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Chapter 5: Continuity and differentiability.

Exercise 5.5

1. Differentiate the following with respect to x.

COS X.COS 2X.C0S 3X

Solution:

Let y =cos x.Ccos 2X.Ccos 3x

Taking logarithm or both the side, we obtain

log y = log (cos x.cos 2x.cos 3x)

= log y =log(cos x) + log(cos 2x) + log (cos 3x)

Differentiating both sides with respect to x, we obtain

1dy =ii(cos X)+ i(cos 2x) + i(cos3x)
y dx cosx dx cos 2x dx cos 3x dx

:ﬂ: [_smx_stxi(ZX) sin3x d (3x)}

dx COSX C0S2x dx ~ cos3x dx
dy
g = Teos X.cos 2x.cos3x[tan x + 2tan 2x + 3tan 3x]
X
2. Differentiate the functions with respect to x.

J( (-1(2)

x—3)(x—4)(x-5)

Solution:

Let sz( (x-1)(x-2)

x—3)(x—4)(x-5)

Taking logarithm or both the side, we obtain

logy = IogJ( (x-1)(x-2)

x—3)(x—4)(x-5)
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(x-1)(x-2) }

1
:"°gy:5'°g{<x—s><x—4><x—s>
= log y=%[log{(x—1)(x—2)}—'09{(X_3)(X_4)(X_5)}]

= log y:%[Iog(x—1)+Iog(x—2)—Iog(x—3)—|og(x—4)—Iog(x—5)]

Differentiating both sides with respect to, we obtain

:g_y(1+1 11 1)

dx_E x-1 x—2_x—3_x—4_x—5

.ﬂzl\/ (x-1)(x-2) [1+1 11 1}

Cdx o 2\ (x-3)(x-4)(x=5)[ x-1 x-2 " x-3 x-4 x-5
3. Differentiate the functions with respect to x.

(log X)COSX
Solution:

Let y=(logx)™"
Taking logarithm or both the side, we obtain
log y =cos x.log(log x)

Differentiating both sides with respect to x, we obtain

%% = %(cos x)xlog(log x)+cosxx%[|09(|09 X)]

Y A xlog (log x)+cos xx i ! di(log X)

y dx og x dx

:>d—y: y| —sinxlog(log x)+COSX><l
d log x

X X
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% = (log x)™" [ CIOZX —sin xlog (log x)}

X10g X

4. Differentiate the functions with respect to x.
Xx _ Zsinx

Solution:
Let y — Xx _25inx

Also, let x*=uand 2" =v

y=u-v
dy _du dv
dx dx dx
u=x"

Taking logarithm on both sides, we obtain

logu = xlog x

Differentiating both sides with respect to x, we obtain
l1du | d d
—— =| —(x)xlog x+ xx—(log x
u dx {dx( )X ¢ de( g )}

du 1
:—zu[lxlogx+x><—}
dx X

du
—=x*(l 1
—S x* (log x +1)

du
(1
> x* (1+ log x)

V= 2sinx
Taking logarithm on both the sides with respect to x, we obtain
logv =sin x.log 2

Differentiating both sides with respect to x, we obtain
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1dv d .
i log Za(sm X)

dv
= — =vlog2cos x
dx

= dv_ 2°"* cos xlog 2
dx

% =x*(1+log x)—2""* cos xlog 2
X

5. Differentiate the functions with respect to x.
(x+3)2.(x+4)3.(x+5)4
Solution:
Let y:(x+3)2(x+4)3(x+5)4
Taking logarithm on both sides, we obtain
Iogy:Iog(x+3)2+Iog(x+4)3+log(x+5)4
= logy =2log(x+3)+3log(x+4)+4log(x+5)
P SV W L GV WO T P
y dx X+3 dx X+4 dx X+5 dx
dy [ 2 3 4 }
=>—=Y + +
dx X+3 X+4 x+5
dy 2 3 A 2 3 4
— = 3 4 5
:>dx (x3) (x+ )(X+ ) _x+3+x+4+x+5}
:>d—y=(x+3)2(x+4)3(x+5)4 2(x+4)(x+5)+3(x+3)(x+5)+4(x+3)(x+4)
dx (x+3)(x+4)(x+5)

Differentiating both sides with respect to x, we obtain

:>%=(x+3)(x+4)z(x+5)3.[2(x2 +9x+20)+3(x2 +9x+15)+4(x2 +7x+12)}
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g_i =(x+3)(x+4)" (x+5)’(9x* + 70x +133)

