be 7x—5y+4z-8=0
10. Find the vector equation of the plane passing through the point (2, 1, 3) and the

intersection of the planes F.(2f+ i2—3l2) =7, F.(2f+5j+3lz) =9

Solution: It is given that the equations for planes passes through (2, 1, 3) and the intersection
of the given planes,

:>r.(2f+2j-3|2)-7=o and r.(2f+5j+3|2)—9=o
Now, the equation of the required plane will be
[r.(zh2j—3&)—7}+,1[r.(2f+5j+3|2)—9}=o,,1eR
r.[(zh2j—3|2)+,1(2f+5j+3|2)]=91+7
r.[(2+22)i +(2+52) j+(32-3)k | =92+7

As plane passes through (2, 1, 3), the position vector will be,

F=2i+2]+-3k

Putting this in equation F.[(2+22)f+(2+5/1) j+(3/1—3)lq =91+7 we get,
(2f+2j+—3|2).[(2+2,1)f+(2+5,1) j+(3z-3)1€}=91+7
=(2+22)+(2+51)+(31-3)=94+7

—184-3=91+7
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11.

:>92:10:>/1=%

After putting this value in equation T (2+22)1 +(2+54) +(32-3)K |=92+7 we

Will get,

- r.[38f+68j+3|2] ~153
Therefore, the vector equation will be F.[38f +68] + BIQ} =153

Find the equation of the plane perpendicular to the plane x—y+z=0.

And through the line of intersection of the plane x+y+z=1 and 2x+3y+4z=5

Solution: It is given that the equation of the plane is perpendicular to x—y+2z =0 and pass

through the intersection of planes, we got
(X+y+z-1)+A(2x+3y+4z-5)=0

= (24+1)x+(34+1)y+(41+1)z—(54+1)=0

From this we can tell that a, =(24+1),b,(34+1),c, =(41+1)

Now, according to the question the plane is perpendicularto x—y+z=0
Wegot, a, =1b,=-1c, =1

We know that if planes are perpendicular, then,

aa, +bb,+cc, =0

=(24+1)—(34+1)+(44+1)=0

:>3/1+1:0:>l:—%

By putting the value in equation (24+1)x+(34+1)y+(44+1)z—(54+1)=0, we

got

1 1.2
—X+=2+—-=0
3 3 3

=X-2+2=0
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)
2x+3y +4z=6 :
Therefore, the equation of the plane will be x—z+2=0
12.  For these vectors equations of planes F.(Zf +2]- 3I€) =5 and F.(Bf -3)+ 5I2) =3,
find the angle between them.
Solution: According to the question we have been given two equation of planes,
r.(zi“+2j—3|2) =5 and r.(sf—3j+5|2) X

N T PR

Now, we know that if i, and f, are normal to the planes, then,
rn=d, and r.n,=d,,

fi.fi

As we know, we can find the angle by cosé =

2
||
We got,

A, =2i +2] -3k and f, =31 —3] +5k

w M, = (27 +2]-3€) (3 -3] +5K ) = 2.3+2(-3) +(-8)5 =15,

=2 420 +(-3) =7
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i = /3 +(-3)" +(5)" =43

Now, by putting all these values in equation cosé = _| ;1”;2 |
1 2

cosé = ‘_—15

17443

15 4| 15
= C00s0 = — = @ =Cos
J731 {\/731}
- 4| 15
Therefore, the angle between them is & =cos ™| —— |.
J731

13. Determine whether the given planes are parallel or perpendicular, and in case they are
neither, find the angles between them.

Solution: We know that the direction ratios of normal to the plane are a,,b,,c, and a,,b,,c,,

& _b

We know that if lines are parallel then, === = & and if lines are
a‘2 2 CZ

Perpendicular then a,a, +bb, +¢.c, =0

a,a, +hb, +Cc, |

The angle between the planes can be found by, 8 =cos™
\/af +b; +Cf\/a§ +b? +c ‘

(@ 7x+5y+6z+30=0 and 3x—y—-10z+4=0

Solution: The equations are given as 7x+5y+6z+30=0 and 3x—y-10z+4=0
From the equations we got &, =7,b, =5,¢c, =6 and a, =3,b, =-1,¢, =-10

Now we will check whether the planes are perpendicular or parallel, then

Now, a,a, +hb, +cc, =7x3+5x(-1)+6x(-10)=—44=0

Therefore, the planes are not perpendicular.
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a 7b 5 ¢ -3

Now, +t=— 2+=— "1
a, 3b, -1c, 5

It can be seen that -1 ;t bl &
a‘2 2 CZ

Therefore, the given planes are not parallel.

