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Chapter 5: Continuity and differentiability
Exercise 5.1
1. Prove that the function f (x)=>5x—3 is continuous at x =0, x=—3and atx=5
Solution:
The given function is f (x)=5x—3
At x=0, f (0)=5x0-3=3
lim f (x)= 1@0(5x—3) =5x0-3=3
- lim f (x) = £ (0)
Therefore, f iscontinuous at x=0
At x=-3, f (-3)=5x(-3)-3=18
2 Examine the continuity of the function at f (x)=2x*-1x=3
Solution:

lim £ (x) =1lim f (5x~3) =5x(-3)~3=-18

x—3

~lim £ (x) = f(-3)

x—3

Therefore, f is continuous at x =-3
At x=5, f (x)=f (5)=5x5-3=25-3=22

lim f (x)= Iing(Sx—B) =5x5-3=22

X—5

s lim f(x) = f(5)

X—5

Therefore, is f continuous at X =5

The given function is f (x)=2x*-1
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At x=3, f(x)=f(3)=2x3 -1=17
: BT 2 4\ _ 2 _q_
lim f (x) = lim(2x° ~1) =2x3* ~1=17
“lim £ (x)= 1 (3)

Thus, f is continuous at X = 3.

3. Examine the following functions for continuity
a) f(x)=x-5 b) f(x)=i,x¢5
X—5
x* 25
c) f(x)= , X#5 d) f(x)gx-5
) 10)=2= ) ()= x|
Solution:

a) The given function is f (x)=x—5

Itis evident that f is defined at every real number kand its value at k is k-5
Itis also observed that lim f (x)= lim f (x=5)=k=k-5=f (k)

leﬂg f(x)="f(k)

Hence, f is continuous at every real number and therefore, it is a continuous

function.

b) The given function is f (x)= L, x =5 for any real number k =5, we obtain

X-5
lim f (x)=|imizL
x—k x>k X =5 k-5
Also, f (k)= —— (As k#5)
k-5

~lim f (x)=f (k)

x—k

Hence, f is continuous at every point in the domain of f and therefore, itis a

continuous function.
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_x2=25

, X#5
X+5

c) The given function is f (x)

For any real number ¢ = -5, we obtain

x*-25 . (x+5)(x-5)

lim f (x)=lim>—22 = | =lim(x—5)=(c—
xl—rE (X) xl—rJg X+5 XILT;:l X+5 XI_T;TJ(X 5) (C 5)
Also, f(c)=wzc(c—5)(asc¢5)

+

~lim f(x)=f(c)

X—C

Hence f is continuous at every point in the domain of f and therefore. It is

continuous function.

5-x, if x<5
x—=5,if x>5

d) The given functionis f (x)=|x-5 |={
This function f is defined at all points of the real line.

Let ¢ be a point on a real time. Then, c<5or c=50rc>5
Casel: c<5

Then, f(c)=5-c

lim f (x)=lim(5—x)=5-c

X—C X—C

~lim f (x)=f(c)

X—>C

Therefore, f is continuous at all real numbers less than 5.
Casell: c=5
Then, f(c)=f(5)=(5-5)=0

lim f (x)=lim(5-x)=(5-5)=0

X—5~ X—5

lim f (x)=lim(x-5)=0

x—5" Xx—5
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s lim £ (x)=lim(x)=f (c)

x—>c* x—c*

Therefore, f is continuous at X =5
Caselll: c>5
Then, f (C)= f (5)=c—5

lim f (x)=lim f (x-5)=c-5

X—C X—C

~olim £ (x)=f(c)

X—>C

Therefore, f is continuous at real numbers greater than 5.

Hence, f is continuous at every real number and therefore, it is a continuous

function.

4. Prove that the function f (x) = X" is continuous at is aX=n positive integer.
Solution:

The given function is f (x)=x"

Itis evident that f is defined at all positive integers, n, and its value at nis n".

H N H n n

Then, leirr}f(n)_lxlirn]f(x ) n

lem f(x)=f(n)

Therefore, f is continuous at n, where n is a positive integer.

X, if x<1

5. Is the function f defined by f (x) ={5 _—

Continuous at Xx=0? At x=1?. At x=27?
Solution:

X, If x<1

The given function f is f(x):{5 _—
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At x=0

Itis evident that f is defined at O and its value of 0 is O

Then, limf(x)=limx=0
x—0

x—0

s im f(x)=f(0)

x—0

Therefore, f is continuousat x=0
At x=1
f is defined at 1 and its value at is 1.

The left hand limitof at f ix=1s,

lim f (x)=limx=1

x—1" x—1"

The right hand limit of at f isx=1,

lim f (x)=1lim f (5)

x—1" x—1"

s im f (x) = lim f (x)

x—1" x—1"

Therefore, is f is not continuous at x =1
At Xx=2

f is defined at 2 and its value at 2 is 5.

Then, leerl f(x)=limf(5)=5

X—2

~limf (x)=f(2)

X—2

Therefore f is continuous at X =2

6. Find all points of discontinuous of f , where f is defined by
f(x)= 2X+3, if X< 2
2x—-3 if x>2
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’ Solution:
2x+3, if x<2
The given function f if f(x)= _
2x-3 if x>2

It is evident that the given function f is defined at all the points of the real time.