6. Differentiate the function with respect to x.

(xg)xw

X

Solution:

Let y= (X + %}X + x(l%)

X l+E
Also, let u :(X+£j and v = X( X)

X

SLy=Uu+v
dy _du v (1)
dx dx dx

Then, u =(X+£J
X

Taking log on both sides

1 X
:Iogu:log(x+—)
X

1
= logu =x|og(x+—j
X

Differentiating both sides with respect to x, we obtain

lau_d

——(X)XlOg(X+£j+XXi Iog(x+lj
udx dx X dx X )

1du 1 1 d 1
= ——=1xlog| Xx+= |+ Xx —| X+=
u dx X ( 1 X
x+;
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du ( 1) X ( 1)
= —=u|log| x+= |+ X| X+—
dx X ( 1 X
x+;

1
du( 1)* ( 1) X‘X)
=—=|x+—| | log x+; +

= logv = (1+£jlog X
X

Differentiating both sides with respect to x, we obtain

1dv d 1 1\d
——=|—|1+=||xlogx+|1+= |[—]log X
vdx | dx X X ) dx

1dv 1 1)1
:——:[——Zjlog x+[1+—j—
v dx X X )X

1ldv logx 1 1
> ——=———+—+
v dx X X X
dv [—Iogx+x+1}
= =V —m8M8M8

dx X2
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= dv_ X(X%J (Llong ......... (3)

dx x?

Therefore, from (1), (2) and (3), we obtain

( 1jx{x2—1 ( 1}} [x+1j(x+1-|ong
—=| X+— ——+log| X+=||+X —
dx X) | x“+1 X X

dy
7. Differentiate the functions with respect to x.
(log x)* + x"%"
Solution:
Let y=(logx)"+x"*"
Also, let u=(logx)" and v = X"
Ly =U+vV
= dy _du + v (1)
dx dx dx
u=(logx)"
= logu = log [(Iog x)x}
= logu = xlog(log x)
Differentiating both sides with respect to x, we obtain
ldu d d
- &(x) xlog (log x) + x.&[log (logx)]

= % = u[lxlog(log X)+ x.@%(log x)}

= 3—;: = (log x)" [Iog(log x)+$ﬂ
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= 3—2 =(log x)" | log(log x)+$}

_du_ (logx) log(log x).log x+1}
dx log x

:%:(Iog x)"[1+logx.log(logx)] ... (2)

V= Xlogx

= logv =log (x**")

= logv =log xlog x = (log x)2

Differentiating both sides with respect to x, we obtain

1dv_d

—[(Iog x)z}

vdx dx

1dv
=
v dx

dv
—=2x""Mogx . 3
= 5 =X g x (3)

Therefore, from (1), (2) and (3), we obtain

% =(log X)X*1 [1+ log x.log (log X)] + 2% Jog x
8. Differentiate the functions with respect to x
(sinx)* +sin* V/x
Solution:

Let y=(sinx)" +sintx

Also, let u =(sin x)X and v =sin*/x

Ly=Uu+v
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M N
dx dx dx
u=(sinx)"

= logu =log(sin x)"
= logu = xlog(sin x)

Differentiating both sides with respect to x, we obtain

ldu d . d .
== :&(x)xlog(sm X)+ XX&[Iog(sm X) ]
du ) 1 d, .
—=u|l.l —_——
= » u{ 0g(sin x)+ X sinxdx(sm x)}
du . X . X
- | -
= (sinx) [og(sm X)+sinx cosx}
du . X .
:&:(sm )" (xcotx+logsinx) ... (2)
v=sintx
Differentiating both sides with respect to x, we obtain
d 1 d
()
1-(x)
dv 1 1
=S
dx 1-x 24X
dv 1
—= ... 3
dX  24/x—x? ()
Therefore, from (1), (2) and (3) we obtain
dy

—2 = (sinx)” (xcot x+logsin x) +

1
dx 24X — x?

