Infinityy ., Sri Chaitanya

Learn ' Educational Institutions

Chapter 5: Continuity and differentiability.

Exercise 5.7

1. Find the second order derivatives of the function x? +3x+2

Solution:

Let y=x*+3x+2

Then,
ﬂ:i(x2)+i(3x)+i(2)= 2x+3+0=2x+3
dx dx dx dx
d’y d d d
So—5 =—(2X+3)=—(2X)+—(3)=2+0=2
dx? dx( ) dx( ) dx( )
2. Find the second order derivative of the function x*
Solution:
Let y=x*
Then,
a i(xz") = 20x*°
dx dx
2
299 (50x) =20 () = 20.19.x% = 380"
dx= dx dx
3. Find the second order derivatives of the function x.cos x
Solution:

Let y = X.cosx

Then,
&y _ i(x.cos X) = cos x.i(x)+ xi(cos X) = cos .1+ X (—sin x) = cos x — xsin x
dx dx dx dx
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dy _ d o1 d d,
S &[cosx—sm X]= &(cos X)—&(xsm )

=-sin x—{sin xdi(x)+xdi(sin x)}

X X
=—sin x—(sin x+cos x)

=—(xcosx+2sin x)

4. Find the second order derivatives of the function log x
Solution:

Let y=1log x

Then,

% = %(Iog X) = %

Ly (1)

Cdx® dx\x) x?
5. Find the second order derivatives of the function x*log x
Solution:

Let y=x’logx

Then,

dy _

d d d
N &[ﬁ log x | = log x.&(x3)+ x?’&(log X)

1
= log x.3x* + x>.= = log x.3x* + X
X

=x"(1+3log x)

d? d
dTZ/ = &[XZ (1+3|Og X)]
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6.

= (1+3log x).%(x2)+x2%(l+3log X)

=(1+3log x).2x + XS%

=2x+6log x+ 3x

=5x+6xlog x
=x(5+6log x)

Find the second order derivative of the function e*sin5x

Solution:

7.

Let y=e"sin5x

dy d, . ) d/ sy, d .
d—z(':&(e S|n5x):sm5xd—x(e )+e &(sm5x)

=sin5x.e* +e*.cos 5x.di(5x) =e*sin5x+e* cos5x.5
X

=e*(sin5x+5c0s5x)

T~ %[ex (sin5x+5c0s5x) |

(sin 5x+5c055x)%(ex)+ex.%(sin 5X +5c085X)

(sin5x+5cos5x)e” +e* {cosSx.%(Sx) +5(—sin 5x).%(5x)}
=e"(sin5x+5c0s5x)+€” (5cos5x — 25sin 5x)

Thus, €*(10cos5x —24sin5x) = 2e* (5c0s5x —12sin5x)

Find the second order derivatives of the function e®* cos3x

Solution:
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Let y =e® cos3x

Then,
@ _ i(e6x cos3X) = cos 3x.i(e6X )+e® i(cos 3x)
dx dx dx dx

6X d 6X H d
= e —(6 — —(3
cos3x.e dx( X)+e™( S|n3x)dx( X)

= 6e cos3x —3e®sin3x......... (1)

3—3 = %(6&‘* cos 3x —3e*" sin 3x ) = 6.%(&* cosSx)—B.%(e6x sin 3x)

=6.[ 6e°" cos3x—3e®" sin3x | - S{Sin 3X. %(e6X )+e®. %(sin 3x)} [using (1)]

— 36e®* cos3x —18e% sin 3x —B[Sin 3x.e%.6 +e%.cos3x —3]

= 366" cos 3x —18e®* sin 3x —18e sin 3x —9e®* cos 3x
=27 cos 3x —36e°* sin 3x
=9e™ (3cos3x—4sin 3x)
8. Find the second order derivatives of the function tan™ x
Solution:
Let y=tanx

Then,

d’y d( 1 d - 2 d 1 2
.-.ﬁ:a(lﬂzj:&(uxz)1=(—1)(1+x2)2d—(1+x2)— x2X =X
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9. Find the second order derivative of the function log(log x)
Solution:

Let y=log(logx)

Then,

dy d 1 d, 1 B
&_dx[log(logx)]_—log : (Iogx)_—Ig =(xlogx)

2
.'.%:%[(xlogx)_l}z(—l)(xlogx)_Z%(xlogx)
-1 i d d
= .| log x.—(x)+ x.—(log x
) g )
__ > Iogx.1x+£}=_1(1+—logzx)
(xlogx)™ L X (xlog x)
10.  Find the second order derivatives of the function sin(log x)
Solution:
Let y=sin(logx)
Then,
ﬂ=%[sin(logx)]=cos(|ogx).%(logx)=%ogx)

dx

Tdx® dx X

x.:X[cos(log x) ] —cos(log x)(;jx(x)

X2

x{—sin(log x).sx(log x)}—cos(log x).1

XZ
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—xsin(log x).)l(—cos(log X)

X2

_ —[sin(log x) +cos(log x) |

2
11.  If y=5cosx—3sinXx, prove that %+y=0
X

Solution:

It is given that, y =5c0s x—3sin x

Then,
% = %(5005 x)—%(%in X) = Si(cos x)—3di(sin X)

=5(—sin x)—3cos x =—(5sin x+3cos x)

2
% = %[—(58”] X+ 3C0Ss x)]

= —{S.di(sin x)+3.di(cos x)}

X X
= [5005 X+3(—sin x)]

=—[5cos x—3sinx]
)

d2
d—XZ'Fy:O

Hence, proved

d?y

12.  If y=cos™x, find vy in terms of y alone
X

Solution:

X
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It is given that, y =cos™ x

Then,

= - x(—2x)
(1-x)
d’y —X

=>—5= =.onies (i)
o (1-x*)

y=COS " X=>X=COSY

Putting x =cosy in equation (1), we obtain

d’y  —cosy
2 =
op (1-cos? y)3
2 -
- d<y __—Cosy

o’ (sin2 y)3

—CoS'y

sin’y

_ —<_:os Y, _ 1
siny sin’y
d?y

— — 2 =cot y.cosec®
dx? y y
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13.  If y=3cos(logx)+4sin(logx), show that x*y, + Xy, +y =0
Solution:

It is given that y =3cos(log x)+4sin(logx) and x*y, +xy, +y=0

Then,
y, = 3,i[cos(log x) ]+ 4.i[sin (logx)]
1 dx dx

= 3.{—sin(log x).%(log x)}+4.[cos(log x).%(log x)}

_ —3sin(logx) .\ 4cos(logx) 4cos(logx)—3sin(logx)

Y=

X X X

d [4cos(logx)—35in(logx)j
Y, =
dx X

[ 4{cos(log x)} - {~3sin(log x)} ' {4cos(log x)} ~3sin (log x) | .1

=X
NG

| —4sin(log x).(log x)'—3cos(log x)(log x)' | -4 cos (log x) +3sin (log x)

XZ

—4sin (Iogx))l( —BCos(Iogx))l(} —4cos(log x)+3sin(log x)
= X=

X2

_ 4sin(log x)—3cos(log x) —4cos(log x) +3sin (log x)
S -

_ —sin(logx)—7cos(log x)
- —

XY, XY, Y

z(—sin(log x)—7cos log x)]+ X(4cos(log x)—3sin (log x)

v . j+3cos(|og x)+4sin(log x)
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=sin(log x)—7cos(log x)+4cos(log x)—3sin(log x) +3cos(log x)+4sin (log x)
=0

Hence, proved

2
14.  If y=Ae™ +Be™, show that z—z—(m+n)%+mny=0
X X

Solution:
It is given that, y = Ae™ +Be™

Then,

dy_ i mx i nx _ mxi nxi | mx n
dx_A'dx(e )+B.dx(e )_A.e .dx(mx)+B.e dX(nx)_Ame +Bne

X

d mx nx d mx d nx
—=&(Ame +Bne )=Am.&(e )+Bn.&(e )

= Am.e’”x.i(mx)+bn.e”x.i(nx) = Am%e™ + Bn%e™
dx dx

Y dy
v (m+n)&+mny

= Am’e™ + Bn’e™ —(m+ n).(Amemx + Bne"x)+ mn (Aemx + Be”‘x)
= Am’e™ + Bn%e™ — Am?ex™ — Bmne™ — Bn%e™ + Amne™ + Bmne™
=0
Hence, proved
2

15.  If y=500e"™ +600e " show that % — 49y
X

Solution:

It is given that, y =500e"™ +600e "

Then,
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d d, . d,
d—§=5oo.&(e7 )+600.&(e ™)

=500.e"". d

d
—(7 e (=1
dx( X)+600.e dX( X)

= 3500e"™ —4200e "

d? d, . d, .,
.'.d—xz’=3500.&(e7 )—4200&(e ™)

i(?x)—4200.e’7x.i
dx dx

3500.6™

(=7x)
—7x3500.™ +7x4200e "

= 49x500e”™ +49x600e "

=49 (500e7x +600e7* )

=49y

Hence, proved

d’y (dyY
16.  If ' (x+1)=1, show that —2=(—J
dx dx

Solution:

The given relationship is e’ (x+1)=1

e/ (x+1)=1

Differentiating this relationship with respect to x we obtain
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d d 1 -1 -1
d_i=(X+1)&((x+l)J=(X+1)—(x+1)2 -—

()
-—J1-| =
dx? \x+1

2 2
3M:(ﬂ)
dx?  dx

Hence, proved
17.  If y=(tan™ x)z, show that (x* +1)2 Y, +2x(X° +1)y, =2
Solution:

The given relationship is y = (tan™* x)2

Then,

4. d \
y, = 2tan 1x&(tan 'x)

= (1+x°)y, =2tan"* x

Again differentiating with respect to x on both sides, we obtain

(1+ x2) Y, +2Xy, = 2(1+1x2 j

= (1+X°)y, +2x(1+x*) =2

Hence proved
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