Let ¢ be a point on the real line. Then, three cases arise.

c<?2

Case (i) c<?2

Then, f(x)=2x+3

lim f (x)=lim(2x+3)=2c+3

X—C X—C

~lim f(x)=f(c)

X—C

Therefore, f is continuous at all points x, such that x <2
Case (ii) ¢ > 2
Then, f(c)=2c-3

lim f (x)=lim(2x-3)=2c-3

X—C X—C

~lim f (x)=f(c)

X—>C

Therefore, f is continuous at all points x, such that x > 2
Case (iii) c=2
Then, the left hand limit of f at x=2 is

lim f (x)=lim (2x+3)=2x2+3=7

X—2 X—2"
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The right hand limit of f at isx=2

lim f (x)=lim(2x+3)=2x2-3=1

x—2" x—2"

It is observed that the left and right hand limit of f at x =2 do not coincide.
Hence, x =2 is the only point of discontinuity of f .

7. Find all points of discontinuity of f , where f is defined by

[ x]|+3, if x<-3
f(x): -2x, if-3<x<3
6x+2 ifx>3

Solution:

The given function f is defined at all the points at the real line.

Let ¢ be a point on the real line.

Case I:

If c<-3,then f(c)=—+3

lim f (x)=lim(-x+3)=-c+3

X—C X—>C

s lim f (x) = f(c)

X—>C

Therefore, f is continuous at all points X, such that x < -3
Case Il :

If,c=-3 then f(-3)=—(-3)+3=6

lim £ (x) = lim (-x+3) =—(~3)+3=6

x—3" x—3"

~lim f(x)=lim f (-2x)=2x(-3)=6

x—3" x—3"

~lim f (x)= f(-3)

x—3

Therefore, f is continuous at x =-3
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Case lll :

If ,-3<c<3then f(c)=—2c and lim f (x)=lim(-2x)=—2c

X—C Xx—3C

~lim f (x)= f (c)

X—C

Therefore, f is continuous in (-3, 3)

Case |V:

If ¢ =3, then the left hand limitof f at x=3is

lim f (x)=lim f (-2x)=-2x3=6

Xx—3" X—3"

The right hand limit of f at x=3is

lim f (x)=lim f (6x+2)=6x3+2=20

x—3* x—3~

It is observed that the left and right hand limit of f at x =3 do not coincide.
Case V:

If c>3,then f(c)=6c+2and limf(x)=lim(6x+2)=6c+2

X—C X—C

~limf(x)=f(c)

X—>C

Therefore f is continuous at all points X, such that x > 3.

Hence, x =3 is the only point of discontinuity of f .

if x£0

Find all points of discontinuity of f, where f is defined by f (x)= 0

X
0
Solution:

if x0

The given function f is f(x)= £ Y0

X
0

I . VED.
o
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’ It is known that, x<0=| x|=—x and x>0=| x|=x

Therefore, the given function can be rewritten as

|x| -x_

~ % Lifx<o
f(x) 0, if x=0

m:le if x>0

X X

The given function f is defined at all the points of the real line.

Let c be a point on the real line.

Case I:

If c<0,then f(c)=1

lim f (x)=lim(-1)=-1

X—C X—C

s lim f (x) = f(c)

X—C
Therefore f is continuous at all points x <0

Case IlI:

If ¢ =0, then the left hand limit of f at x=0 is,

lim f(x)=lim(-1)=-1

x—0" x—>0"

The right hand limitof f at x=0 is

lim f(x)=1lim(1)=1

x—0" x—>0"
It is observed that the left and right hand limit of f at x=0 do not coincide.
Therefore, f isnot continuous at x=0.

Case IlI:

If >0, f(c)=1
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limf (x)=lim(1)=1

~lim f (x)= f (c)

X—C

Therefore, f is continuous at all points X, such that x>0

Hence, x =0 is the only point of discontinuity of f .

| | o . = ifx<0
9. Find all points of discontinuity of f , where f isdefined by f(x)=4[x| .
-1 -

Solution:

. o X ifx<0
The given function f is f(x)=<|x| .
if x>0
-1
It is known that, x <0=| x|=x

Therefore, the given function can be rewritten as

X
f(x)=11x| N, = f(x)=-1 for allxeR

Let ¢ be any real number. Then lim f (x)=lim(-1)=-1

X—>C X—>C

Also, f(c)=-1=Ilimf(x)

X—C
Therefore, the given function is continuous function.
Hence, the given function has no point of discontinuity.

10. Find all the points of discontinuity of f , where f is defined by

x+1 if x>1
f(x):{x2+L if x<1

Solution:
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x+1, if x>1

The given function f is f(x)={ b1 if x<l
x?+1, if x<

The given function f is defined at all the points of the real lime.

Let c be a point on the real time.

