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Chapter 4: Determinants
Exercise 4.2
1. Using the property of determinants and without expanding, prove that
X a Xx+a
y b y+b[=0
Z C z+cC
Solution:
X a x+a] [x a X/ |[x a a
y b y+bj=ly b y/+ly b bl=0+0=0
Z ¢ z+c| |z ¢ z| |z ¢ ¢
[Since, the two coloumns of the determinants are identical]
2. Using property of determinants and without expanding, prove that
a-b b-c c-a
b-c c—-a a-b{=0
c-a a-b b-c
Solution:
a-b b-c c-a
A=|b-c c-a a-b
c-a a-b b-c
Applying R, > R +R,
a-c b-a c-b
A=| b-c c—-a a-b
—(a-c) —(b-a) —(c-b)
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a-c b—-a c-b

A=-lb-c c—-a a-b
a-c b-a c-b
Since, the two rows R, and R, are identical
A=0
2 7 65
3. Using the property of determinants and without expanding, prove that |3 8 75/=0
5 9 86
Solution:
2 7 65 [2 7 63+2
3 8 75=3 8 72+3
5 9 86 |5 9 81+5
2 7 63 2 7 2
=3 8 72/=|3 8
5 9 81 |5 9
2 7 9(7)
=13 8 9(8)[+0 [Since, two coloumns are identical]
5 9 9(9)
2 7 7
=9|13 8 8 [Since, two coloumns are identical]
59 9
4. Using the property of determinants and without expanding, prove that
1 bc a(b+c)
1 ca b(c+a)=0
1 ab c(a+h)

g1 W

Solution:
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1 bc a(b+c)
A=l ca b(c+a)
1 ab c(a+h)

Applying C, - C, +C,

1 bc ab+bc+ca
A= ca ab+bc+ca
1 ab ab+bc+ca

Since, two columns C, and C, are proportional

~A=0

5. Using the property of determinants and without expanding, prove that
b+c q+r y+z a p x
c+a r+p z+x|=2b q vy
a+b p+q x+y c r z

Solution:

b+c q+r y+z
A=|C+a r+p z+X
a+b p+q x+y

b+c q+r y+z| |b+c q+r y+z
=|[cC+a r+p z+Xx/+[c+a r+p z+Xx

a p X b q y

b+c q+r y+z
Now, A, =|c+a r+p z+X
a p X

Applying R, - R —R,
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b q vy
A=lC T 2
a p X

Applying R, <> R; and R, <> R,

b+c qgq+r y+z
A,=c+a r+p z+X

b q y
Applying R, > R —R,

C r z
A,=|cC+a r+p z+X

b g vy

Applying R, > R, - R,

From (1), (2), and (3), we have

a
A=2b
c
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0 a -b

6. By using properties of determinants, show that |[-a 0 —c|=0
b ¢ 0
Solution:
0 a -b
Given, A=|-a 0 -c
b ¢c O
Applying R, — cR,
0 ac —bc
A=|-a 0 -c
b ¢ 0
Applying R, — R, —bR,
1ab ac 0
A:E—a 0 -c
b ¢ 0
b ¢ O
Azi—a 0 -c
c
b ¢ O
Since, the two rows R, and R, are identical
L A=0
-a* ab ac
7. By using properties of determinants, show that | ba —-b*>  bc |=4a’b*c?
ca c¢cb -¢°
Solution:
-a* ab ac
A=|ba -b*> bc

ca cb -c?
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-a b ¢
=abcjla -b c (Taking out a,b,c from R,R, and R;)
a b -c
-1 1 1
=a’h’c*|1 -1 1 (Taking out a,b,c from C,,C, and C,)
1 1 -

Applying R, >R, +R, and R, > R, +R,

-1 1
A =a’h*c’|0
0 2

o

0 2

_ Aa2p2R2(_
A_abc(l)2

=-a’b’*c*(0-4)

=4a’b*c?