9. Differentiate the function with respect to x.

COSX

X +(sin x)
Solution:

COSX

Let y=x"+(sinx)

sinx

Also u=x"" and v=(sinx)™"
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’ Sy=u+v
= &y _du + L (1)
dx dx dx
u= Xsinx

= logu =log (™)
= logu =sin xlog x

Differentiating both sides with respect to x, we obtain

1du d, . . d
——=—(sinx).lo sinx—(lo
o dx(l x).log x+si de( gx)
du [ ) 1}
= —=u=| cosxlog x+sinXx.—
dx X
:d_”—x“”x[cosxlogx+—smx} (2)
™ 4

v=(sinx)™"

COSX

= logv =log(sinx)
= logv = cos xlog (sin x)

Differentiating both sides with respect to x, we obtain

%% = %(cos x)x log (sin x) + cos Xx%[log (sinx)]

v =v[—sin x.log (sin x)+cos x.ii(sin x)}
dx sin x dx

dv . \cosX . . COS X
= —=(sinx) | —sinx.logsin x+——cos x
dx sin X

= % = (sin x)**[~sin x logsin x + cot xcos X
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’ = —=(sinx)" [cotxcosx—sinxlogsinx] ... (3)
Therefore, from (1), (2) and (3) we obtain
% = X" (cos xlog x+wj (sin x)**"[cos x cot x —sin xlog sin x]
X X
10. Differentiate the function with respect to x.
2
XXCOSX 4 Xz +1
x° -1
Solution:
x*+1

Let XXCOSX

V= x? -1

x?+1
Also, let u=x***and v=—
X -1

dy du dv
:> —_—

dx dx dx
Ly=Uu+v
u — XXOOSX
Differentiating both sides with respect to x, we obtain
B © —(x)cos xlog x+ xi(cos x)log X + xcosxi(log X)
udx dx
:——u{l cos x.log x + x ( sin x)Iogx+xcosx }

X
du

v x*“** (cos x log x — xsin x log x +cos x)
X

d_u — XCOSX

= [cosx(1+logx)—xsinxlogx]| .. (2)
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= logv =log(x* +1)-log(x* 1)
Differentiating both sides with respect to x, we obtain

X x*+1 x*-1

1 dv 2X 2X
v

v _V[2x(x2 ~1)-2x(x* +1)]

dx (x*+1)(x* -1)

:ﬂ:xﬁlx —4Ax
dx x?-1 (x2+1)(x2—1)

dv —4x
== 2
dX (X2 _1)

Therefore, from (1), (2) and (3) we obtain

4x
(x-1)

% = xXeosx [cos X(1+log x)—xsin xlog x] -

11. Differentiate the function with respect to x.
1
(xcosx)" +(xsinx)x
Solution:

Let y =(xcosx)" +(xsin x)%

Also, let u=(xcosx)" and v =(xsin x)%

Ly=Uu+v

dy_du v (1)
dx dx dx

u=(xcosx)’

= logu = log(xcos x )’
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= logu = xlog(xcos )

= logu =x[log x+logcos x]

= logu = xlog x + x log cos x

Differentiating both sides with respect to X, we obtain

%g—z = %(x+ log x)+%(xlog COS X)

du

o 8 g (o) o ) o)

= du_ (xcosx)” (Iog x.1+ x.1j+{log cos x.1+ x.i.i(cos x)}
dx X cosx dx

= du_ (xcosx)” (Iog x.1+ x.lj+{log cosx.1+ x.i.i(cos x)}
dx i X cosx dx |

du «| X o
= log x +1)+11 2 (-
= (xcosx)" | (log x+ )+{ogcosx+cosx( smx)H

= j—i =(xcos X)X [(1+ log x)+ (log cos x— x tan x)]

= g_u = (xcosx)"[1—xtan x+(log x + log cos X) |

X
du X
:az(xcosx) [1-xtanx+log(xcosX)] ... (2)
L
v =(xsin x)x

= logv =log(xsin x)i

= Iogv:%log(xsin X)

= Iogv:l(log x +logsin x)
X
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1 1 .
= logv ==log x+—logsin x
X X

Differentiating both sides with respect to x, we obtain

ldv i[_| ng+di[ Iog(sinx)}

vdx dx X| X

322 o 23 o

v dx

X

= 1dv_ :Iog x.[—%}+%.ﬂ{log(sin x)(—%)+%L di(sm x)}

2

:lﬂ =i2(1—log X){— log(sinx) + 1 .COS X}

vdx X X XSsin x
1 - —log(sin x)+ xcot x
:lﬂ iz(xsm x)x+[ |29X+ 9 2) }
vdx x X X
~ t[1=logx—log(sin x)+ xcot x
= g (xsm x) g 9(2 ) }
X X