Case | :

If c<1,then f(c)=c’+1and limf(x)=lim f (x2+1)=cz+1

X—C X—C

s lim f(x) = f(c)

X—C

Therefore, f is continuous at all points x, such that x <1
Case Il :

If c=1,then f(c)="f(1)=1+1=2

The left hand limit of f at x=1 s

lim £ (x)=lim(x* +1)=1* +1=2

x—1" x—1"

The right hand limit of f at x=1is

lim f (x)=lim(x* +1)=1° +1=2

x—1" x—1"

= im f (x) = f(c)

x—1

Therefore, f is continuous at x =1
Case IlI:

If c>1,then f(c)=c+1

lim f (x)=lim(x+1)=c+1

X—C X—C

s lim f(x) = f(c)

X—>C

Therefore, f is continuous at all points X, such that x >1.
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Hence, the given function f has no points of discontinuity.

11. Find all points of discontinuity of f , where f is defined by

x*-3, if x<2
FO)=1.,. .
x?+1, if x>2

Solution:

x}—-3 if x<2

The given function fis f(x)=
] (x) {Xm, if x>2

The given function f is defined at all the points of the real line.

Let cbe a point on the real line.

Case | :

If c<2,then f(c)=c*-3and Iimf(x)=|im(x3—3)=c3—3

X—C X—C

~lim f (x)=f(c)

X—C

Therefore, f is continuous at all points X, such at that x < 2
Case Il :

If c=2,then f(c)=f(2)=2°-3=5

lim f (x)=lim (x*-3)=2°-3=5

x—2" X—2~

lim f (x) = lim (x* +1)=2° +1=5

x—2" x—2"

~limf (x)=f(2)

X—2
Therefore, f is continuous at x =2
Case Il :

If c>2,then f(c)=c®+1
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lim f (x)=lim(x* +1) =¢ +1

X—C X—C

~lim f (x)=f(c)

X—C
Therefore, f is continuous at all points X, such that x > 2
Thus, the given function f is continuous at every point on the real time.

Hence, f has no point of discontinuity.

x° -1 if x<1

Find all points of discontinuity of f , where f is define by f(x)= _
x?, if x>1

Solution:

x° -1 if x<1

The given function f is f(x)=
g ( ) {xz, if x>1

The given function f is defined at all the points of the real line.

Let ¢ be a point on the real line.

Case | :

If c<1,then f(c)=c’—Land lim f (x):lim(xlo —1)=c1°—1

X—>C X—>C

s lim f (x)=f(c)

X—C

Therefore, f is continuous at all points X, such that x <1

Case Il :

If ¢=1, then the left hand limitof f at x=1is

lim f (x) = lim(x** 1) =10 -1=1-1=0

x—1" x—1"

The right hand limitof f at x=1is,

lim f (x) = lim(x*) =1 =1

x—1" x—1"
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13.

It is observed that the left and right hand limit of f at x =1 do not coincide.
Therefore, f isnot continuous at x =1
Case Il :

If c>1,then f(c)=c’

lim f (x) =lim(x*) =¢?

X—C X—C

s lim f(x) = f(c)

X—C

Therefore f is continuous at al points x, such that x >1

Thus, from the above observation, it can be concluded that x =1 is the only point of
discontinuity of f .
x+5, if x<1

Is the function define by f (x)= {x A W continuous function?

Solution:

Xx+5, if x<1
x—5, if x>1

The given function is f (x) :{
The given function f is defined at all the points of the real line.
Let ¢ be a point on the real line.

Case | ;

If c<1,then f(c)=c+5 and limf (x)=lim(x+5)=c+5

X—>C X—>C

s lim f(x) = f(c)

X—C
Therefore, f is continuous at all points x, such that x <1
Case Il :

If c=1,then f(1)=1+5=6
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’ The left hand limit of f at x=1is

lim f (x)=lim(x+5)=1+5=6

x—1" x—1"

The right hand limitof f at x=1is lim f (x)=lim(x-5)=1-5=—4

x—1" x—1"

It is observed that the left and right hand limit of f at x =1 do not coincide.
Therefore f is not continuousat x =1
Case Il :

If c>1,then f(c)=c—5and limf (x)=lim(x-5)=c-5

X—>C X—C

-~ lim f (x) = f (c)

X—>C

Therefore f is continuous at all points X, such that x >1

Thus, from the above observations, it can be concluded that x =1 is the only point of

discontinuity of f .

14.  Discuss the continuity of the function f , where f is defined by

3, if 0<x<1
f(x)=14, ifl<x<3
5 if3<x<10
Solution:
3, if 0<x<1
The given functionis f(x)=<4, ifl<x<3
5 if3<x<10

The given function is defined at all the points of the interval [0, 10].

Let ¢ be a point in the interval [0, 10]

Case | ;

If,0<c<1 thenf(c)=c+5 f(c)=3and lim f (x)=1im(3)=3

X—C X—C
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s lim f(x) = f(c)

X—C

Therefore, f is continuous in the interval [0,1)
Case Il :

If c=1,then f(3)=3

The left hand limitof f at x=11is

lim f (x)=1im(3)=3

x—1" x—1"

The left hand limitof f at x=1is lim f (x)=1im(3)=3

x—1" x—1"

The right hand limitof f at x=1is lim f (x)=1lim(4)=4

x—1" x—1*

It is observed that the left and right hand limit of f at x =1 do not coincide.
Therefore f is not continuousat x =1
Case Il :

If c>1,then f(c)=4and lim f (x)=lim(4)=4

X—C X—>C

. limf (x) = f(c)

X—>C

Therefore f is continuous at all points of the interval (1, 3)
Case IV:

If c=3,then f(c)=5

The left hand limitof fat x=3is lim f(x)=1im(4)=4

x—3" x—3~

The right hand limitof f at x=3is lim f(x)=1lim(5)=5

x—3* x—3*

It is observed that the left and right hand limit of f at x =3 do not coincide.

