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Chapter 4: Determinants
Exercise. Miscellaneous
X sin@ cosd
1 Prove that the determinant|—sin@  —x 1 | isindependent of
cosd 1 X
Solution:
X sin@ cosé@
Given, A=|-sinfd —X 1
cosd 1 X
= X(X* =1)—sin 6(—xsin @ —cos #) +cos (—sin & + xcos 0)
=x* — X+ xsin? @+sin @cos @ —sin @cos &+ x cos> &
—x° —x+x(sin2 0+ cos? 49)
=X —X+X
= X3
Therefore, Ais independent of 4.
a a’ bc| L a* at
2. Without expanding the determinant, prove that b b®> ca|=[1 b*> b°
c ¢ abl L ¢ ¢
Solution:
a a’ bc
LHS=b b* ca
c ¢ ab
Applying R, =aR,R, —» bR, andR, — cR,
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L a’ a® abc
=~ 2be b> b® abc

abc

c® ¢® abc

1 at a’
= oo 200l P [Taking out abc fromC, ]
abc .

a? a® 1
=b* b® 1

c? ¢ 1

Applying C, <> C,and C, <> C,

1 a® al

— 1 b2 b3
1 ¢* ¢
=R.H.S

Hence proved

COSaCosS S cosacosf —sina
3. Evaluate =| -sinfg cos S 0
singcosf  sinasinff  cosa

Solution:

COSaCOSf Ccosacosf —sina
Given, A=| -sing cos 0
sinecosf sinasinf  cosa
Expanding along C,
i ; i2 2 pei 2 02
A=-sing(-sinasin® #+cos* Bsina)+cosa (cosacos® B+cosasin’ )
=sin’ a(1)+cos’ (1)

=1
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b+c c+a a+b
4, If a, b and c are real numbers,and A=|c+a a+b b+c|=0
a+b b+c c+a

Show that either a+b+c=00ra=b=c

Solution:

b+c c+a a+b
Given, A=|c+a a+b b+c|=0
a+b b+c c+a

Applying R, > R +R, + R,

2(a+b+c) 2(a+b+c) 2(a+b+c)

A= c+a a+b b+c
a+b b+c c+a
1 1 1

=2(a+b+c)lc+a a+b b+c
a+b b+c c+a

Applying C, »C,-C,and C, - C,-C,
1 0 0
A=2(a+b+c)lc+a b-c b-a

a+b c-a c-b
Expanding along R,
A=2(a+b+c)(1)[(b—c)(c—b)—(b—a)(c-a)]
=2(a+b+c)[ -b* —c® +2bc—bc+ba+ac-a’ |
=2(a+b-+c)[ab+bc+ca-a’ b’ —c* |=0
— Either a+b+c=0,0r ab+bc+ca—a*-b*-c*=0

Now, ab+bc+ca—a?-b*-c*=0b
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— —2ab—-2bc—2ca+2a®+2b°+2c*=0

:>(a—b)2+(b—c)2+(c—a)2:0
= (a-b) (b—c)2 :(c—a)2 =0 [(a—b)z,(b—c)Z,(c—a)2 are non—negative]
=(a-b)=(b—c)=(c—a)=0
=a=b=c
Therefore, if A =0,then either a+b+c=00ra=b=c
X+a X X
5. Solve the equations | x x+a x |=0,a=0
X X  X+a
Solution:
X+a X X
Given, | X x+a X |=0
X X  X+a
Applying R, > R +R, + R,
3Xx+a 3x+a 3x+a
X X+a X [=0
X X X+a
1 1 1
=(3x+a)[x x+a x [=0
X X X+a
Applying C, »C,-C,and C, > C,-C,
1 1
= (3x+a)|x a x/=0
X X

Expanding along R,
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=a’(3x+a)=0

But a=0
Therefore, we have
3x+a=0
a
= X=——
3
a® bc ac+c?
6. Prove that [a?+ab  b? ac |=4a’h’c?
ab  b?+bc ¢
Solution:
a? bc ac+c?
Given, A=|a’+ab  b? ac
ab b*+bc c?
Taking out a, b and ¢ from C,,C, and C,
a cC a+c
A=abcla+b b a
b b+c C
Applying R, > R,—R and R, > R, —R,
a cC a+c
A=abc| b b-c -c
b-a b -a
Applying R, > R, +R,
a ¢ a+c
A=abcla+b b a
b-a b -a