1[1-log(xsinx)+xcotx
X X

Therefore, from (1), (2) and (3), we obtain

1
Y (xcosx)*[1-xtan x+log(xcos x) |+ (xsin x)x [XCOtXH '209("5'” X)
dx »
12. Find d—yof function.
dx
X' +y =1
Solution:

The given function is x¥ +y* =1

Let x¥) =uand y* =v
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’ Then, the function becomes u+v=1

.'.d—u+ﬂ:0 ......... (1)
dx dx

u=x’
= logu =log(x’)
= logu = ylog x

Differentiating both sides with respect to x, we obtain

1 du dy d
——=1 < +y.—(I
u dx oQde+ydx(09X)
:d—u:u[logxﬂ+yl}

dx dx ' x

du dy y)

=x'|logx—=+=| ... 2

:>dx ( g dx X ()
v=y"

= logv =log(y")
=logv=xlogy
Differentiating both sides with respect to x, we obtain

1dv d d
——=| — — (1
v dx ogydx(x)+xdx(ogy)

:y—v Iogy1+x1 a
dx T Ty dx

dv x dy
— =V logy+—=—-Z| oo 3
= y(gy ydxj (3)

Therefore, from (1), (2) and (3) we obtain
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xy(log xﬂ++lj+ y*| log y+5d—y 0
dx X y dx

= (x2 +log x + xyy‘l)% = —(yxy‘l+ y*log y)

cdy _ yx+y*logy

Tdx xVlog x+xy*

13.  Find %Of function y* = x’

Solution:
The given function is y* = x’
Taking logarithm on both sides, we obtain
xlogy = ylog x

Differentiating both sides with respect to x, we obtain

d d d d
log y.&(x)+ x.d—x(log y)=log x.&(y)+ y.—(log x)

dx
:>Iogy.1+x.1.ﬂzlogx.g+y.1
y dx dx X
:>Iogy+5ﬂ=logxﬂ+l
y dx dx X

:(i—longd—yzl—logy
y dx x

:{x—ylongd_yz y—xlogy
y dx X

:{x—ylongd_y: y—xlogy
y dx X

L Oy _y[y-xlogy
dx x{ x-ylogx
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14, Find W of friction (cosx)” =(cosy)"

dx

Solution:

The given function is (cosx)’ =(cosy)’

Taking logarithm on both sides, we obtain
y =logcos x = xlogcos y

Differentiating both sides with respect to x, we obtain

dy d d d
I ——+y.—(I =1 — —(I
0g COS X dX+y dx( ogcos x) =logcos y dX(x)+x dx( 0gcosy)
dy 1 d 1 d
= logcosx.—+y.——.—(cos x) =logcos y.1+ x.———(cos
J dx ycosx dx( )=logcosy cosy dx( v)
dy  y : X o dy
= log cos x—=+—"—(—sin x) =log cos y + ——(—sin y)—=
dx cosx cosy dx
:>Iogcosxﬂ—ytanx=Iogcosy—xtan yd—y
dx dx

= (log cos x + x tan y)%: y tan x + log cos y

. dy _ ytanx+logcosy
dx  xtan y+logcos x

15.  Find g—iof function xy =e*)

Solution:
The given function is xy =)
Taking logarithm on both sides, we obtain
log(xy)=log(e*”)

= logx+logy=(x—y)loge
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=logx+logy=(x—-y)x1
=logx+logy=x-y
Differentiating both sides with respect to x, we obtain

d d d dy
| | —— (x)=2
5 109 %)+ (logy) == (x)

Jdy _y(x=1)
Cdx o x(y+1)

16.  Find the derivative of the function given by f (x)=(1- x)(1+ xz)(l+ x4)(1+ XS) and

hence find '(1)
Solution:
The given relationship is f (x)=(1— x)(1+ xz)(l+ x4)(1+ XB)
Taking logarithm on both sides, we obtain
log f (x)=log(1+x)+log(1+x*) +log (1+x*) + log 1+ x°)

Differentiating both sides with respect to x, we obtain

1 d d d oo d o d 8
W.&[f (x)]= ™ Iog(1+x)+dX log (1+x )+dx log (1+x )+dx log(1+x°)

+X°)+

1+ x* '&(H X4)+1+ x& " dx
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17.