Therefore, f is not continuous at x =3
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’ Case V:

If 3<¢<10,then f(c)=5and lim f (x)=Ilim(5)=5

X—C X—C

. lim f (x)=f(c)
Therefore, f is continuous at all points of the interval (3, 10].

Hence, f is not continuous at x=1and x=3

15. Discuss the continuity of the function f , where f is defined by

2x, if x<0
f(x)=40, if 0<x<1
4x. if x>1
Solution:
2x, 1f x<0
The given functionis f(x)=40, if 0<x<1
4x. if x>1

The given function is defined at all the points of the real line.
Let ¢ be a point on the real line

Case | ;

If ,c<0 then f(c)=2c, limf(x)=lim(2x)=2c

X—C X—C

s lim f(x) = f(c)

X—>C
Therefore, f is continuous at all points , X such that x <0
Case Il :

If c=0,then f(c)=f(0)=3

The left hand limitof f at x=0 is lim f (x)=lim(2x)=2x0=0

x—0" x—0"

The right hand limitof f at x=0is lim f (x)=1im(0)=0

x—0" x—0"
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~lim £ (x)= f (0)

x—0

Therefore, f is continuousat x=0
Case Il :

If 0<c<1,then f(x)=0 and lim f (x)=1im(0)=0

X—C X—C

. lim f (x)=f(c)

X—>C

Therefore f is continuous at all points of the interval (0, 1)
Case IV:

If c=1,then f(c)="f(1)=0

The left hand limitof fat x=1is lim f(x)=1im(0)=0

x—1" x—1"

The right hand limitof f at x=1.is lim f (x)=lim(4x)=4x1=4

x—1" x—1*

It is observed that the left and right hand limit of f at x =1 do not coincide.
Therefore, f is not continuous at x =1
Case V:

If c<1,then f(c)=4c and lim f (x)=Ilim(4x)=4c

X—>C X—>C

J legg f(x)="f(c)

Therefore, f is continuous at all points x, such that x > 1

Hence, f isnot continuous only at x =1

16. Discuss the continuity of the function f , where f is defined by
-2, if x<-1
f(x)=42x, if -1<x<1
2, if x>1
Solution:
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-2, if x<-1
The given function f is f(x): 2x, if —l<x<1
2, if x>1

The given function is defined at all point of the real time. Let c be a point on the real time.

Case | :
If c<—Lthen f(c=-2) and lim f (x)=lim(-2)=-2
s Aim f (x)=f(c)

Therefore, f is continuous at all points x , such that X < -1
Case Il :

If c=—1,then f(c)=f(-1)=-2
The left hand limitof f atx=-1is,

lim f (x)=lim(-2)=-2

X1 X1
The right hand limit of f at x=-1is,
i €)= 2x(-1) =2

lem f(x)=f(-1)
Therefore, f is continuous at x =-1
Case I :
If -1<c<Lthen f(c)=2c

lim f (x)=lim(2x)=2c

X—>C X—>C

lim f (x)=f(c)

X—>C

Therefore, f is continuous at all points of the interval (-11).
Case - IV :

If c=1, then f(c)= f (1)=2><1=2
The left hand limitof f at x=1is,

lim f (x)= Iinlj(2x)=2><1=2

x—1"

The right hand limitof f at x=11is,

lim f (x)=1lim2=2

x—1" x—1"
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17.

Solution: The given function fis f (X) = {

18.

lim f (x)=f(c)

X—1
Therefore, f is continuous at X =2
Case -V :

If ¢>1,f(c)=2and leLrZ] f(x)=lim(2)=2

X—2

s Aim f(x)=f(c)

X—>C

Therefore, f is continuous at all points, x , such that x >1

Thus, from the above observations, it can be concluded that f is continuous at all
points of the real time.

Find the relationship be a and b so that the function f defined by f (x) =
{ax +1,if x <3

bx +3,if x >3 is continuous at x=3.

ax+1,if x <3

bx +3,if x >3 If f is continuous at x=3, then

lim f (x)=lim f(x) = f(3)

X—3 X—3

Also,

lim f(x)=lim f (ax+1) =3a+1
x—3" xX—3

Iirg f(x)= Iirg f(ax+1)=3b+3
f(3) =3a+l

therefore, from (1), we obtain
3a+1 =3b+3 =3a+l

=>3a+1 = 3b+3
=>3a=3b+2

= a=b+§

Therefore, the required relationship is given by, a:b+§

A(X? =2x),if x<0

For what value of A is the function defined by f (x) = i
4x+1, if x>0

continuous at x = 0 ? What about continuity at x = 1?
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Solution: The given function fis f (x) = {g(x2 _ZX)’_if X<0
4x+1, if x>0
If f is continuous at x = 0, then
|i|‘0n f(x) Iiron f(x)=f (0)
=lim4*-2x)=]im (4x+1) = 1(0°-2x0)
x50 e