8. By using properties of determinants, show that

1 a a
)L b b*=(a+b)(b-c)(c-a)
1 ¢ ¢

1 1 1
ii)la b c|=(a—b)(b—c)(c—a)(a+b+c)
a® b ¢
Solution:

1 a a°

)Let A=[L b b?
1 ¢ ¢

applying R, > R —R; and R, > R, —R,
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[ :
A=|0 b-c b?-c’
1 ¢ c?
0 1 -a-c
=(c—-a)(b-c)|0 1 b+c
1 ¢ ¢
Applying R >R +R,
0 0 -a+b
A=(b-c)(c-a)j0 1 b+c
1 ¢ ¢
0 0 —-a+b
=(a-b)(b-c)(c-a)|0 1 b+c
1 ¢ c?
] 0 -1
Expanding along C, A=(a-b)(b—c)(c-a) L bac =(a-b)(b—c)(c-a)
1 1 1
iij)Let A=|la b ¢
a® b
applying C, - C,-C, and C, - C, -C,
0 0 1
A=|a-¢c b-c ¢
a®-c p*-¢ ¢
0 0 1
= a—-c b-c c
(a—c)(a2+ac+cz) (b—c)(b2+bc+cz) c?
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:(C—a)(b—C) -1 1 c

—(a2+ac+cz) (b2+bc+cz) c?

Applying C, > C, +C,

0 0 1
A=(c-a)(b-c) 0 1 c
(bz—a2)+(bc—ac) (b2+bc+c2) c?

0 0 1
=(b-c)(c—-a)(a-h) 0 1 c
—(a+b+c) (b*+bc+c?) ¢

0 0 1
=(a-b)(b—c)(c—a)(a+b+c)|0 1 c

-1 (b2+bc+c2) c?

Expanding along C,

A=(a—b)(b—c)(c—a)(a+b+c)(—l)‘(1) X
=(a—b)(b—c)(c—a)(a+b+c)
9. By using properties of determinants, show that
X x* yz
y v x| =(x=y)(y—-2z)(z—x)(xy+yz+12x)
z 7% xy
Solution:
x x° yz
Let A=ly y° zx
7 7° Xy
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Applying R, > R,—-R, and R, > R, —R,
X X2 yz
A=ly—x Yy =x* x-yz
7-x 7°=X* xy-vyz

X X2 yz
A=l=(x=y) =(x=y)(x+y) z(x-y)

(z—x)  (z=x)(z+x) —(z—x)

2

X X yz
=(x-y)(z—x)|-1 —x-y z
1 z-y z-y

Applying R, > R, +R,

2

X X yz
A=(x-y)(z-x)|-1 -x-y z
1 z-y z-y
X X vz
=(x=y)(z—x)(z-y)F1 —x-y z
1 0 0

Expanding along R,

X x?

-1 —Xx-y

X z
y +1
-1 z

|

A=[<x—y>(z—x>(z—y>]{<—1>

=(x=y)(z=x)(z=y)[ (52 =y2)+ (= -y +x7)]
——(x=y)(2=%)(2-y) 5+ yz + %)

=(x=y)(y-2)(z=x)(y +yz+2x)

10. By using properties of determinants, show that
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X+4 2X 2X
i)| 2x  x+4  2x |=(5x+4)(4-x)
2x  2x  x+4

y+k y y
i) |y y+k oy |=k°(3x+k)
y y y+Kk

Solution:

X+4 2X 2X
i) A= 2x x+4 2X
2x  2x  x+4

applying R, +R, +R;

5x+4 5x+4 5x+4
A=| 2X X+4 2X
2x  2x  x+4
1 0 0
=(5x+4)2x x+4 0
2x 0 x+4

Applying C, »>C,~C, and C, >C,-C,

1 0 0
A=(5x+4)2x —-x+4 0
2x 0 —x+4

1
=(5x+4)(4-x)(4-x)|2x 1 0
2x 0 1

Expanding along C,

A=(5x+4)(4-x)

1 0
2x 1

= (5x+4)(4-x)’
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y+ k y y
y y y+Kk

applying R, >R +R, +R,

3y+k 3y+k 3y+k
A=y y+Kk y
y y y+k

1 1 1
A=(3y+k)y y+k y
y y y+k

Applying C, »C,-C, and C, »>C,-C,

100
A=(3y+k)ly
y

o =
)

1 00
=k*(3x+k)|y
y

o B
=y

Expanding alone C,
1 0
A=ki 3y k)‘y ‘

=k?(3y+k)

11. By using properties of determinants, show that

)| 20 b-c-a 2b |=(a+b+c)
2c 2c  c-a-b
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X+Yy+22 X y
i) z y+2Z+2X y =2(X+y+z)3
Z X Z+X+2y
Solution:
a-b-c 2a 2a
| 2b  b-c-a 2b =(a+b+c)3
2C 2c c—a—b

applying R, >R +R, + R,

a+b+c a+b+c a+b+c
A=l 2b b-c-a 2b
2c 2C c—-a-b

1 1 1
=(a+b+c)l2b b-c-a 2b

2c 2c c—a-b

Applying C, »C,-C, and C, »C,-C,

1 0 0
A=(a+b+c)2b —(a+b+c) 0
2c 0 —(a+b+c)
1 0 O
:(a+b+c)3 2b -4 0
2c 0 -

Expanding along C,

A :(a+b+c)3(—1)(—1) :(a+b+c)3

X+Yy+22 X y
i) z y+2+2x y
z X Z+X+2y
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applying C, - C, +C,

