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Chapter 5: Continuity and differentiability.

Exercise 5.8

1.

Differentiate the following with respect to x.
COS X.COS 2X.COS 3X

Solution-1

2. Differentiate the function with respect to x. \/

Let Y =COSX.COS2X.COS3X

Taking logarithm or both the side, we obtain

log y = log( cos x.cos 2x.cos 3x)

= log y =log(cos x)+ log(cos 2x) + log(cos3x)
Differentiating both sides with respect to x, we obtain

1ﬂzi.i(cosx)jt .i(coszx)

y dx cosx dx cos2x dx

:ﬂ:y[ sinx sin2x d 4 (2x)- sin3x d }
dx COS X c032x dx COS3X dx

% =—C0S X.C052X.C0S3X[tan x + 2tan 2x + 3tan 3x]
X

d (cos3x)

(x—1)(x—2)

Solution-2

B, (x—1)(x—2)
(x—3)(x—4)(x-5)
Taking logarithm or both the side, we obtain
(x-1)(x-2)

(x=3)(x—4)(x-5)

logy =1log

1 X—=1)(x-2
oy~ Jig| [ U0

(x-3)(x—4)(x-5)

= logy =~ log(x~1)(x~2)} ~log{(x~3)(x - 4)(x-5)}]
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=3 Iogy=%[log(x—1)+Iog(x—2)—|og(x—3)—Iog(x—4)—|og(x—5):|

Differentiating both sides with respect to, we obtain
1 d 1 d

——(x-1)+——

ldy 1 x—1dx( )+ X—2 dx

ydx 2 _Li(x_4)_ _
4 dx x-5d
:ﬂzl(lJrl_l_l_lj
dx 2\x-1 x-2 x-3 1-4 x-5

_d_y_l\/ (x—1)(x—2) [1+1_1_1_1}

Tdx 2 (x=3)(x-4)(x-5)[x-1 x-2 x-3 1-4 x-5

3. Differentiate the function with respect to x. (Iog X)COSX
Solution-3

COS X
Let y =(logx)
Taking logarithm or both the side, we obtain
log y = cos x.log(log x)

Differentiating both sides with respect to x, we obtain

1dy d d
—.—=—(cosx)xlog(logx)+cosxx—| log(logx
5ok~ o (©0%)xlog (logx) + cosxx T log(log x)
1 dy . d
—.— =-sinxlog(log x) + cos x .—(log x
:>ydx g(logx) Xlogxdx( 9x)
:>d_y y{ smxlog(logx)+@xl}
dx logx X
dy cosx| COS
. —=(log x ———sinxlog(logx
dx (1og) {Iogx g(log )}
4, Differentiate the function with respect to x. X* — 2%

Solution-4

Let y — Xx . zsinx
Also, let X =u and 2°"* =v
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’ Sy=u-v
dy du dv
dx dx dx
u=x"

Taking logarithm on both sides, we obtain
l1du | d d

——=| —(x)xlogx+xx—(logx
u dx {dx( ) J dx( J )}

dx X

du
= —=x"(logx+1
o =X (logx+1)
du
= —=x"(1+logx
o =X (L+logx)
V= Zsinx
Taking logarithm on both the sides with respect to x, we obtain
logv =sinx.log2
Differentiating both sides with respect to x, we obtain

du 1
:—:u[lxlogx+x><—}

1 dv d, .
—.—=log2.—(sinx
v dx g dx( )
dv
— —=vlog2cosx
dx
:szs"‘xcosxlogz
dx
'd—y—x2(1+lo X)—2""*cos xlog 2
v gx) xlog

5. Differentiate the function with respect to x. (X + 3)2 .(X + 4)3 .(X + 5)4
Solution-5

Let y = (x+3)2 (x+ 4)3.(x+5)4

Taking logarithm on both sides, we obtain.