12 4 8x’
L F () = (LX) (147 ) (14 x* ) (1+ XB)L+X+1+)>((2 +1+Xx4 +1+XX8}

3 7
Hence, f '(1)=(1+1)(1+12)(1+14)(1+18)Li1+12:112 +fﬁ4 +fiH

=2x2x2x2 1+g+ﬂ+§
2 2 2 2

ﬂGX(%)

:16x%:120

Differentiate (x2 —5x+8)(x3 + 7x+9) in three easy mentioned below

i. By using product rule

ii. By expanding the product to obtain a single polynomial
iii. By logarithm differentiate

Do they all given the same answer?

Solution:

Let y :(x2 —5x+8)(x°*+7x+9)

(i) Let x=x*-5x+8and u=x*+7x+9

y=uv
dy _ d_uv+ u av (By using product rule)
dx dv dx

:%=%(X2 —5X+8).(X3+7X+9)+(X2 +5X+8)-%(X3+7x+9)

:>d—y=(2x—5)(x3+7x+9)+(x2 —5x+8)(3x2 +7)

:g_i: 2X(X3+7X+9)—5(X3 +7X+9)+ x? (ff.x2 +7)—5X(3X2 +7)—8(3X2 +7)
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= % - (2x4 +14%2 +18x)—5x3 —35x—45+(3x2 + 7x2)—15x3 — 35X+ 24x> +56
X

% =5x* —20x% +45x? —52x +11
X

(i) y=(x*—5x+8)(x*+7x+9)
= xz(x3 +7x+9)—5x(x3+7x+9)+8(x3+7x+9)
=X +7x* +9x% —5x* —35x? — 45X +8x> + 56X + 72

= x> —5x* +15x® —26X? +11x + 72

dy = i(x5 —5x* +15x% — 26X? +11x + 72)
dx dx

d d d d d d d
d—i = &(xs)—Sa(x“)+15&(x3)—26&(x2)+11&(x)+&(72)

=5X* —5x4x° +15x3x* — 26x2X +11x1+0
=5x* —20x° +45x° —52x+11

(iii) Taking logarithm on both sides, we obtain
log y =log(x* ~5x+8)+log(x*+7x+9)

Differentiating both sides with respect to x, we obtain

%%z%log(xz —5x+8)+%log(x3+7x+9)

:lﬂ:%i( 2—5x+8)+3;.i(x3+7x+9)
ydx x°—5x+8 dx X+ 7x+9 dx

dy 1 1 2
Y oy = x(2x-5) = x(3x2+7
~ dx y[x2—5x+8x( X )+x3+7x+9x( T )}

:>ﬂ:(x2 —5x+8)(x3+7x+9){

2x—5 X2 +7
dx

3 + 3
X°—=5x+8 XxX°+7x+9
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2x—5(X° +7x+9)+(3x* +7)(x* ~5x+8)

(x3—5x+8)+(x3+7x+9)

:%:(xz —5x+8)(x3+7x+9)

:>:—i=2x(x3+7x+9)—5(x3+7+9)+3x2(x2—5x+8)+7(x2—5x+8)

= dy _ (2x5 +14x? +18x) —5x* —35x—45+ (3x4 —15x% + 24x2)+ (7x2 —35x +56)
dx

= dy =5x% —20x> +45x* —52x+11

dx
From the above three observations, it can be concluded that all the result of g—y are same
X
18. If u, v and w are function of x, then show that i(u.v.w) = d—uv.w+ u ﬂ.w+ u .vd—W .
dx dx dx dx

In two ways — first by repeated application of product rule, second by logarithmic
differentiation.

Solution:
Let y=uv.w=u.(v.w)

By applying product rule, we obtain

dy _du d
™. ™ (v.w)+u. ™ (v.w)
= i, = d—uv.w+ u y.w+ v.ﬂ (Again applying product rule)
dx dx dx dx
dy du dv dw
= —==—VW+U—.W+UV—
dx dx dx dx

By taking logarithm on both sides of the equation y =u.v.w, we obtain
logy =logu+logv-+logw
Differentiating both sides with respect to x, we obtain

1dy d d d
=o_9 L Ra(
) ox dX(ogu)+dx(ogv)+dx(ogw)
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1dy 1du 1dv 1dw
= = =—— 4

y dx udx vdx wdx
_dy_ (ldu 1dv 1dw

dx “ludx vdx wdx

dy (1du 1dv 1de
-2 _yvw| ==+ 24 =

dx udx vdx wdx

dy _du dv dw
So—=—VW+U.—WH+UV—

(dx - dx dx dx