The angle between them is given by

7><3+5x(—1)+6x(—10) ‘

J7 +5 1623 + (1) +(-10)° ‘

6 =cos™

(b) 2x+y+3z-2=0 and x-2y+5=0
Solution: The equations are given as 2x+Yy+3z—-2=0 and x—2y+5=0
From thiswe got, &, =2,b, =1,¢c,=3 and a,=1b,=2,c,=0
Now, a,a, +bb, +¢,c, =2x1+1x(-2)+3x0#0
Therefore, the planes are not perpendicular to each other.

a_2b _1lg¢ -3
a, 1'b, 2c 0

Now,

It can be seen that & * ﬂ #* &
a2 b2 CZ

Now, the angle between them will be

2><1+1x(2)+3x(0) ‘
V2 +12+321/12 +02

4
f=cost——=cos™

J70 "5

(c) 2x—2y+4z+5=0 and 3x—3y+6z-1=0

6=cos™

Solution: The equations are given as 2x—2y+4z+5=0 and 3x—3y+6z—-1=0

From this we got, a, =2,b, =-2,c, =4 and a,=3,b,=-3,c,=6

D
Il
(@]
o
w
AN
H
AN
5| &
1l
(@]
(@]
w
AN
1l
[$00)N)
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Now, a8, +Bb, +¢,C, =2x3+(-2)x(-3)+4x(6)=36+0

Therefore, the given planes are not perpendicular.

c, 2

NOW,i:E,HZE,—l
a 3 3c, 3

b,

ol

Therefore, the given planes are parallel to each other.
(d) 2x—y+3z-1=0 and 2x—-y+3z+3=0
Solution: The equations are given as 2x—y+3z—-1=0 and 2x—y+3x+3=0

From thiswe got, & =2,b =-1¢, =3 and a,=2,b, =-1,c, =3

Now,aswecanseei:zzl,ﬂz_—lzl,&:_—lzl
a 2 b, -1 ¢, 1-

a_b_o

a‘2 b2 CZ

Therefore, the given planes are parallel to each other.

(e) 4x+8y+z—-8=0and y+z—-4=0

Solution: The equations are given as 4x+8y+z—-8=0and y+z—-4=0
From this we get, a =4,b, =8,c,=1and a,=0,b, =1,c, =1

Now, a,a, +bb, +cc, =4x0+8x(1)+1=9+0

Therefore, the given planes are not perpendicular.

NOW,i:£,£:§:8,&:
a, O0Ob 1 C,

=1

e

It can be seen that a4 #* % #
2

£ |0

Therefore, the given planes are not parallel.
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Therefore, the angle between them will be,
4><O+8>< +1><1 ‘

V4 +82+f\m+

9 1
6 =cost—==cos™ (—) =45°
2 J2

Therefore, the angle between them is 45°.

6 =cos™

14. In the following cases, find the distance of each of the given points from the

corresponding given plane.

Solution: The distance between a point and a plane is given by,

_|Ax1+Byl+Cz —D|
‘ JAZ 1 B?+C?

(a) (0,0,0)3x—4y+12z=3
Ans: The given point is (0, 0, 0) and the plane is 3x—4y+12z=3

Now the distance will be,

3x0—4x0+12x0— 3‘ 3
J(-3) + () +122 «/169 13

Therefore, the distance will be % .

d=

(b) (3-21)2x—y+2z+3=0

Ans: The given point is (3,—2,1) and the plane is 2x—y+2z+3=0

Now the distance will be d =

2x3— 2><1+3‘ ‘

\/(2)2 1) 427

Therefore, the distance will be % )

(c) (2,3-5)x+2y—-2z=9

Ans: The given point is (2, 3, -5) and the plane is x+2y-2z=9
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Now the distance will be,

‘2+2x3 2x(- ﬂ

N >2

Therefore, the distance will be 3.

93
3

(d) (-6,0,0) 2x-3y+6z-2=0)
Ans: The given point is (-6, 0, 0) and the plane is 2x-3y+6z-2=0

Now, the distance will be,

zxpﬁ)—3x0+6xo—2‘ -14| 14

d= =
2P +(-ay 6t | W49l

Therefore, the distance will be % )