= 1(02-2x0)=4x0+1=0
= 0=1=0, whichis not possible

Therefore, there is no value of A for which f is continuous at x = 0
Atx=1,

f(l)=4x+1=4x1+1=5

lim@x+1)=4x1+1=5

x—1

19.  Show that the function defined by g(x)=Xx—[x] is discontinuous at all integral
point. Here [X] denoted the greatest integer less than or equal to x.
Solution:
The given function is g(X)=X—[x]
It is evident that g is defined at all integral points.
Let n be a integer
Then,
g(n)=n-[n]=n-n=0
The left hand limit of fat X=n is

limg(x)=lim[ x=[x]]=limx- lim[x]=n—(n-1)=1

X—Nn" X—n X—Nn~ X—Nn~

The right hand limit of fat X =n is

lim g(x)=lim| x—[x]|=limx— lim[x]=n-n=0

X—n~ X—n X—Nn~ X—n~
It is observed that the left and right hand limits of f at X =N do not coincide.
Therefore, f is not continuous at X=n

Hence, g is discontinuous at all integral points

20. s the function defined by f (X)=x*—sinx+5 continuous at X = 77?
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The given function is f (x)=x*—sinx+5
It is evident that f is defined at X =71

At X=r, f(X)z f(72')272'2—Sin7Z'+5=7Z'2—0+5=7Z'2+5

Consider lim f (x)=lim f (x* —sinx+5)

X—>r X—=>7
Put X=7x7+h

If X — 7, thenitis evident that h—0

lim f (x)= Iim(x2 —sin x)+5

X—>r X—>

=lim| (7+hY’ =sin(z+h)+5]|

hos0
:(7r+0)2 —LiLr(J\[sin 7 cosh+ cosz +sinh]+5
=7’ - limsin z cosh—limcos 7z +sinh+5
= 7° —sin 7c0s0 —coszsin0+5
=72 —0x1-(-1)x0+5
=7°+5

o lim f (x)=f (=)

Therefore, the given function f is continuous at X = 77

21.  Discuss the continuity of the following functions.
A f (x) =sinx+cosx
B) f (x)=sinx—cosx
0 f (x)=sinxxcosx

Solution:

It is known that if g and h are two continuous functions, then g+h,g—h and g.h are
also continuous.
It has to proved first that g(x)=sinx and h(x)=cosx are continuous functions.

Let g(x)=sinx

It is evident that g(x)=sinx is defined for every real number.
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Let ¢ be a real number. Put x=c+h
If Xx—>c,then h—0

g(c)=sinc

limg(x)=limgsinx

= Liirgsin(c+h)

=lim[sinccosh+coscsinh]
h—0
=lim(sinccosh)+lim(coscsinh)
h—0 h—0

=sinccos0+coscsin0
=sinc+0
=sinc

limg(x)=g(c)
Therefore, g is a continuous function.
Let h(x)=cosx

It is evident that h(x)=cosx is defined for every real number.

Let c be areal number. x=c+h
If X—>¢c, then h—0

h(c)=cosc
lim(x) =limcos x
X—C X—C
=limcos(c+h)
h—0
=lim[cosccosh—sincsinh]
h—0
= limcosccosh—limsin csinh
h—0 h—0
=cosccos0—sincsin0

=coscxl-sincx0
=C0SsC

m(x) =h(c)
Therefore, h is a continuous function.
Therefore, it can be concluded that

a) f(x)=g(x)+h(x)=sinx+cosx is a continuous function
b) f(x)=g(x)—h(x)=sinx—cosx is a continuous function
c) f(x)=g(x)xh(x)=sinxxcosx is a continuous function
22. Discuss the continuity of the cosine, cosecant, secant and cotangent functions.

Solution:

It is known that if p and h are two continuous functions, then
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[ M.g(x)io is continuous

g(x)

! .9(x) =0 is continuous

' X
ii.
9(x)
iii. L.h(x) #0 is continuous
h(x)
It has to be proved first that g(X)—sinx and h(x)—cosx are continuous functions.
Let g(x)-sinx
It has evident that g (X)—sin X is defined foc every real number.
Let c be a real number. Put x—c+h
—sinccos0+coscsin0

g(c)-sinx

limg(c)—limsinx

X+C X+C

—Iimsin(c+ h)

X+C

—lim[sin ccosh+coscsinh]

If x—>C, then h—0
—lim(sinccosh)+lim(coscsinh)
—sinc+0

—sinc

I(Lrpg(x)—g(c)

Therefore, g is a continuous function.
Let h(x)—cosx

It is evident that h(x)—Ccosx is defined for every real number.

Let ¢ be a real number. Put x—c+h
If X—>C, then h—0x

h(c)-cosc
—limcos(c+h)
x—0
—lim[cosccosh—sincsinh]
x—0
—limcosccosh—limsincsinh
x—0 x—0
—cosccos0—sincsin0

—coscx1l—sincx0
=C0SC

~limh(x)—h(c)

X+C

Therefore, h(X)—COSX is continuous function.
It can be conclned that,

cosex — ,sin x = 0 Is continuous

Sin X
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= cosexX, X nx(n e Z)is continuous
Therefore, secant is continuous except at X —np, nlZ

secX = L,cos x = 0 Is continuous
COS X
T . .
:>secx,x¢(2n+1)5(nez) is continuous

Therefore, secant is continuous except at x—(2n +1)%(n €Z)

0sS X

cotx =2 ,sin x = 0 IS continuous
X

=>cotx,x#nz(neZ) is continuous
Therefore, cotangent is continuous except at x —np,nlz
sinx .
. . . - —, if x<0
23. Find the points of discontinuity of f , where f (x) =< X

x+1, if x=0

Solution:

SINX it x<0
The given function f is f(x)= ’

x+1 if x>0

It is evident that f is defined at all points of the real line.

