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Chapter 5: Continuity and differentiability.

Exercise 5.2

1. Differentiate the function with respect to x. sin (x2 +5)
Solution:
Let f(x) =sin(x2 +5),u(x) =x*+5,and v(t) =sint
Then, (vou)(x) =v(u(x))=v(x*+5)=tan(x* +5)=f (x)
Thus, fis a composite of two functions
Put t=u(x)=x"+5

Then, we obtain

dv d, .

E:a(smt):cost:cos(x%S)

d d d d

&:&(XZ+5):&(X2)+&(5):2X+O:2X

Therefore, by chain rule, Ogp dv dt cos(x” +5)x 2x = 2xcos(x +5)
dx dt dx

Alternate method

%[sin(x2 +5)J = cos(x2 +5)%(x2 +5)

- cos(x2 +5){%(x2)+%(5)}
=cos(x +5)[2x+0]
= 2xcos(x* +5)

2. Differentiate the functions with respect of x. cos(sin x)
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’ Solution:
Let f(x)=cos(sinx),u(x)=sinx, and v(t)=cost
Then, (vou)(x) :v(u (x)) =v(sinx)=cos(sinx) = f (x)
Thus, fis a composite function of two functions

Put t =u(x)=sinx

3—\: = %[cost] =—sint =—sin(sin x)
g—t = di(sin X) = COS X
X dx
By chain rule, 3—1%% = —sin(sin x)cos x =—cos xsin (sin x)

Alternate method

d ] .. d, . A .
&[cos(sm x)] = —sin(sin x)&(sm X) = —sin (sin x) —cos x = —cos xsin (sin x)

3. Differentiate the functions with respect of x. sin(ax+b)
Solution:
Let f(x)=sin(ax+b),u(x)=ax+b,and v(t)=sint
Then, (vou)(x)=v(u(x))=v(ax+b)=sin(ax+b)= f ()
Thus, f is a composite function of two functions u and v

Put t=u(x)=ax+b
Therefore, v i(sint) =cost =cos(ax+b)
dt dt

%:%(ax+b):—(ax)+%(b):a+0=a

Hence, by chain rule, we obtain
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’ df dv dt

azaa=cos(ax+b)a=acos(ax+b)

Alternate method

%[sin(ax+b):| = cos(ax+b)di(ax+b)

= cos(ax+b){%(ax)+%(b)}
=cos(ax+b)(a+0)
=acos(ax+b)

4. Differentiate the functions with respect of x. sec(tan (\/; ))

Solution:

Let f(x) :sec(tan(\/;)),u(x) = \/;,v(t) =tant, and w(s)=secs

Then, (wovou )(x) = WI:V(U (x))] = W[V(&)} = W(tan \/;) = sec(tan «/;) = f (x)
Thus, f is a composite function of three functions, u, v and w
Put s=v(t)=tantand t=u(x) =Jx

Then, ((jj_\;v = %(sec s)=secstans=sec(tant)tan(tant) [s=tant]

=sec(tan &).tan(tan &) [t - \/ﬂ

% = %(tant) =sec’t =sec’\/x

dt d d{ ) 1 2 1
= X|=— X2 :—.X2 —- =
dx dx(\/_) dx( j 2 24x

Hence, by chain rule, we obtain
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dt_dws dt
dx ds dt dx

:sec(tan J;).tan(tan \/;)xsecz S 2\1/;

= %sec2 &(tan \/;) tan (tan \&)

sec?\/x sec(tan NN ) tan (tan NN )
_ T

Alternate method

%[sec(tan \/;ﬂ = sec(tan ﬁ)tan (tan ﬁ)%(t&n \/;)

= sec(tan ﬁ) tan (tan \/Q)sec2 (ﬁ)i(\/;)

dx
1
=sec(tan+/x ).tan(tanv/'x ).sec® (Vx ).—=
o) ) s () L
sec(tan\/;).tan(tan\/;).secz(\/;)
= o
. \ . . sin(ax+b)
5. Differentiate the functions with respect of X, ————=
cos(cx+d)
Solution:
The given function is f (x) = sin(ax+b) = g(x)’ where g (x)=sin(ax+b)and

cos(cx+d) h(x)
h(x)=cos(cx+d)
~.h(x)=cos(cx+d)

nf=2 hh‘z gn
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Consider g(x)=sin(ax+b)
Let u(x)=ax+b,v(t)=sint
Then (vou)(x) =v(u(x)) =v(ax+b)=sin(ax+b)=g(x)
.".g is a composite function of two functions, u and v

Putt=u(x)=ax+b

dv d

E=a(smt):cost =cos(ax+h)
%:%(ax+b)=%(ax)+%(b)=a+0=a

Therefore, by chain rule, we obtain

g =&:E&=cos(ax+b).a: acos(ax+h)

Consider h(x)=cos(cx+d)
Let p(x)=cx+d,q(y)=cosy

Then, (qop)(x)=a(p(x))=a(cx+d)=cos(cx+d)=h(x)
..h is a composite function of two functions, p and g