logy = Iog(x+3)2 +log(x + 4)3 + Iog(x+5)4

= logy =2log(x+3)+3log(x+4)+4log(x+5)
Differentiating both sides with respect to x, we obtain

:>%z(x+3)(x+4)z(x+5)3.[2(x2 +9x+20)+3(x2 +9x+15)+4(x2 +7x+12)]
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—

dy [ 2 3 4
— = + -
dx X+3 X+4 X+5]

dy 2 3 df 2 3 4
= D (43 (x+4) (x5 _X+3+X+4+X+5}

:ﬂ=(x+3)z(x+4)3(x+5)4.[

2(x+4)(x+5)+3(x+3)(x+5)+4(x+3)(x+4) 3 4}
dx

(x+3)(x+4)(x+5) +x+4+x+5

:%=(x+3)(x+4)z(x+5)3.[2(x2 +9x+20)+3(x2 +9x+15)+4(x2 +7x+12)}

%z(x+3)(x+4)2(x+5)3(9x2+70x+133)

X 1+1
6. Differentiate the function with respect to x. (X + —) + X( X)
X

Solutoin-6

1
Also, let U =(X+—
Sy=u+v

:ﬂ_du dv

=t — 1
dx dx+dx @

1 X
Then, U=| X+ —
X

Taking log on both sides

1 X
:Iogu:log(x+ﬂ

1
= logu =x|og(x+—j
X

Differentiating both sides with respect to x, we obtain

—
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%g_i = %(x)x(log)(x +%) + X X %{Iog(x + %ﬂ

1du_

== _1x(log)(x+1j+x>< ! .i(x+
u dx X ( 1jdx

du 1) x*-1 1
j&_(x—'_;){xz+1+(|Og)(x+;ﬂ ............ 2)

x5
v=Xx "

Taking log on both sides, we obtain
&
logv=Ilogx: *

= Iogv:[1+1jlogx
X

Differentiating both sides with respect to x, we obtain

1dv d 1 1) d
——=|—|1+=||xlogx+|1+= |.—logx
vdx |dx X X ) dx
1dv ( 1) ( 1)1
= ——=| == [logx+| X+=|.=
v dx X X)X

1dv logx 1 1
:>__—_ —_

vdx  x2  x x?
dv {—Iogx+x+l}
==V
dx NG
1+1 B —
:ﬂ:x[ J Lzlogx} .......... @3)
dx X

Therefore from (_1) , (2) and (3), we obtain

X 2 x+1 —
ﬂ=(1+1) X 2_1+Iogx(x+1ﬂ+x( X)(Lzlong
dx X)| X X X
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7. Differentiating both sides with respect to x. (log X)X + X9
Solution-7

Let y =(logx)" + x"**

log x

Also, let U = (Iog X)X and V=X

Sy=Uu+v

Sy _duj v W
dx dx dx

u=(logx)’

= logu = log [(Iog x)x]

= logu = xlog(log x)
Differentiating both sides with respect to x, we obtain

ldu d d
o &(x)xlog(log X)+ x.&[log(log X) ]
:% :u{lxlog(log X)+ x.@.%(log x)}

:3—2 =(logx)"| log(log x)+$.ﬂ

:% =(logx)*| log(log x)+$}

du X
= I
=3 (log x)

:Iog(log x).logx +1

i log x

g_i = (log x)x_1 [1+ log x.log(log x)] ------- 2
V= Xlogx

= logv = log (X"

2
= logv = log xlog x = (log x)
Differentiating both sides with respect to x, we obtain

ldv d 2
V.&_&[(Iog X) }
1d d
:V.&_Z(Iogx).&(logx)
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:>Q=2x'°gx‘1.logx ........ 3)
dx

Therefore, from (1), (2) and (3), we obtain

% =(logx)"" [ 1+log x.log(log x) |+ 2x"***.log x

8. Differentiating both sides with respect to x. (Sin X)X +sintx

Solution-8

Let y=(sinx)" +sin/x

Also, let U =(Sin X)X and v:sinflx/g

SYy=Uu+v

SOy _du v o O
dx dx dx

u=(sinx)'