Applying R; > R, +R,
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a c a+cC
A=abcla+b b a
2b 2b O
a C a+cC
=2ab’cla+b b a
1 1 0

Applying C, »C,-C,

a c—-a a+c
A=2ab’cla+h -a a

1 0 0
Expanding along R,
A=2ab’c[a(c-a)+a(a+c)]
= 2ab’c|ac—a’ +a’ +ac]
= 2ab’c(2ac)
= 4a°b*c?

Hence proved

1 21
Let A=| -2 3 1|verifythat
1 1 5

(i) [adjA] " =adj(A™)

Solution:

(i) (A1) =A
1 21
Given, A=|-2 3 1
1 1
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|Al :1(15—l)+ 2(—10—1)+1(—2—3) =14-22-5=-13

Now, A, =14,A, =11, A, =5
Ay =11, Ay =4, Ay =3
ASl = _51 A32 = _3, A33 =-1

14 11 -5
~adjA=11 4 -3
5 -3 -1

At =L (adjp)

A

14 11 -5

= _1 11 4 -3
13

-5 3 -1

-14 -11 5
_1 -11 4 3

R

(i) |adjA| =14(—4—9) ~11(~11-15)—5(-33+20)
—14(~13)-11(-26)-5(-13)

— 182+ 286+ 65169

-13 26 -13
Here, adj(adjA)=| 26 -39 -13
-13 -13 -65

-13 26 -13
26 -39 -13
-13 -13 65
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-1 2 -1
==i% 2 -3 -1
-1 -1 -5
1 -14 -11 5
Now, At=—|-11 -4 3
13
5 3 1
(14 11 5]
13 13 13
_|.11 4 3
3 13 13
5 03 1
| 13 13 3]
4 98 (11 15
169 169 169 169
- adj(A?)= _(_E_Ej 4 2
69 169 169 169
33 20 ( 42 55
_Sa A WL >
169 169 169 169
-13 26 -13
-—iég 26 -39 -13
-13 -13 -65
-1 2 -1
~12 3 1
13
-1 -1 -5

Therefore, [adjA]” = adj(A™)

1 -14 -11 5
(i) Since, At=—|-11 -4 3
13
5 3 1
L -1 2 -1
And adjAt=—| 2 -3 -1
13
-1 -1 -5

J
)

{

33,20 ]
169 169
42 55
2 5
169 169
56 121

169 169 |
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1 1 .

’ 3 3
Now, |A—1|:(Ej [—14><(—13)+1lx(—26)+5x(—13):|=(Ej x(—lGQ)z—E
(A= adjA ”

[
-1 2 -1
__ 1 ><i 2 -3 -1
(—lj 13 1 -1 -5
13 T
1 21
=2 3 1
1 1 5
=A
(A=A
X y X+Yy
8. Evaluate | v Xx+y X
X+y X y
Solution:
X y  X+y
Given, A=| y X+Yy X
X+y X y
Applying R, > R +R, +R,
2(x+y) 2(x+y) 2(x+y)
A= y X+Yy X
X+Yy X y
1 1 1
=2(x+y)| y x+y X

X+Yy X y
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Applying C, »C,-C,and C, »C,-C,

1 0 0
X+y -y —X
Expanding along R,
A=2(x+y) X +y(x-y)]
=—2(x+y) (X +y* = yx)b
=-2(x*+y°)
1 X y
9. Evaluate I x+y vy
1 X  X+y
Solution:
1 X y
Given, A=l x+y y
1 x  X+y
Applying R, >R,—R and R, >R, —R,
A=
Expanding along C,
A=1(xy-0)

o O -
O < X
x O «
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10.  Using properties of determinants, prove that
a o pta
B B y+a
y v oatp

=(B-r)y-a)la=p)a+p+7)

