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Chapter 4: Determinants

Exercise 4.5

1 2
1. Find adjoint of each of the matrices {3 4}

Solution:

1 2
Let A=
i

Since, Cofactor of a is A, =(-1)"' M,

]

Then, A4 A, =3, A;=-2,A, =1

- adjA= {A‘l Aﬂ}

Ar Ay

157

1 -1
2. Find adjoint of each of the matrices | 2 3
-2 0
Solution:
1 -1 2
Let A=| 2 3 5
-2 0

. . i+]
Since, cofactor of a; is A; =(-1) " M,

Then,
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3 5

’ = =3-0=3
Al
_1% Yo (2+10)=-12
A=y 4" -
A, = 2 3 _046-6
P2 0 7T
-1 2
A=l ( )
A, = L2 1425
2ol2 1 T
1 —
= =—(0-2)=2
M|y om0
B s P
S PR -
1 2
= =—(5-4)=-1
N e I TP
Aa=l, (g mohe"
A11 A21 As1 3 1 -1
Thus, adjA=| A, A, A,|=|-12 5 -1
Az Ay Ay 6 2 5
. . _ 2 3
3. Verify A(adjA) (adJA)A:|A|I.[4 6}
Solution:
2 3
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Here,

A=-12-(-12)

=-12+12=0

Al :OE cl)Hg 8}

Since, cofactor of a, is A =(-1)"' M,

Then,

A, =-6,A,=4A,=-3 A, =2

-6 -3
- adjA =[ }
4 2

Now,

A(adjA) = { _24 _36]—6 3]

[-12+12 —6+6] [0 O]
| 24-24 12-12]

Also,

6 3|[2 3

djA) A =
CS DY
~12+12 -18+18] [0 0
8-8 12-12| |0 ©

Thus, A(adjA)=(adjA)A=|Al

1 -1 2
4. Verify A(adjA)=(adjA)A=|AI|3 0 -2
1 0 3
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Solution:
1 -1 2
A=|3 0 -2
1 0 3

|A=1(0-0)+1(9+2)+2(0-0)
=11

1 0 0] (11 0 O
~|A1=1110 1 0|=|0 11 O©
0 01 0 0 11

Since, cofactor of a, is A =(-1)"" M,
Then,

A,=0,A,=—(9+2)=-11,A, =0

A, =—(-3-0)=3 A, =3-2=1 A, =—(0+1)=-1

A, =2-0=2A,=—(-2-6)=8A,=0+3=3

0 3 2
adJA =1-11 1 8
0O -1 3

Now,

1 -1 270 3 2
A(adjA)=|3 0 -2|-11 1 8
10 3|lo -13

0+11+0 3-1-2 2-8+6
= 0+0+0 9+0+2 6+0-6
0+0+0 3+0-3 2+0+9
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11 0 O

=0 11 O
0 0 11
Also,
0O 3 2|1 -1 2
(adjA))A=|-11 1 8|3 0 -2
0 -1 3|1 0 3
0+9+2 0+0+0 0-6+6
-11+3+8 11+0+0 -22-2+24
0-3+3 0+0+0 0+2+9
11 0 0
=0 11 0
0 0 11
Therefore, A(adjA)=(adjA)A=A=|Al
: : . . -1 5
5. Find the inverse of each of the matrices (if it exists) { 3 2}
Solution:
-1 5
Let A=
N
Here,
|A|=—2+15:13
Since, cofactor of a, is A =(-1)"" M,
Then,
A11:2’A&2:31A21: 5, A, =-1
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2 -5
-.adjA :{ }
3 -1

aat=Laga-t 2 =
|A 13|3 -1

1
6. Find the inverse of each of the matrices (if it exists) | 0
0

Solution:

Let A=

Here,
|A|=1(10-0)-2(0-0)+3(0-0)=10
Since, cofactor of a,is A, =(-1)"' M,
Then,
A, =10-0,A, =—(0-0)=0,A, =0-0=0
A,=-(10-0)=-10,A,=5-0=5A,, =—(0-0)=0
A, =8-6=2,A, =—(4-0)=—4 A, =2-0=2

