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Chapter 5: Continuity and differentiability.

Exercise 5. Miscellaneous

1. Differentiate the function w.r.t x
(3x2 —9X+ 5)9

Solution:
Let y=(3x ~9x+5)

Using chain rule, we obtain

ﬂ=i=(3x2—9x+5)9
dx dx

s d

=9(3x* —9x+5) &(3x2—9x+5)

=9(3x® ~9x+5)".(6x9)

8

=9(3x* —9x+5) .3(2x-3)

=27(3x* ~9x+5) .(2x-3)

2. Differentiate the function w.r.t x
sin® X+ cos® x

Solution:

Let y =sin® x+cos® x

d d,. d
d_i = &(sm3 x)+&(cos6 X)

=3sin? x.i(sin X)+6cos® x.i(cos X)
dx dx

=3sin” xcos x+6¢0s° x.(—sinx)
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—3sin xcosx(sin X —2cos* x)

3. Differentiate the function w.r.t x
(SX)3c052x

Solution:
Let y _ (5X)3COSZX

Taking logarithm on both sides, we obtain

log y = 3cos 2xlog5x

Differentiating both sides with respect to x, we obtain

1 dy d d
——==3| log 5x.—(cos 2x) + cos 2x.— (log 5x
y dx [ J dx( ) dx( J )}

dy i . d 1 d

— =3y| log5x(—-sin2x).—(2 cos2x.—.—(5
:>dx y_ g5x(~sin 2x) dx( X+ X5x dx( X)}
:ﬂ=3y —25inx|ong+Coszx}

dx L X
:ﬂ=3y 30032X—Gsin2x|og5x}

dx | X

R (5x)7 = [3003 2X _6sin2x log SX}
dx X

4. Differentiate the function w.r.t x
sin‘l(x\/;) ,0<x<1
Solution:

Let y= sin’l(x\/;)

Using chain rule, we obtain
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dy d .
&—&sm (x\/;)
:___;L___ E{XJQ)

5. Differentiate the function w.r.t x

X
cos =
2

2X+7

=2 < X< 2

Solution:

By quotient rule, we obtain

d X x)d
J2x+7 —|cost = |=|cost = | (2x +7
ay V7 dx( zj ( Zde( x+7)

dx (Vax+ 7)2
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-1 d(x _1xj 1 d
N2X+7 —| = ||—=| cOS™ — —(2X+7
( j ( 2 ) 22x+7 dx( )

ox+7

\/2x+7

—(cos‘lxj2
4—x° 2 ) 22x+7

2X+7

4 X

—2x+7 cos ™5

VA (2x47) (V2x+T7 )(2x+7)

4 X
cos =
2

6. Differentiate the function w.r.t x

Cotl[\/(lJrsin X) +\/(1—sin x)}’0 o Z
\/(1+ sinx) —\/(1—sin X) 2

Solution:

B . \/(1+sinx)+\/(1—sinx)
Let y = cot [\/(1+sinx)—\/(1—sinx)} ............ (1)

en \/(1+sinx)+\/(1sinx)}
Q ’[\/(1+sinx)—\/(1—sinx)

(Jl+sin X ++/1—sin x)2
(J1+sin X —+/1—sin x)J1+sin X ++/1—sin x

_ (1+sin x)+(1—-sin x)+ 2\/(1+ sinx)—(1-sinx)
(1+sinx)—(1-sinx)
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_ 2+2y1-sin*x
2sin x

_1+cosx
sin x

2c0s2 >
2

. X X

251N —C0S —

2 2
—cot>
2

Therefore, equation (1) becomes

X
=cot™| cot=
y ( 2)

dy _1
dx 2

7. Differentiate the function w.r.t X
(log x)'°gx x>1
Solution:

logx

Let y=(logx)
Taking logarithm on both sides, we obtain

log y =log x.log(log x)

Differentiating both sides with respect to x, we obtain

1dy

d
=—| A |
o dX[ogx og(ogx)]
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= %% =log(log x).%(log x)+log x.%[log(log X)]
= g—i =y _Iog(log x).%+ log X'—Io; . .%(Iog x)}
:% = y_% log(log x)+ﬂ

Y (logx)” [LM}

X X

8. Differentiate the function w.r.t x
cos(acosx+bsin x) , for some constant a and b

Solution:

Let y=cos(acosx+bsinx)

By using chain rule, we obtain

@ icos(acosx+bsin X)

dx dx
dy \ . d .