Let ¢ be a real number
Case I:

X

If c<0,then f(c)=— and lim f (x)=1lim
C

C X—>C X—>C
~lim f (x)=f (c)

X—>C

sinc (sin xj_sinc

Therefore, f is continuous at all points x, such that x <0
Case IlI:

If ¢>0,then f(c)=c+1land limf(x)=lim(x+1)=c+1
~Aim f(x)=f(c)

Therefore, f is continuous at all points x, such that x >0
Case IlI:

If c=0,then f(c)=f(0)=0+1=1

The left hand limit of f at x=0is,

lim £ (x) = lim 22X =1

X—0 x—>0" X

The right hand limitof f at x =0 is,
lim f (x)=lim(x+1)=1

x—0" —0*
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- lim £ (x)=lim £ (x) = (0)

Therefore, f is continuous at x =0
From the above observations, it can be conducted that f is continuous at all points of

the real line.
Thus, f has no point of discontinuity.

1.
. . ?sin=, if 20 . _ .
24.  Determine if f defined by f(x)= xSl X " # s a continuous function?

0, if =0

Solution:

X2sinL, if 20
The given function f is f(x)= X'

0, if #0
It is evident that f is defined at all points of the real line.
Let ¢ be a real number.

Case I:
If c =0, then f(c)zczsin1
C
lim f (x) = Iim(x2 sinljz(lim xz)(limsini)zczsinl
X—C X—C X X—C X—C X C

slimf(x)=f(c)

X—>C

Therefore, f is continuous at all p[oints x =0
Case Il
If c=0,then f(0)=0

lim f (x)=lim [xz sin EJ = Iim(x2 sin %)

x—0" x—>0" X x—0

It is known that, —1£sinl£1, x=0
X

2 H 1 2
= —x* <sin=<x
X

. . o1 .
:Ilm(—xz)sIlm(xzsm—jsllmx2
x—0 x—0 X x—0
. , .1
=0<Ilim| x*sin= |<0
x—0 X
. , . 1
= lim| x“sin=|=0

x—0 X

~limf(x)=0

x—0
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Similarly, lim f (x) = lim (xz sin 1) = Iim(xzsin lj =0
x—0" x—0" X x—0 X
XILT f (x): f(O):)!Lrgl f (x):0

Therefore, f is continuous at x =0

From the above observations, it can be concluded that f is continuous at every point
of the real line.
Thus f is a continuous function.

25.  Examine the continuity of f , where f is defined by

f(x)=

sinx—cosx, if x#0
1 , if x=0

Solution:

sinx—cosx, if x=#0
1 , If x=0
It is evident that f is defined at all points of the real line.

Let ¢ be a real number.
Case I:

If c#0,then f (c) =sinc—cosc

The given function f is f(x)={

lim f (x) =lim(sin x—cosx) =sinc—cosc

X—C X—>C

~lim f(x)= f (c)

Therefore, f is continuous at all points X, such that x =0
Case II:

If c=0,then f(0)=-1

lim f (x)=lim(sinx—cosx)=sin0-cos0=0-1=-1
x—0" x—0

lim f(x)= Iirrg(sin Xx—cosx)=sin0—-cos0=0-1=-1

x—0"

s im f (x)=lim f (x)= f(0)

x—0" x—0"
Therefore, f is continuous at x =0
From the above observations, it can be concluded that f is continuous at every point
of the real line.
Thus, f is a continuous function.
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26. Find the value of k so that the function f is continuous at the indicated point.

kcosx . T
, I x#=—
T—2X
f)4 3 if x=2 ax=2
2 2
Solution:
kcosx . r
, If x#=
T—2X 2
. VA
The given function fis f(x)] 3, if X=-
The given function f is continuous at x = =, it is defined at x = Z and if the value of
2 2
the f at x=%equals the limit of f at x=%.
Itis evident that f is defined at x:%and f(%):?;
lim? £ (x) = lim <9%5X
x> 2 Hg;z—Zx
Put x==+h
2

N

Then, x—>%:h—>0

Therefore, the required value of k is 6.
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27. Find the value of k so that the function f is continuous at the indicated point.