= logu =log(sinx)’
= logu = xlog(sinx)
Differentiating both sides with respect to x, we obtain

1du d : d :
e &(x)xlog(sm X)+ X &[Iog(sm X) |
= 3—2 = u{l.log(sin X)+ x.Si%.%(sin x)}

du X : X
L T | X
= (sinx) { og(sin X)+sinx cosx}

3 =(sinx)"(xcotx+logsinx) ...

dx
v=sin"v/x
Differentiating both sides with respect to x, we obtain
dv 1 d
dx —z&(*&)

1= ()

v 1 1

dx 1-x 2Jx

dv.. 1

=S
dX  24x—x°
Therefore, from (1), (2) and (3), we obtain
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ay = (sinx)”(xcot x + logsin x) +

1
dx 24X — X’

9. Differentiate the function with respect to x. X*"* +(sinx)

COS X

Solution-9

COS X

Let y=x"""+(sinx)

Also U=x"""and v=(sinx)"

Sy=u+v

Sy _du v W
dx dx dx

UIXSinX

= logu =log(x™"*)
= logu =sin xlog x
Differentiating both sides with respect to x, we obtain

ldu d,. ) d
—— =—(sinx).log x +sin x.—(log x
u dx dx( ) gx+ dx( J )
du { . 1}
— — =U=| cosxlog X +sinx.—
dx X
du o, [ sinx}
= —=Xx""=|cosxlogx+—
dx X

- COS X
v=(sinx)
= logv =log(sinx)™"

= logv =cos xlog(sin x)

Differentiating both sided with respect to x, we obtain

ldv d : d ;
N, 3 &(cos x)x log(sin x) + cos x x &[Iog(sm x)]

W v{—sin x.log(sin x)+ cos X.L.i(sin x)}
dx sinx dx

dv . \COSX ) . COS X
= —=(sinx)" | —sinxlogsin x + ——cos x
dx sin X

(sinx)™*[~sin xlogsin x + cot xcos x|

dv
:> —_
dx

=N % =(sinx)™"[cot xcosx —sin xlogsin x]
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Therefore, from (1), (2) and (3), we obtain

dv sin x i i
x| cosxlog x +=—— |+(sinx)" [cosxcotx —sin xlogsin x]

dx X
. . o wsx X241
10. Differentiate the function with respecttox. X~ + 2—1
X J—
Solution-10
2
X“+1
Let y XXCOSX -
x° -1
2
X +1
Also, let U= X"*"" and vV = —
X° -1
dy du d
oy _du gy
dx dx dx
Sy=u+v
u — XXCOSX
Differentiating both sides with respect to x, we obtain
ldu_d d d
=—(x).cosxlog x + x.—(cos x).log x + x cos x.—(log x)
udx dx dx dx

du : 1
=5 =Y 1.cosxlogx + x.(—sinx).log x + xcos x.=
X X

du
= —
dx
i du XCOSX
dx
2
X' +1
X2 -1
= logv = log(x* +1) - log(x* 1)
Differentiating both sides with respect to x, we obtain
1 dv_ 2x 2X

v odx x+1 x2-1
:ﬂ _y 2x(x2 —2)—2x(x2 +1)
dx (x2+1)(x2—1)

x"****(cos xlog x — xsin x.log x + cos x

[cosx(1+logx)—xsinxlogx | ... @)

dv x2+1>< —4x
T K1 (x2+1)(x2—1)
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v A 3)
dx

2
(¢ -1)
Therefore, from (1), (2) and (3), we obtain

ﬂ — XXCOSX
dx

4x
(x -1y
1

11.  Differentiate the function with respecttox  (XCOSX)" +(Xsinx)x

[ cosx(1+log x) — xsinxlog x | -

Solution-11

1
Let y =(xcosx)" +(xsinx)x
1
Also, let U =(xcosX)" and v=(xsinx)x

S y=U+V
u:(xcosx)2

= logu = log(xcosx)"
= logu = xlog(xcosx)"