= — = —sin(acos x+bsin x).—(acos x+bsin x)
dx dx

=—sin(acosx+bsin x).[a(—sin X)+bcos x]

=(acosx-+bsinx)sin(acosx+bsinx)

9. Differentiate the function w.r.t X
. (sinx—cosx) 7T 3
(sin x—cos x) S —<Xx<=—
4 4
Solution:

(sin x—cosx)

Let y=(sinx—cosx)
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Taking logarithm on both sides, we obtain

logy =log [(sin X —C0S x)(Si”X‘C"SX)}

= log y =(sin x—cos x)log(sin x—cos x)

Differentiating both sides with respect to X, we obtain

%% = %[(sin x—cos x).log(sin x—cos X) |

%d—i =log (sin x—cos x).%(sin X—Cc0s X)+(sin x—cos x).%log(sin X—COSX)

%% =log (sin x—cos x).(cos x +sin x)+(sin x—cos X)'(sinx——lcosx)%(sm X —COS X)
= % = (sin x—cos x)(smx_mx) [ (cos x+sin x).log (sin x —cos x) +(cos x+sin x) |

g—i — (sin x—cos X)) (cos x+sin x)[1+log (sin x—cos x) |

10. Differentiate the function w.r.t x
x*+x*+a*+a?, forsuch fixed a>0 and x>0
Solution:

Let y=x*+x*+a“+a*
Also, let x* =u,x* =v,a*=w and a* =s
SLY=U+V+W+S

ﬂ:d_quﬂ+d—W+E ................. (1)
dx dx dx dx dx

u=X

= logu =log x*
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= logu = xlog x
Differentiating both side with respect to x we obtain

1du d d
—— =] — —(1
i ogxdx(x)+xdx(ogx)

du 1
=>—= u{log X1+ x.—}
dx X

du

:&:xx[logx+1]:xx(1+logx) .......... (2)
v=x?

_dv_i a

'dx_dx( )

= logw=loga”*
= logw=xloga

Differentiating both sides with respect to x, we obtain

ld—W—Io ai(x)
w dx g “dx

dw
= —=wloga
dx

Since a is constant, a? is also constant

ds
co— =0 5
» (5)
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’ From 1,2,3,4 and 5, we obtain

% =Xx*(1+logx)+ax**+a*loga+0
X

=x"(1+logx)+ax*" +a*loga

11. Differentiate the function w.r.t x
X< 3 +(x—3)Xz for x>3

Solution:
Let y=x""+(x-3)"
Also, let u=x*"* and v=(x—3)X2
Ly=u+v

Differentiating both sides with respect to x we obtain

ﬂ:d—quﬂ ............. (1)
dx dx dx
UZXXZ—S

- logu = Iog(xx2‘3)
logu = (x* —3)logx
Differentiating both sides with respect to x, we obtain

1d d d
Ud_i =log X-&(Xz ~3)+(x’ _3)'&“09 X)

1d
:Ed_:](: log x.2x+(x* -3).

Wl

2_
:d_uzxxz_{x 3+2><Iogx}
dx X
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Also,

v=(x—3)Xz
. logv = Iog(x—3)Xz
= logv = x*log(x—3)
Differentiating both sides with respect to x, we obtain
1dv d,/, , d
V&:Iog(x—B)&(x )+x &[Iog(x—3)]
1dv 1 d
~—=log(x—-3)2x+x*.——.—(x-3
:>vdx J ) " X—3 dx( )
:%—v 2xlog(x—3)+ X 1
dx Xx—3
:>ﬂ—(x—3)x2 X +2xlog(x-3)
dx X—3
_ . du dv . . .
Substituting the expression of ™ and X in equation (1), we obtain
ﬂ:xxz‘f* X2_3+2xlogx +(x=3)x? X +2xlog(x—3)
dx X P
12 Find g—y if y=12(1—cost),x:10(t—sint),£<t<£
_£<t<£
Solution:

It is given that y =12(1—cost),x=10(t—sint)

SO o —sint) 12109 _sint) =10(1 -
..dt_dt[lo(t Smt):'_lodt(t sint)=10(1-cost)
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& 2 [12(1-cost)] ~12-3 (1-cost) ~12.[0~(~sint) ] ~2sint
dx dx dt
dy ot
Loy (dt) __fasint 122SN5.00% 6 ot
& (gl)t(j 10(2-cost) 10.25in2; 5 2

13.  Find g—i if y=sin"x+sin"y1-x*,-1<x<1

Solution:

It is given that y =sin™" x+sin™"v1—-x°

dy :i[sin‘1 X+sin™ \/1—7J

dx dx

LWy i(sin’l x)jtdi(sinl J1-x? )

dx dx X

:ﬂ: 1 - ! I (e
dx  \1-x2 \/1( ﬂ) dx(\/l_)