2 -
f(x)= o, !fxgzatx=2
3, ifx>2

Solution:

kx?, if x<2
3, ifx>2

The given function f is continuous at x =2, if f is defined at x = 2 and if the value of f

at x =2equals the limitof fat x=2

It is evident that f is defined at x=2and f (2)=k(2)

Iirp f(x)= Iir;l f(x)="1(2)
= lim (kx)" = lim (3) = 4k
—kx2*=3=4k

= 4k =3 =4k

=4k =3

:>k:§
4

The given function is f (x) :{

2

=4k

Therefore, the required value of k is %

28. Find the values of k so that the function f is continuous at the indicated point.

kx+1, if x<x«
f(x)= i atx=r
cosx, ifx>x

Solution:

kx+1, if x<~r«
cosx, ifx>rx

The given function f is continuous at X = and, if f isdefined at X = and if the
value of f at X = equals the limitof fat x=7
It is evident that f is defined at x=7zand f(7)=kz+1

lim f (x) = lim f (x)= f (7)

X—>r~ x—r*

= lim (kx+1): limcosx=kz+1

X1~ x—>r*

= kr+l=cosz=krzr+1
=>kr+l=-1=kr+1
=>kr+l=-1=kr+1

:>k:—E
T

The given function is f (x) :{
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Therefore, the required value of k is —E.
T

29. Find the values of k so that the function f is continuous at the indicated point.
kx+1, if x<5
f (x) = _
3x=5, if x>5

Solution:

kx+1, if x<5
The given function of fis f (X) =

3x=5 if x>5

The given function f is continuous at X =5, if f is defined at X =5 and if the value of
fat X=>5 equals the limitof fat X=5

It is evident that f is defined at X=5 and f (5) =kx+1=5k +1

lim f (x)=lim f (x)= f (5)

b bl
= XIiﬁr?(kx+1): !L@(3X_5):5k +1
=5k +1=15-5=5k +1

=5k +1=10

=5k =9

=k =%

9
Therefore, the required value of k is g

30. Find the vales of a and b such that the function defined
5, if X<2

f(x)=<ax+b, if 2<x<10 iscontinuous function,
21 if x>10

Solution:

5, if X<2
The given function f is f (X) =<ax+bh, If 2<x<10
21 if x>10
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’ It is evident that the given function f is defined at all points of the real line.

If f is a continuous function, then f is a continuous at all real numbers.
In a particular, f is continuous at X=2 and X=10

Since f is continuous at X =2, we obtain

lim f (x)=lim f (x)= f(2)

x—2~ x—2*

= lim(5)=lim (ax+b)=5

X—2~ x—2*
—=5=2a+b=5
=2a+b=5 .. (1)

Since f is continuous at X =10, we obtain

lim f(x)=lim f(x)=f(10)

Xx—10~ x—10*

= lim (ax+b)=1im(21)=21

x—10~ x—2*

=10a+b—-21=21

=10a+b=22 .. (2)
On subtracting equation (1) from equation (2), we obtain
8a=16

—a=2

By putting & = 2 in equation (1), we obtain

2x2+b=5
=4+b=5
=b=1

Therefore, the values of a and b for which f is a continuous function are 2 and 1
respectively.
31. Show that the function defined by f (X) = COS(XZ) is a continuous function.

Solution:

The given function is f (X) = COS(XZ)
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This function f is defined for every real number and f can be written as the
composition of two functions as,

f = goh, where g(Xx)=cosx and h(x)=x’

[-:(goh)(x) =g(h(x))=g(x*)=cos(x*)= f (x)]

It has to be first proves that g (X) = COS X and h(X) = x* are continuous functions.

It is evident that g is defined foe every real number.

Let c be a real number.
Then, g(c)=cosc
Put Xx=C+h

If X—>cC,then h—0

limg(x)=limcosx

X—C X—C

:Liggcos(c+h)

= Iim[cosccosh—sin csinh]
h—0

= limcosccosh—limsincsinh
h—0 h—0

=cosccos0—sincsin0

=coscx1l—sincx0

~limg(x)=g(c)

X—C

Therefore, g(X)=COSX is a continuous function
h(x)=x*
Clearly, h is defined for every real number.

Let k be a real number, then h(k) =k?

limh(x) = limx® =k?

x—k x—k

~limh(x)=h(k)

x—k
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Therefore, h is a continuous function.

It is known that for real valued functions g and h, such that (goh) is defined atc, it g
is continuous at ¢ and it f is continuous at c.

Therefore, f(x)=(goh)(x)= COS(X3) is a continuous function.

32.  Show that the function defined by f (X) = |COS X| is a continuous function

Solution:

The given function is f (X) = |COS X|

This function f is defined for every real number and f can be written as the
composition of two functions as,

f = goh, where g(X):|X| and h(x)=cosx

[ (goh)(x)=g(h(x))=g(cosx)=|cosx|= f (x)]
It has to be first proves that g (X) = |X| and h(X) = COS X are continuous functions.

g (X) = |X| , can be written as

g(x)=

Clearly, g is defined for all real numbers.

—x if x<O0
x if x>0

Let ¢ be a real number.

Case I:

If ¢<0, then g(c)=—c and limg(x)=lim(-x)=—c

X—C X—C

= limg(x)=g(c)

X—C

Therefore, g is continuous at all points x, such that X <0

Case Il:

If ¢>0, then g(c)=c and limg(x)=lim(-x)=c

~limg(x)=g(c)

X—C

Therefore, g is continuous at all points x, such that X >0
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If c=0, then g(c)=g(0)=0and limg(x)=lim(-x)=-c

X—C X—C

limg(x)=Ilim(—x)=0

x—0" x—0"
i o(x)=lip(x)=0
+ limg(x) = limg(x)=g(0)

Therefore, g is continuous at X =0

From the above three observations, it can be concluded that g is continuous at all
points.

h(x)=cosx
It is evident that h(x) =COS X is defined for every real number.