10 -10 2

~adjA=|0 5 -4
0o 0 2
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7. Find the inverse of each of the matrices (if it exist). |3 3 0
5 2 -1
Solution:
1 0 O
Let A={3 3 O
5 2 -1
Here,

|A=1(-3-0)-0+0=-3

Since, cofactor of a, is A =(-1)"" M,
Then,

A,=-3-0=-3A,=—(-3-0)=3 A, =6-15=-9

A, =—(0-0)=0,A, =—1-0=-1 A, =—(2-0)=-2

A,; =0-0=0,A, :_(0—0)20, A,=3-0=3

-3 0 O
~adjA=|3 -1 0
-9 -2 3
. . -3 0 O
JAT="adjA==|3 -1 0
A 3
-9 -2 3
2 1 3
8. Find the inverse of each of the matrices (if itexists). | 4 -1 0
-7 2 1
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Solution:
2 1 3
Let A={ 4 -1 0
-7 2 1
Here,

|A|=2(~1-0)~1(4—0)+3(8-7)

= 2(-1)-1(4)+3()

—2-4+3

--3

Since, cofactor of a, is A =(-1)"" M,
Then,
A,=-1-0=-1A,=—(4-0)=-4,A,=8-7=1

A,=—(1-6)=5A,=2+21=23 A, =—(4+7)=-11

A, =0+3=3A,=-(0-12)=12,A, =—2-4=—6

-1 5 3
cadjA=|—4 23 12
1 -11 -6
) . -1 5 3
A= "adjA=-Z|-4 23 12
A 3
1 -11 -6
1
9. Find the inverse of each of the matrices (if it exists). | O
3
Solution:

-1 2
2 -3
2 4
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1 -1 2

Let A=|0 2 -3
3 2 4
Expanding along C1
|A|:1(8—6)—0+3(3—4):2—3:—1
Since, cofactor of a, is A =(-1)"" M,
Then,
A, =8-6,A,=—(0+9)=—9,A,=0-6=—6
A ==(-4+4)=0A, =4-6=-2 A, =—(-2+3)=-1
A, =3-4=-1A,=—(-3-0)=3A,=2-0=2
2 0 -1
c.adjA=
-9 -2 3
2 0 -1
.'.A‘1:%ade=—1 9 2 3
A 6 1 2
-2 0 1
=9 2 -3
6 1 -2
1 0 0
10. Find the inverse of each of the matrices (if it exists). | 0 cosa sina
a sina -—cosa
Solution:
1 0 0

Let A=|0 cosa sina |a
a sina -cosa
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Here,

|A|=1(-cos’ a-sin® a) =—(cos’ a+sin’ a) =1

Since, cofactor of a, is A =(-1)"" M,

Then,
A, =-cos’a-sina=-1A,=0,A,=0
A, =0,A,=-cosa A, =-sina
A, =0,A, =-sina, A, =cosa
-1 0 0

~.adjA=| 0 —cosa -sina
0 -sina cosa

. -1 0 0
.'.A‘1=Hade=—1 0 -cosa -sina
0 -—sina cosa
1 0 0

=|0 cosa sina
0 sina -cosa

3 7 6 8 _
11.  Let A=L 5} and B:L 9] Verify that (AB) ‘=BlAT

Solution:
3 7
Let A=
;4
Here,
|A|=15—14:1




Infinitj»" .. Sri Chaitanya
Learn | Educational Institutions

. . i+]
Since, cofactor of a; is A; =(-1) " M,

Then,

A =5A,=-2,A, =-1,A, =3
adez[S _7}
2 3
7
< At=Lagaz| >
A -2 3

6 8
Now, let B =
7 9

Here

|B|=54—56=—2

9y
B‘l—iaij——1 > | 2
|B| 2|-7 6 7
L3
2
Now,
9
~Z 4
BrA'=| 2 {5 _7}
7 L|l2 @
2
_Bg B |8 E
_ 352 249 - 472 27 .............. (1)
Pie —Zog| | L 2L
2 2 2 2
Then,
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oy I 3]