Solution:

a a® B+a
B B y+a
y v oa+p

Given, A=

Applying R, > R,—R and R, > R,— R,
a ot L+y
p-a pP-a* a-p

y-a y'-a' a-y

A=

2

a «a L+y
1 p+a -1
1 y+a -1

=(f-a)(r-a)

Appling R, > R, —R,

2

a «a p+y
1 f+a -1

0 y-p 0

A=(p-a)(r-a)

Expanding along R,
A=(B-a)(y-a) ~(r-B)(-a-B-7)]
=(B-a)(r-a)(y=P)(a+p+7)

=(a=p)(B-r)(r-a)(a+p+y)

Hence proved
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11.  Using properties of determinants, prove that
x x* 1+px°

y ¥ 1+ py’|=(1+ pxyz)(x-y)(y-2)(z-X)
z 7 1+pz°

Solution:

x x* 1+px°
Given, A=y y* 1+py’

z 7° 1+p7®

Applying R, > R,—R and R, > R,— R,

2

X X 1+ px®
A=ly—x yz_Xz p(y3—x3)
7-x 7°-%° p(zs—xs)
x X 1+ px°
=(y=-x)(z-x)1 y+x p(y*+x*+xy)

1 z+x p(2+x+x)

Applying R, - R, =R,

X X 1+ px®

A=(y=x)(z-X)1 y+x  p(y*+x +xy)
0 z—y p(z-y)(x+y+2)

2 1+ px°®

=(y-x)(z=x)(z=y)[1 y+x p(y2+x2+xy)
0 1 p(Xx+y+2)

X X

Expanding along R,
A:(x—y)(y—z)(z—x)[(—l)(p)(xy2+x3+x2y)+1+ pxC+ p(x+y+ z)(xy)}

:(x—y)(y—z)(z—x)[—pxy2 — X — px2y +1+ pxX + pxiy + pxy? + pxyz]
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=(x-y)(y—2)(z=x)(1+ pxyz)
Hence proved

12.  Using properties of determinants, prove that

33 -a+b -a+c
-b+a 3 -b+c|=3(a+b+c)(ab+ba+ca)
-c+a -C+b 3c

Solution:

3a -a+b -—-a+c
Given, A=|-b+a 3b —-b+c
-c+a —-C+b 3c

Applying C, - C,+C, +C,

a+b+c -a+b -a+c
A=la+b+c 3b -b+c
a+b+c -c+b 3c

1 -a+b -a+c
=(a+b+c)l 3 -b+c

1 —c+b 3c
Applying R, > R,—R and R, > R,— R,

1 -a+b -a+c
A=(a+b+c)|0 2b+a a-b

0 a-c 2c+a
Expanding along C,
A=(a+b+c)[(2b+a)(2c+a)-(a—b)(a—c)]

=(a+h+c)[ 4bc+2ab+2ac+a’ —a’ +ac+ba—bc |

=(a+b+c)(3ab+30bc+3ac)
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=3(a+b+c)(ab+bc+ac)

Hence proved

1 1+p 1+ p+q
13. Using properties of determinants, prove this |2 3+2p 4+3p+2q|=1
3 6+3p 10+6p+3q

Solution:

1 1+p 1+ p+q
Given, A=2 3+2p 4+3p+2q
3 6+3p 10+6p+3q

Applying R, > R —-2R, and R, > R, —3R,

1 1+p 1+p+Q
A=0 1 2+p
0 3 7+3p

Applying R, - R, —3R,, we have

1 1+p 1+p+q
A=0 1 2+p
0 O 1

Expanding along C,

1 2+p

A=1
b

=1(1-0)
=1

sina cosa  cos(a+6)
14. Using properties of determinants, prove that [sin § cos S cos( p+06 ) =0
siny cosy cos(y+6)
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Solution:

sina cosa  cos(a+6)
Given, A={sin8 cosf cos(f+5)
siny cosy cos(y+9)

sinasind CoS@COSS COSa COSO —Sinasingd
sin #sind cos fcoso  cos S coso —sin fsino

:sin5cos§. . L
sinysind COSyCOSo COSyCOSO —sSinysinod

Applying C, -» +C, +C,

COS@COSO COSaCOSO COSaCOSO —Sinasingd
COS #COSO  COSFCOSO  COS S CoSo —sin #sind
COSyC0SS COSyCOSO  COSyCOSO —Sinysino

B Sin o coso

Since, two columns C, and C, are identical
S~ A=0
Hence proved.