2(x+y+2) X y
2(x+y+2) y+z+2x y
2(x+y+2) X X+X+2Y

A

1 X y
=2(X+y+2z)l y+z+2x y

1 X Z+X+2y
Applying R, >R, -R, and R, >R, —R,

A=2(x+y+2)[0 x+y+z 0
0 0  Xx+y+z

=2(x+y+2)

Expanding along R,
A=2(x+y+2) (1)-0)

=2(x+y+2)’

1 x X
12. By using properties of determinants, show that [x* 1  x|= (1— x3)2
x x* 1

Solution:

Applying R, - R +R, +R;

>
Il “
> ><N [N
><N = X
—= ><N o O -
O b X
P O <
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T+ x+%X* 1+x+%x* 1+x+x°
A=| X 1
X %2 1

Applying C, —»C, ~C, and C, »C, -C,

1 0 0
A:(1+x+x2)x2 1-x*> x—x?
X xX-x 1-x

1 0O O
=(1+x+x2)(1—x)(1—x)x2 1+x X
x —=x 1
1 0 O
:(1—x3)(1—x)x2 1+X X
X =X 1
Expanding along R,
A=(1-%) -0
-x 1

=(1-%°) (1=x)(1+x+x*)
=(1-x°)(1-x°)
=(1—x3)2

13. By using properties of determinants, show that

1+a%-b? 2ab —2b
2ab 1-a® +b? 2a :(1+a2+b2)3
2b —2a 1-a%-b?
Solution:
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1+a’® —b? 2ab —2b

A=| 2ab 1-a%+b? 2a
2b —-2a 1-a?-b?
Applying R, > R, +bR; and R, > R, —aR,
1+a?+b’ 0 —b(1+a2+b2)
A= 0 1+a?+b’ a(1+a2+b2)
2b —2a 1-a®-b?
1 0 —b
=(1+ a’ +b2) 0 1 a
2b -2a 1-a*-b?
Expanding along R,
1 a 0 1
A=(1+a2+b%)| (1 —b
( ) |:( )‘_Za 1_a2 _b2 ‘Zb _2aj|
=(1+a® +b?) [1-a’ ~b?+ 2a* ~b(~2b)]
A=| ab b®’+1 bc
ca cb c’+

=(1+a2+b2)2(1+a2+b2)

:(1+ a’ +b2)3

a®+1 ab ac
14. By using properties of determinants, show that | ab  b*+1 bc |=1+a*+b*+c?
ca cb  c*+

Solution:

a’+1 ab ac
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Taking out a, b and ¢ from R,R, and R, respectively

a+l b c
a
1
A=abc| a b+= c
b
a b c+l
c
Applying R, >R, -R and R, > R,— R,
a+i b ¢
a
A =abc —1 0
a
1
a c
Applying C, »>aC,,C, -»bC, and C, — cC,
a’+1 b*> ¢°
A=abc><i -1 1 0
abc
-1 0 1
Expanding along R,
2 2 2 2
A=_1b c +1a +1 b
1 0 -1 1
—1(—c2)+(a2+1+b2)=1+a2+b2+c2
15. Choose the correct answer

o Tk
=

Let A be a square matrix of order 3x3, then |kA| is equal to

A KA BKIA  C)3k[A

Solution:

Since, A is a square matrix of order 3x3
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& b
Let A=|a, b, ¢,
a3 b3 C3

O

ka, kb, kc
Then, kKA=|ka, kb, kc,
ka, kb, kc,

ka, kb, ke,
~.|kA|=|ka, kb, kc,
ka, kb, kc,

=I°[A
~ kA =K°|A

16.  Which of the following is correct?
A) Determinant is a square matrix
B) Determinant is a number associated to a matrix
C) Determinant is a number associated to a square matrix
D) None of these
Solution:

Since, to every square matrix, A= [aij] of order n. We can associate a number called

the
determinant of square matrix A, where aij = (i, j)th element of A.

Thus, the determinant is a number associated to a square matrix