[18+49 24+63
12+35 16+45
|67 87
147 61
Therefore, we have |AB| =67 x61—87 x47 = 4087 —4089 =2
Also,
61 87
-.adj(AB)=
i(AB) {—47 67}
- 61 -87
-(AB) =L adj(AB)=-1
|AB| 2|47 67
&7 8
2 2
= =T e 2
7 e (2)
2 2
From (1) and (2), we have

(AB) " =B7A

Hence proved

3 1
12. If Az[ 1 2}, show that A>—5A+71=0. Hence find A™

Solution:
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[3 1][3 1
121 2
__9—1 3+2
__—3—2 -1+4

[8 5
|5 3
AP —5A+71

i 8 5_ 3 1 1 0
= -3 +7
-5 3_ -1 2 0 1

[8 5] [15 5], [7 0
“|-5 3] |-5 10] 7|0 7

Thus, A>—~5A+71=0
= A*>-5A=-T1
= AA(A!)-5AA" =-T1A"
= A(AA?)-51 =-7A"
— Al -5 =—7A™
1

=At=-2(A-51)

=A" =%(5| - A)

[Multiplying by A™]
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=

arl 2 -1
711 3

3 2
13. For the matrix A:L J find the number a and b such that A> +aA+bl =0

Solution:
A=
11
AZ 3 2||3 2
11 11 1

[9+2 6+2
_3+1 2+1

11 8
14 3

Now,
A? +aA+bl =0

= (AA)A"+aAA™" +hIA™ =0 [Multiplying by A™]
= A(AA™)+al +b(1A7)=0
= Al +al +bA™ =0

— A+al =-bA™?
4 1
= A= (Aval)

Now,
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L1
A

C1f1 -2
1l-1 3
1 -2
-1 3
Here,

1—2__132+a0__13+a 2 | | b b
-1 3| b\t 1/|0 al)] bl 1 1+al | 1 -1-a

Equating the corresponding elements of the two matrices

A adjA

—1=—1:>b=1
b

878 1, 3 ama-4

Thus, -4 and 1 are the required values of a and b respectively

1 1 1
14.  Forthe matrix A=[1 2 -3| showthat A>—6A?+5A+111 =0. Hence, A™*
2 -1 3

Solution:

1 1 1
Given, A=|1 2 -3
2 -1 3

1 1 11 1 1
AP=|1 2 -3||1 2 -3
2 -1 3|2 -1 3

|
| w
o | |
)

o |
[)S)
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[1+1+2 1+2-1 1-3+3

=1+2-6 1+4+3 1-6-9
|2-1+6 2-2-3 2+3+9

4 2 1
-|-3 8 -14
7 -3 14

4 2 1|1 1 1
7 -3 142 -1 3

4+2+2 4+4-1 4-6+3
=|-3+8-28 -3+16+14 -3-24-42
7-3+28 7-6-14 7+9+42

8 7 1
-23 27 -69
32 -13 58

oA —B6A? +5A+11I

(8 7 1] [4 2 1 11 1 100
=|-23 27 -69|-6|-3 8 -14[+5(1 2 -3|+110 1 O
32 13 58] |7 -3 14| |2 -1 3 00 1
(8 7 17][24 12 675 5 5 1.0 0
—| 23 27 —69|-|-18 48 -84|+|5 10 -15|+110 11 0
132 13 58| |42 -18 84| |2 -5 15 0 0 11
(24 12 6 [24 12 6]

—|-18 48 -84|-|-18 48 -84

|42 18 84| |42 -18 84|

o O O
o O O
o O o
Il
o
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Thus, A? —6A? +5A+111 =0