Put y=p(x)=cx+d

3—3=diy(cos y)=—siny=—sin(cx+d)
dy_d 9 )+ 9 d)=
v dX(cx+d)— dx(cx)+dx(d)_c

Therefore, by chain rule, we obtain

h'=d—h=d—qd—y=—sin(cx+d)xc=—csin(cx+d)
dx dy dx
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_acos(ax+hb)cos(cx+d)—sin(ax+b){-csincx+d}

L i
[cos(cx+d)]

sin(cx+d) y 1
cos(cx+d) cos(cx+d)

~ acos(ax+b)

= [ b
cos(ox+d) +csin(ax+b)

=acos(ax-+b)sec(cx+d)+csin(ax+b)tan(cx+b)sec(cx+d)

6. Differentiate the function with respect to x. cos x>.sin’ (x5)
Solution:

cosx3.sin2(x5)

%[cos x3.sin? (xs)] =sin? (x5)x%(cos x3)+cos3x %[sin2 (x5)]

=sin? (xs)x(—sin x3)x%(x3)+cos X3 +2$in(x5)%[sin x5]

. . . > . d
The given function is = sin x®sin? (xs)><3x2 +2sin x° cos x°.cos x° xd—(xs)
X

—3x%sin x*sin’ (x5)+25in x® cos X° cos x° x 5x*

—10x" sin x° cos X° cos x° — 3x? sin x® sin? (xs)

7. Differentiate the functions with respect to x.
Zlcot(x°)
Solution:
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sin(xz) o 2
= |——£ x—cosec?x?)x—(x
cos(x*) (<) dx( )

sin(x’
(

) 1
x*) sin® (x*)

COos

—-2X

\/cos x2+/sin x? sin x?
—22x

J2sin x2 cos X% sin X2

B —24/2x
sin x2+/sin 2x?

8. Differentiate the functions with respect to x
cos(\/; )
Solution:
Let f(x):cos(\/;)
Also, let u(x):\/;
And, v(t)=cost
Then, (vou)(x)=v(u(x))
()
= cos+/X
= f(x)

Clearly, f is a composite function of two functions, u and v, such that t = u(x) =X

d d d( 2
Then, — =— =—| x2
o dx dx(\/;) dx(x J
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dv d . .
And, — =—(cost)=-sint =—sin/Xx
dt dt( ) x

By using chain rule, we obtain

dt_dvdt
dx dt dx

:—sin(ﬁ)%

=—%sin(\/§)
sin(\/;)

—

Alternate method

o8] =-sin(R) £ ()

X X

:—sin(&)x%[x;J

1 1
=—SiNyXx=X 2
2

3 —sin«/;
= i

9. Prove that the function f given by f (x) =|x—]4,x e Ris not differentiable at x = 1

Solution:
The given functionis f(x)=|x-1],xeR
It is known that a function f is differentiable at a point x = c in its domain if both

lim f(e+h)-f(c) and lim f(c+hg— f(c) are finite and equal

k—0" h—0*

To check the differentiability of the given function at x =1,

Consider the left hand limit of fatx =1

i fArh)-f(@) 1 +h-1-1

h—0" h h—0" h
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I|m| |_ —||m— (h<0:>|h|=_h)
h—0~ h—0~ N
=-1

Consider the right hand limit of fat x =1

f(1+h)-f(1) _lim fll+h—1—[1-1
h

lim

h—0" h h—0"

im0 i (h>0=|n/=h)
h—0* h h—0" h

Since the left and right hand limits of f at x = 1 are not equal, f is not differentiable at
x=1

10.  Prove that the greatest integer function defined by f (x)=[x],0<x <3is not
differentiable at x=1and x=2
Solution:

The given function fis f(x)=[x],0<x<3

It is known that a function f is differentiable at a point x=cin its domain if both
lim f(c+h)-f(c) and lirm f(c+hg—f(c)

h—0" h h—0*

are finite and equal

To check the differentiable of the given function at x = 1, consider the left hand limit
of fatx=1

o f@en)- 1@ ][]
h

h—0" h h—0"

0-1 -1
= I|m—_ lim—=w
h h—0" h

Consider the right hand limit of fatx =1
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~lim (L+h)-f (1) _ lim [1+h][]
h—0* h he0~

= Iimﬂz lim0=0
h—>0" h h—0*

Since the left and right limits of f at x = 1 are not equal, f is not differentiable at x =1

To check the differentiable of the given function at x=2, consider the left hand limit of

fatx=2

i f@en)=f(2) . [2+h]-[2]
h—0" h h—0"

1-2 . -1
=lim—=Ilim—=w

h—0" h h—0" h

Consider the right hand limit of f at x= 1

i £ F(2) | [2+h]-[2]

h—0* h—0*

—lim 22~ limo=0

h—0" h h—0*

Since the left and right hand limits of f at x = 2 are not equal, f is not differentiable at
X=2