15.  Solve the system of the following equations

2 3 10
+ — =

Xy z
6

4

Solution:

Given, E+§+E=4
X y z

46,5
X y z

2

+
< |©

+
~ |

[ ] . . e
x | o x| x|
+ |
< |o <|
| |
N | O1
S ~ |8 |||
[l [l [EEN
N N
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X y 7

Then the given system of equations is as follows
2p+3q+10r=4
4p—-6Q+5r=1

6p+9q+20r =1

2 3 10 p
Let A=|4 -6 5 |, X=|qlandB=|1
6 9 -20 r

Such that, this system can be written in the form of AX =B
Now, |Al=2(120—45)—3(-80—30)+10(36+36)
=150+ 330+ 720
=1200
Thus, A is non — singular
Therefore, its inverse exists.

Now, A, =75 A, =110,A, =72
A, =150, A,, =100, A, =0

A, =75,A, =100, A, =24

1 .
S AT =—(adjA)
A
75 150 75
= ﬁ 110 -100 30
72 0 -24

Now, X =A™'B
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1 75 150 75
=i§66 110 -100 30
12 0 —24
300+150+150
440-100+60
i 288+0-48
600
——1 400
_240

' p_E q—land =1
I R 5

Thus, x=2,y=3andz=5

16. Choose the correct answer.
If a,b, c are in A.P., then the determinant
X+2 X+3 X+2a

X+3 x+4 x+2b
X+4 XxX+5 X+2c

A)0 B) 1 C) X D) 2X
Solution:

X+2 X+3 X+2a
Given, A=|x+3 x+4 x+2b
X+4 X+5 XxX+2¢c

X+2 X+3 X+2a
X+3 X+4 Xx+(a+c) (Sincea,bandcarein A.P., 2b=a+c
X+4 XxX+5 X+2C

[l Il I
1 K\) B U
U-Il'_\ooh_‘l\)l'_‘l ol olr - o o
o o
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Applying R, >R —-R,and R, > R, —R,

-1 -1 a—-c
A=|x+3 x+4 x+(a+c)
1 1 c—-a

Applying R, > R +R,

0 0 0
A=[X+3 Xx+4 x+a+c|=0
1 1 c—-a

17. Choose the correct answer.

x 0
If X, Y, Z are nonzero real numbers, then the inverse of matrix A={0 vy
0 0
x' 0 O x'* 0 0 .
A0 y' o0 B) xyzl 0 y* 0 C) —
z
0 0 z° 0 0 z° X
100
1
D)—|0 1 0
Xyz
0 0 1
Solution:
x 0 0
Given, A=|0 vy O
0 0 z

[N =x(yz—0)=xyz %0
Now, A, =yz,A, =0, A, =0
A =0,A, =x2, Ay =0
Ay =0,A, =0, Ay =Xy

o O X

O < O

N O O
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yz 0 O
ade: 0 x 0
0 0 «xy

A= (adjp)

A

Xyz

I
o
o

O < |k

Thus (A) is the correct answer

18. Choose the correct answer.

1 sin@ 1
Let A=|—siné@ 1 sin@ |,where 0<@<2n,then
-1 —-sing 1
A) Det(A):O B) Det(A)e(Z,oo) C) Det(A)e(2,4)

D) Det(A)<(24)
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’ Solution:

1 sin@ 1
Given, A=|-sin@ 1 sin@
-1 —siné@ 1

~.|A| =1(1+sin* @) —sin 6(-sin 0+sin 0) +1(sin® 6+1)
=1+sin*@+sin’ 0 +1

=2+2sin* g

=2(1+sin’0)

Now, 0<@ <27

=0<singd<1

=0<sin*9<1

=1<1+sin*0<?2

=2<2(1++sin°0)<4

- Det(A)[2,4]

Thus, (D) is the correct answer