Now,

A’ —6A” +5A+111 =0

= (AAA) A" —(AA) A7 +5AA™ +11IA™ =0 [Multiplying by A™]
= AA(AA™)-BA(AA™)+5(AAT)=-11(IA™)

= A’ —6A+5] =—11A"

:>A-1=—1—11(A2—6A+5|) ......... (1)

Now,

A’ —6A+5I

(4 2 1] 11 1 100

—|-3 8 -14(-6[1 2 -3|+5/0 1 0
7 3 14| |2 -1 3| 001

4 2 17[6 6 6]
~|-3 8 -14|-|6 12 -18|+|0
7 -3 14| (12 6 18| |0 O

3 -4 -5
9 1 4
5 3 1

From equation (1), we get

3 -4 -5
A=t g 1
11
5 3 1
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3 4 5
11
5 -3 -1
2 -1 1
15.  If A=|-1 2 -1/ verifythat A°*~6A’+9A—41 =0 and hence find A™
1 -1 2
Solution:
2 -1 1
Given, A=|-1 2 -1
1 -1 2

2 -1 12 -1 1
1 -1 2|1 -1 2

441+1 -2-2-1 2+1+2
=|-2-2-1 1+4+41 -1-2-2
2+1+2 -1-2-2 1+1+4

6 -5 5
-5 6 -5
5 5 6

6 5 5][2 -1 1
5 5 61 -1 2

124545 -6-10-5 6+5+10
=/-10-6-5 5+12+5 -5-6-10
| 10+5+6 -5-10-6 5+5+12

(22 21 21
—|-21 22 -21
21 21 2
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A* —6A% +9A—4I
_22 =21 21_ 6 -5 5 2 1 1 —1 0 O_
=|-21 22 -21|-6/-5 6 -5|+9|-1 2 -1|-4/0 1
21 -21 22_ 5 -5 6 1 -1 2 o0 1

22 21 21] [36 -30 30 18 -9 9] [4 00
=-21 22 -21-|-30 36 -30|+/-9 18 -9|-/0 4 O
21 21 22| |30 -30 36 9 -9 18| |0 0 4

40 -30 30 40 -30 30 0 00
-30 40 -30(-|-30 40 -30|=/0 0 O
30 -30 40 30 -30 40 0 0O

A —B6A?+9A—-41 =0
Now,
A’ —BA* +9A—-41 =0

= (AAA) A —6(AA)+9AAT —4IA™ =0 [Multiplying by A™]
= AA(AAT)-BA(AA)+9(AAT)=4(IAY)
— AAI —6Al +9] =4A™

= A’ -6A+9] =4A™

A* —6A+9I

6 -5 5 2 -1 1 100
=-5 6 -5|-6/-1 2 -1(+9/0 1 O
5 -5 6 1 -1 2 0 01




Infinityy ., Sri Chaitanya

Learn ' Educational Institutions

6 -5 5 12 6 6 9 0O
=5 6 -5|-|-6 12 6(+|/0 9 O
' 5 -5 6 6 6 12| [0 0 9

1 -1

-1 1

From equation (1), we have

1 -1
1
-1 1

A=l
4

16. Let A be nonsingular square matrix of order 3x3. Then |ade| is equal to
mlA B A o D)3A
Solution:
Al 0 0
(ade):A=|A|I: 0 |A| 0
0 0 |A
Al 0 0
= |(adjA)Al=| 0 [A] 0
0 0 |A
1 00
=|(adjA\=)|A=|A|0 1 0|=|A(1)
0 01

~|adjAl =| AP

Hence, (B) is the correct answer
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17. If A is an invertible matrix of order 2, then det(A‘l) is equal to

1
A) det(A B o1 D)0
) det(A) ) det(A) ) )
Solution:
Since A is an invertible matrix, A™* existsand A™ = ﬁade

a b
As matrix A is order 2, let A:{C d}

d -b
Then, | =ad —bc and ade:{ }
- a

Now,

at=t
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1
A
1
.'.d t A_l =
e( ) det(A)

Hence, (B) is the correct answer