~ J1-x2 +;'2\/1—x2 dx

dy 1 1

+
dX  J1-x2  2xy1-x2

dy 1 1 1 d(l_xz)

(-2

dy 1 1

dx  \1-x B J1-x2

2o
dx
14, If x 1+y+y\/1+x=0,for —1<x<Lprovethatﬂ=— ! =
dx  (1+X)

Solution:
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It is given that, X, /1+ y + y\/1+ x=0
Xy1+y =—yy1+X

Squaring both sides, we obtain
X’ (1+y)=y*(1+x)

= X2+ X7y = y* +xy’

=X -y =xy*-x%y

=X —y* =xy(y-x)

= (x+y)(x-y)=xy(y-x)
XY =Xy

= (1+x)y=—x

(1+x)

=y=

Differentiating both sides with respect to x, we obtain

i
R R I
dx (1+ x)2 (1+ x)2 (1+ x)2

Hence, proved

3

272
1+ dy
2 2 2 dx .
15.  If (x—a) +(y—b)" =c?, for some ¢ > 0, prove that a7y is a constant
dx?

independent of a and b

Solution:
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It is given that, ( ) +(y—b)2=c

] 2
Differentiating both sides with respect to x, we obtain
d d d o
dx[(X a)} dx[(y_b)} dx( )
—2(x-a) 2 (x—a)+2(y—b)2(y-b)=0
dx dx
—2(x-a).1+2(y-b)¥ =0
dx
o —xa) (1)
dx y-b
A%y _d|-(x-3)
Td dx| y-b
d d
(y-0) 2 (x-a)-(x-a) & (y-D)
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a2 ) +(x—a)2Hg {(y—b)ﬁ(x—a)zf
(e | [[1 b)) | by
d’y {w—b)%(x—af} {w—b)%(x—af}

i (y-by (y-by

Ly—b)z} o

(y-b) _ ¢

= - ¢, which is constant and is independent of a and b

Hence, proved

2
16.  If cosy=xcos(a+y)with cosa=+1, prove that % :w
X si

Solution:

It is given that, cosy =xcos(a+y)

d d
.= [cosy] - &[x cos(a+y)]

= —sin yg—i =cos(a+ y)di(x)+ x.j—x[cos(a+ y)]

X
= —siny= %cos(aw y)+x[-sin(a+ y)]%
= [ xsin(a+y)-sin y]ﬂ=cos(a+ Y) s (1)
dx
cos y

Si = x=_ oSy
ince cosy =xcos(a+y),X cos(aty)
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0sy

Then, equation (1) reducesto | —————
cos(a+y)

sin(a+y)-siny

= [cosy.sin(a+y)-siny.cos(a+ y)]g—i =cos’ (a+Yy)

= sin(a+ y—y)%:cosz(a+b)

2
:Q: cos _(a+b)
dx sina

Hence, proved

d’y

17.  If x=a(cost+tsint)and y =a(sint—tcost), find Vg
X
Solution:

Itis given that, x=a(cost+tsint)and y=a(sint—tcost)

SO a.i(cot+tsint)
dt dt

= a[—sint+sint.%(t)+t.%(sint)}

= a[—sint+sint+tcost] =atcost

Ay

a.i(sint—tcost)
dx dt

- a[cost— {cost.%(t) +t-%(005t)H

= a[cost—{cost —tsint}] =atsint

o
Jdy_\dt)_atsint .

B dx_(dx) “atcost
dt

d_y =CO0S
dx

(a+y)
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Then, d_gzi(ﬂj=i(tant):secztﬂ
dx* dx\dx) dx dx

) 1 dx dt 1
=sec t — =atcost > —=
atcost dt dx atcost

sec’t T

= O<t<—
at 2

18.  If f (x):|x|3 ,show that f "(x)exists for all real X, and find it

Solution:

X, if x=0

It is known that, |x|:{ « if x<0
—X, <

3

Therefore, when x>0, f (x) = |x|3

=X
In this case, f'(x)=3x2and hence, f"(x)=6x
When x <0, f(x):|x|3 =(—x3):x3

In this case, f'(x):3x2 and hence f"(x)=6x

Thus, for f(x):|x|3,f"(x)exists for all real x and is given by,

f7(x) = 6x, if x>0
~|-6x, if x<0

19. Using mathematical induction prove that di(x"): nx"* for all positive integers n
X
Solution:
. d n n-1 H™ H
To prove: P(n).d—(x ) = nx"*for all positive integers n
X