Let ¢ be a real number. Put X=c+h

If X—>C,then h—0
h(c)=cosc

limh(x)=limcos x

X—C X—C

:Ligolcos(c+h)

= Iim[cosccosh—sin csinh]
h—0

= limcosccosh— limsincsinh

h—0 h—0
=cosccos0—sincsin0

=coscx1-sincx0
=C0SC
=limh(x)=h(c)

h—c

Therefore, h(x) = COS X is continuous function/

It is known that for real values functions g and h, such that (goh) is defined at c, if g

is continuous at ¢ and if f is continuous at g (C) , then ( fog) IS continuous at c.
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Therefore, f (X)=(goh)(x)=g (h(x)) =g(cosx)=|cosx| is a continuous

function.
33. Examine that Sin |X| is a continuous function
Solution:

Let f(x)=sin|x|

This function f is defined for every real number and f can be written as the composition
of two functions as,

f = goh, where g(x)=|x| and h(x)=sinx

[ (goh)(x)=g(h(x))=g(sinx)=[sinx| = f (x)]
It has to be prove first that g (X) = |X| and h(X) =sin X are continuous functions.

g(x)=|x| can be written as

-x if x<0
x if x>0
Clearly, g is defined for all real numbers.
Let c be a real number.

Case I:

If ¢<0, then g(c)=—C and lim g(x)= legg(—x) =—C
~limg(x)=g(c)

Therefore, g is continuous at all points x, that X <O

Case IlI:

If >0, then g(c)=c and limg(x)=limx=c

X—C X—>C

~limg(x)=g(c)

X—C
Therefore, g is continuous at all points x, such that X >0

Case IlI:

1 . . .
(=]
—~
x
~
Il
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If c=0, then g(c): 9(0)=O

limg(x)=lim(—x)=0

x—0" x—0"
i o(x)=lip(x)=0
~limg(x)=1img(x)=g(0)

Therefore, g is continuous at X =0

From the above three observations, it can be concluded that g is continuous at all
points.

h(x)=sinx
It is evident that h(X) =sinX is defined for every real number.

Let ¢ be a real number. Put Xx=c+k

If X—>C,then K—>0
h(c)=sinc

limh(x)=limsinx

X—C X—>C

:Liﬂgsin(c+k)

=lim[sinccosk +coscsink]
k—0
= Liirol(sin ccosk)— ngg( coscsink)

=sinccos0+ coscsin0
=sinc+0

=sinc
=limh(x)=g(c)

X—C

Therefore, h is continuous function.

It is known that for real values functions g and h, such that (goh) is defined at c, if g

is continuous at ¢ and if f is continuous at g (C) , then ( foh) is continuous at c.
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Therefore, f (X) = (goh)(x) = (h(x)) = (sin X) = |sin X| is a continuous

function.

34.  Find all the points of discontinuity of f defined by f (X)=|x|—|x+1].
Solution:

The given functionis f (X)=|x|—|x+1]
The two functions, g and h, are defined as
9(x) =[x|and h(x) =[x+1
Then f =g—h
The continuous of g and h is examined first.

g (X) = |X| can be written as

g(x)=

Clearly, g is defined for all real numbers.

—Xx if x<0
x if x>0

Let ¢ be a real number.

Case I:

If <0, then g(c)=g(0)=—c and limg(x)=Ilim(-x)=-c

~limg(x)=g(c)

X—C
Therefore, g is continuous at all points x, that X <0

Case Il:

If >0, then g(c)=c and limg(x)=limx=c

X—C X—C

~limg(x)=g(c)

X—C
Therefore, g is continuous at all points x, such that X >0

Case IlI:
If c=0, then g(c)=g(0)=0

limg(x)=lim(—x)=0

X—0" X—0"
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lim g(x) = lim (x) =0

Therefore, g is continuous at X =0

From the above three observations, it can be concluded that g is continuous at all
points.

h(x)=|x+1
h(X):{—(x+l), if, x<-1

X+1 if, x>-1
Clearly, h is defined for every real number.

Let ¢ be a real number

Case I
If <1, then h(c)=—(c+1) and limh(x)=lim[ —(x+1)]=~(c+1)
. limh(x)=h(c)

X—C

Therefore, h is continuous at all points x, such that X < —1

Case Il:

If c>—1, then h(c)=c+1and limh(x)=limx+1=(c+1)

X—C X—C

- limh(x)=h(c)

X—C

Therefore, g is continuous at all points x, such that X > —1

Case I11:

If c=-1, then h(C) = h(—l):—1+1:0

limh(x)=lim[ —(x+1) |=—(-1+1)0

X—1" X—1"
!Lrp h(x)= 1LT(X +1)=(-1+1)=0
!Lrp h= 1Lr11 h(x)=h(-1)

Therefore, h is continuous at X =—1
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From the above three observations, it can be concluded that h is continuous at all
points of the real line.

g and h are continuous functions. Therefore, f =g —h is also a continuous function.

Therefore, f has no point of discontinuity.