= logu = x[log x+ logcos x|

= logu = xlog x + xlog cos x

Differentiating both sides with respect to x , we obtain
1@ i(x +log x) + i(xlogcosx)
dx dx

d

du d d d
&, quog x.&(x) + x.&(log x)} + {Iog cos x.&(x) + x.&(log cos X)}:|

_ (xcosx)" (Iog x.1+ xij + {Iog cosx.1+ x.i.i(cos x)}
dx i X cosx dx

du x| X .
— = I 1 I — (-
= (xcosx) _( 0g X + )+{ogcosx+cosX ( smx)H

- g—i :(xcos,x)X :(1+ log x) + (1+ logcos x — x tan x)]

= g—i =(xcosx)’[1—xtan x +(log x + logcosx) |

[ ] . . .
c |
2|
x
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:g_iz(xcosx)X[l—xtanx++|og(xcosx)] .............. )
1
=(xsin x)x

1
= logv =log( xsin x)x

= logv :%Iog(xsin X)
= logv :%(Iogx+ logsin x)

1 1 :
= logv ==log x + =logsin x
X X

Differentiating both sides with respect to x , we obtain

lav_d (1I ng d (1Iog(sinx)j
vdx  dx dx \ x

382w o 22
1

d
:lﬂ— lo x(— j+1 t log(sinx). (—ij+1 Li(smx)
vax | o3 T TR0 J x2 ) x sinx dx

:Eﬂ =i2(1— log x)+[— log(sinx) + 1 .COSX}

NG XSin x

1 \
= =—=—(xsinx)x + - -
vadx X X X

1 dv 1 {1—Iogx+—Iog(sinx)+xcotx}

:ﬂz(xsinx)x _

1[1-logx —log(sinx)+ xcot
dx X

dv )
:&—(xsmx) _ 2

Therefore, from (1), (2) and (3), we obtain

1[1-log(xsinx)+ xcotx}

— =(xcos x)2 [1— xtan x + log(xcos x)] (xsinx)x {

xcot x +1—log(xsin x)
dx

2

d
12.  Find d_y of function. x¥ +y* =1
X
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Solution-12

The given function is X* + y* =1
Let XY =uand y* =v
Then, the function becomes U+Vv =1

Jdu v (1)
dx dx
u=x’

= logu =log(x’)
= logu = ylog x
Differentiating both sides with respect to x , we obtain

1ldu dy d
i Iogx&+y&(logx)
:d—u—u{logxd—y+y 1}
dx dx X
:>d—u_x (Iogxd—y+lj ........... (2)
dx dx x
v=y*

= logv =log(y")
= logv=xlogy
Differentiating both sides with respect to x , we obtain

1dy Iogyc(lj( )+x.%(logy)

v dx

:ﬂ:v logy.1+ xlﬂ
dx y dx

:>ﬂ:yX |ogy+5d—y ........... ©)
dx y dx

Therefore, from (1), (2) and (3), we obtain
xy(logxdy yJ+y Iogy+§d—y =0
dx x y dx

o\ ady _
x> +logx+xy’* )= =—(yx* 1+ y*lo
= (X" +logx+xy"") = ==y + y*logy)
Jdy  yx"+y'logy

Tdx o xYlogx + xy**
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d
13.  Find d_y of function y* = x’
X

Solution:13

The given function y* = x”
Taking logarithm on both sides, we obtain
xlogy = ylogx

Differentiating both sides with respect to x, we obtain

d d d d
log y.&(x) + x.&(log y)=log x.&(y).&(log X)