Forn=1,
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P(1): %(x) =1=1.x""

~.p(n)istrue forn=1

Let p(k) is true for some positive integer k

That i, p(k):%(x"):kx"‘1

It is to be proved that p(k-+1)is also true

. d . d
Consider &(xk 1) = &(x.xk )

« d d /o«
X ] (x)+x.—(x)

dx dx
= X1+ xkx*
= X + kx*
=(k+1)x"

= (k+2) X"

Thus, P (k+1) is true whenever P(K) is true

Therefore, by the principal of mathematical induction, the statement P(n) is true for

every
positive integer n
Hence, proved

20.  Using the fact that sin( A+ B)=sin AcosB+cos Asin Band the differentiation, obtain

the sum formula for cosines

Solution:

sin(A+ B) =sin Acos B +cos Asin B

Differentiating both sides with respect to x, we obtain
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%[sin(A+ B)] = %(sin Acos B)+%(cos Asin B)

= cos(A+ B)%(A-l- B)=cos B%(sin A)+sin A%(cos B)+sin B%(cos A)+cos A%(sin B)

= cos( A+ B)i(A+ B)=cos B.cosAi+sin A(—sin B)d—B+sin B(—sin A)d—A+cos Acos Bd—B
dx dx dx dx dx

:>cos(A+B){d—Aer—B}:(cosAcosB—sinAsinB)[d—A+d—B
dx dx dx dx

-.cos(A+B)=cos AcosB—sin AsinB

21. Does there exist a function which is continuous everywhere but not differentiable at

exactly two points? Justify your answer
Solution:
Consider f (x)=|x+|x+1]

Since modulus function is everywhere continuous and sum of two continuous function

is also continuous

Differentiability of f (x):Graphof f(x)shows that f(x)is everywhere derivable

except possible at x=0and x =1

A
v
>

2 0| 1 2

At x =0, Left hand derivative
(=x)-(x-1-1 . —2x

fim F0=1(0) _ o (W x-1)-() _im =2 -

x—0~ X—0 x—0" X x—0~ X x>0~ X

Right hand derivative =
(—=x)—(x-1)-1 0

“mjiﬁ;jﬁﬁznmﬂﬂ+v—ﬂ%%”:“m = lim~=0

x—0" Xx—0 x—0" X x—0* X x—0" X
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Since L.H.D = RH.D f (x)is not derivable at x = 0

Atx=1
L.H.D
i )= 1@ (K1) 0)-(1)-1 0 g
X1~ X=1 X1~ X—=1 X1~ X=1 -1 X =1
R.H.D

_ 11 —(x—1)— N
L0 1@ (1) (=D)L 2(x=d)
x—1" Xx-1 x—1* Xx—-1 x—1* Xx-1 x> X—1

SinceLH.D=RH.D f (x) is not derivable at x = 1

o f (x) is continuous everywhere but not derivable at exactly two points

f(x) a(x) h(x) g | T 9 (x) h(x)
22. Ify=| | m n ,provethat—y= | m n
dx
a b C a b c
Solution:
f(x) a(x) h(x)
y=| | m n

= y=(mc—nb) f (x)—(Ilc—na)g(x)+(Ib—ma)h(x)

Then, % = (;j—x[(mc—nb) f (x)]—%[(lc—na)g (x)]+%[(lb—ma)h(x)]

=(mc—nb) f'(x)—(lc—na)g'(x)+(lb—ma)h'(x)
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F'(x) g'(x) h'(x)
|

Thus, gx m n

a b c

2
23.  If y=e""% _1<x<1, show that (1—x2)%—x%—a2y=0
X

Solution:
It is given that, y =g ¥
Taking logarithm on both sides, we obtain
logy=acos™ xloge
logy=acos™x
Differentiating both sides with respect to x, we obtain

1dy 1
—— —ax
y dx 1-x2

dy_ -3y

dx  \1-x?

By squaring both the sides, we obtain

Again, differentiating both sides with respect to x, we obtain

dy Y dy d’y dy
:(&) (—2x)+(1— xz)x 2&? = a2.2y—x

—_ I/
= U Q.|o_
| — X |
= = N /
N | N

N—

— >, Il

Q.|Q_ ~— | ] Q

X < TN | N

— gle = |<

X < NN

Il ~—

Q
N Il
‘<N mN

<N
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=a’y {

d
:>xd—3):+(1—x2)

d2
:>(1_X2)Kzl_

Hence, proved

d’y

dx?

X
dx

dy

_a2y=

0