:>Iogy.1+x.1.ﬂzlogx.ﬂ+y.1
y dx dx X
x dy dy 'y
—logy+—.—=logx.—+=
y dx dx x
:Lﬁ—longd—yzl—logy
y dx x
:{x ylongdy y—logy
y dx X
Loy y y—xlogy
Tdx x|\ x— ylogx )

14.  Find % of function (cosx)’ =(cosy)"

Solution:14

The given function (COS X)y = (COS y)x

Taking logarithm on both sides, we obtain
y =logcosx = xlogcosy
Differentiating both sides with respect to x, we obtain

d d d d
log cos v y.&(log cosx)=logcos y.—(x).+ x&(log cosy)

dx
dy 1 d 1 d
= logcosx.— + y——.—(cos x) =logcos y.1+ X.——.—(cos
J dx ycosx dx( )=logcosy cosy dx( Y)
dy  y : X oy dy
= logcosx.—~ + ——.(-sinx)=logcos y + ——(—siny)—=
dx cosx Cosy dx
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= Iogcosx.ﬂ— ytan x =logcosy — xtan yﬂ
dx dx

= (logcosx + xtan y)g—i’: ytan x + logcos y

. dy _ ytanx+logcosy
" dx  xtany+logcosx

15.  Find j—y of function Xy = e
X

Solution-15

The given function is Xy = e

Taking logarithm on both sides, we obtain.

log(xy) =log(e*”)

= logx+logy=(x—y)loge
=logx+logy=(x—y)x1

= logx+logy=x-y

Differentiating both sides with respect to x , we obtain

d d d dy
— (I —( =—(x)——
dX(ogx)+dX(ogy) dx(x) dx
lg 1 IVENNL
x ydx = x
:[14_1)%:)(__1
y )dx X
ﬂ:y(x—l)
dx x(y-1)

16. Find the derivative of the function given by

f (X) = (1— X)(1+ XZ)(1+ X4)(l+ X8) and hence find f (1)

Solution-16

The given relationship is f (X) = (1— X)(1+ Xz)(1+ X4)(1+ X8)

Taking logarithm on both sides, we obtain
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log f (x)=1log(1-x)+log(1+x*)+log(1+ x* )+ log(1+ x°)
Differentiating both sides with respect to x, we obtain.

1 d f(x)]:ilog(l—x)+%log(1+ x2)+%log(1+ x4)+%log(1+ X’)

f(x)'& dx
1 1 d 1 d d 1 d
—.f" =—— —(1- — —(1+x*)+——.—log(1+x*)+ ——.—log(1+ X
= f(x) (x) 1+ X dx( X)+1+x2 dx( X )+1+x4 dx og( X )+1+x8 dx og( o

1 1 1 1
f'(x)=f 2 8x’
= 1) (X)L+x+1+ x° X+1+ X 1 s }

, 1 2X 4x* 8X’
s () =(1+ x)(1+ xz)(l+ x4)(1+ X8)L+x+1+ 2 +1+ - +1+x8}
1 2x1 4xP 8><17}
+——+ —+ -
1+1 1+1° 1+x" 1+X

Hence, f'(1)=(1+1)(1+12)(1+14)(1+18){

=2x2x2x2 i+E+ﬂ+§
2 2 2 2
:16[1+2+4+8}
2
:16><%:100

17.  Differentiate (X2 —5X + 8)(X3 + 77X+ 9) in three ways mentioned below

I By using product rule
ii. By expanding the product to obtain a single polynomial

iii. By
iii. By logarithm Differentiate

Do they all given the same answer?
Solution-17

Let y:(x2 —5x+8)(x3 +7x+9)

(i) Letx=X*"-5x+8andu=x>+7x+9

y=uv
= d_y = d_uv +Uu d—v (By using product rule)
dx dv dx
= dy :i(x2 —5x+8).(x3 + 7x+9)+(x2 —5x+8).i(x3 +7x+9)
dx dx dx
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:g—i_(Zx—S)(x3+7x+9)+(x2 —5x+8)(3x2 +7)

:%: 2x(x3 +7x+9)—5(x3 +7x+9)+ X (3x2 +7)—5x(3x2 +7)—8(3x2 +7)

= % - (2x4 +14X° +18x) _5x3—35x—45+ (3x4 ¥ 7x2)—15x3 —35x +24x2 +56
X

% =5x* —20x> + 45x* —52x +11
X

(i) Y =(x2 —5x+8)(x3 +7x+9)
:xz(x3+7x+9)—5x(x3+7x+9)+8(x3+7x+9)
=x°+ 7x3 +9x% —5x* —35x% — 45x + 8x> + 56X + 72
= x> —5x* +15x° —26X? + 11X + 72

LUy _d = (x* ~5x* +15x* ~ 26%* +11x + 72)
dx dx
d d

d d d d
:&:(XS)_de( )+15OI (x 3)—26&(x2)+11&(x)+&(72)
=5x* —5x4X° +15x 3x? — 26x 2X +11x1+0

=5x* — 20x> + 45x* —52x +11
(iii) Taking logarithm on both sides, we obtain.

log y =log( x* +5x+8)+log(x* + 7x +9)
Differentiating both sides with respect to x, we obtain

igi (;jxlog( 5x+8)+%log(x3+7x+9)

Differentiating both sides with respect to x, we obtain
- —log(x’ 5x+8).ilog(x3+7x+9)
y dx dx dx
1 dy 1 d
y dx x>—5x+8 dx

dy 1 1 )
=Y oy (2Xx=5) 4+ x(3x%+7
dx y{x2—5x+8x( ) x3+7x+9x( )}
2x -5 AX*+7
2 + 3
X°=5x+8 X' +7x+9

1 d
—(x* —5x+8)+ m&log(x +7x+9)

gi (x —5x+8)(x3 +7x+9)




Infinityy ., Sri Chaitanya
Learn ' Educational Institutions

(2x—5)(x3 +7x+9)+(3x2 +7)(x2 —5x+8)
(x2 —5x+8)+(x3 +7x+9)

:%z(x2—5x+8)(x3+7x+9)

:%:ZX(X?’+7x+9)—5(x3+7x+9)+3x2(x2—5x+8)+7(x2—5x+8)

-y =(2x" +14x* +18x) - 5x° —35x — 45+ (3x" —15x° + 24x° ) +(7x* — 35x + 56)
dx

= ady =5x* —20x> + 45x* —52x +11

dx
) i dy
From the above three observations, it can be concluded that all the result of d— are
X
same
18. If U,Vand w are functions of x, then show that
d du dv dw
—(UV.W)=——VW+U—W+UV—
dx dx dx dx
In two ways-first by repeated application of product rule, second by logarithmic
differentiation.
Solution — 18

Let y =uv.w=u.(V.w)
By applying product rule, we obtain

dy du d
—=—(VW)+U.—.(V.W
dx dx ( ) \ dx ( )
dy du dv dv : :
=>-—=—=—VW+Ul —W+V.— (Again applying product rule)
dx dx dx dx
dy du dv dw
= —=—VW+U.—W+UV—
dx dx dx dx

By taking logarithm on both sides of the equation Yy =U.V.W, we obtain
logy =logu +logv+logw
Differentiating both sides with respect to x, we obtain
1dy d d d
—.—=—/(logu)+—(logv)+—(logw
y dx dx(g) dx( 9v) dx( gw)
1dy 1d 1d 1d
> ——=——+——+—
y dx udx vdx wdx
dy (1 du 1dv 1dwj
=>——=Y|——+—— —

+_
dx udx vdx wdx
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dy ( ldu 1dv 1 d_Wj

—-> —=UVvV.w —_ 4+ =
dx udx vdx wdx

. dy du dv dw
—=—UW+U—W+UV—

s o i -



