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Chapter 6: Applications of Derivatives.
Exercise 6. Miscellaneous
1. Using differentials, find the approximate value of each of the following
1
17 \4 1
a)l — b)(33)s
@5] ©)
Solution:
1
(a) y=x*
16
X==—
81
ax=2
81
11
Ay = (X+Ax)* —x*
1 1
_[(Lr)e (16
1 81
5
_(2)4_3
1 3
1
17\ 2
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dy=(ﬂ)Ax= L - (Ax)
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Approximate value of [gT IS §+ 0.010=0.667+0.010

=0.677

1
(b)y=x*
X =32
Ax=1

1

Ay = (30 8 2 = (33)s (32 = (33) *

1

Approximate value of (33)s is% +(—0.003) =0.5-0.003 = 0.497

2. Show that the function given by f (x)= logx has maximum at x=e
X

Solution:
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=logx=1

=logx=1loge
= X=e
o 1
x*| == |—-(1-log x)(2x)
f "(X) - x*
—x—2x(1-log x)
-3+ 2log x
N
N —-3+2loge -3+2 -1
f (e)= o3 = e =e_3<0
fis the maximumatx = e
3. The two equal sides of an isosceles triangle with fixed base b are decreasing at the
rate of 3cm per second. How fast is the area decreasing when the two equal sides area
equal to the base?
Solution:
Let AABC be isosceles where BC is the base of fixed length b
Let the length of the two equal sides of AABC be a
Draw AD 1 BC
A\
B D C
2
AD =, |a’ v

o>
(e

4
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. 1./, b’
Area of triangle ==b,/a” ——
2 4

dA 1 2a da ab da

A} 4 fa
dt 2 2/2 b2 dt  Jaa? _p? dt
a JE—
4

%=—3cm/s
dt

_da_ -3ab

Tt J4a? —b?

When a=b,

dA 3 3
dt  Jap?-p® /32

4. Find the equation of the normal to y* = 4x curve at the point (1, 2)
Solution:

2yﬂ=4

dx

dy_4_2

dx 2y 'y

ﬂ} 2
dX ., 2

Slope of the normal at (1, 2) is dy_l o

Equation of normal at (1, 2) is y—2=—-1(x—-1)
y—-2=-x+1

X+y-3=0
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5. Show that the normal at any point @to the curve

X=acosfd+adsing,y=asinf—aldcosfis at a constant distance from the origin
Solution:
X =acosd+adsind
dx . .
.-.@z—asm 0 +asinf+adcosd =adcosd
y =asind—adcosd
dy ) .
.'.@zacosH—acos@+a6?sm9=aHsmH
S _dy dO_adsing g
doé dé& dx adcosd
. .1
Slope of normal at any point@is ——
tan @
Equation of normal at a given point (x, y) is given by,
y—asind+ aecosez_—l(x—acose—aesin 0)
6 Find the intervals in which the function f given by f (x)= 4sin X2_ 2XZXCOSX
+COS X

tan 0
= ysin@—asin® @+ adsin 6cosH = —xcosH +acos’ &+ adsin @cos b
= xcos+ysing—a(sin’ 0+cos’ 0) =0
= Xcosf+ysind—-a=0

Perpendicular distance of normal from origin is

-l -l

Jcos? 6+sin? @ N

=|-a|, which is independent of ¢

Perpendicular distance of normal from origin is constant

(i) Increasing (i) Decreasing
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Solution:

_ 4sinXx—2X—XCos X
2+Cos X

f(x)

2+c0s X)(4c0s X —2—C0S X+ Xsin x)—(4sin x—2x—xcos x ) (—sin x)

o f '(x)=(

(2+cos x)2

. (2+cosx)(3003x—2+ Xsin x)+sin x(4sin x—2x—xcosx)

(2+cosx)’

_ 6C0sX—4+2xsin x+3c0s* X—2€0S X + Xsin X€0s X+ 4sin’ X — 2sin? x — 2xsin X — Xsin X €0S X
- 2
(2+cosx)

_ 4cosx—4+3cos’ x+4sin’ x
- 2
(2+cosx)

_ 4cosx—cos’x _ COSX(4—cosx)
(2+cosx)’ (2+cosx)’

f'(x)=0
= cosx=0,cosx =4
cosx =4

cosx=0

3z

VA
=Xx==,=
2 2

In (o,%] and (37”27z) f'(x)>0

f (x) is increasing for 0< x < % and 37” <xX<2rm

In (%,%}f'(x)w
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f (x)is decreasing for % <X< 37”

7. Find the intervals in which the function f given by f (x)=x® +i3, x#0is
X
(1) Increasing (i1) Decreasing
Solution:
f(x)=x° +%
, 3 3x°-3
o f (X)=3X2+F: w

f'(x)=0=3x"-3=0=x"=x+1

In (—o0,1) and (1) i.e., when x<-land x>1, f'(x)>0

when x<—1and x>1, f is increasing

In (-1,1)i.e., when -1<x<1, f'(x)=0

Thus, when —1< x<1, f is decreasing

2

8. Find the maximum area of an isosceles triangle inscribed in the eIIipse?+ 0

with its vertex at one end of the major axis

Solution:

' x2 yz
ellipse ¥+F=1

Let ABC, be the triangle inscribed in the ellipse where vertex C is at (a, 0)
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’ Since the ellipse is symmetrical with x — axis and y — axis

Y1 :igﬂ

a

Coordinates of A are (—xlE a’—x; jand coordinates of B are (xl,—gwlaﬁ — xfj
a a

As the point(—xl, yl) lies on the ellipse, the area of triangle ABC is

bR R S Y CEN

A=t
a

= 22X’ —xa+a’*=0

ai\/a2 ~4(-2)(a’)
2(-2)

=X =
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’ % cannot be equal to a
b |, a’ ba J3b
X 2:>y1 4 28.\/_ >
-2
Vo (e —a) (-2 wasat) (2L
d’A b 2 /@’ —x;
Now, == —
dX1 a a‘—x
b (az—xf)(—4x1—a)+x1(—2xf—x1a+a2)
- 2
: (2* )
_b|2x*-3a’x-a’
4 2
(@ x)
a
When x, =—,
% 2
a® Ja’ a® 3.,
WAl (mye | ? [y
L 4 _ 4
9 s
—a
_bl_4 =<0
4l (3222
_T -
Area is the maximum when x, = —
Maximum area of the triangle is
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2 2
A:b\/azj_F(EJR aZ_a_
4 2)a 4
=ab£+ E Exa‘/g
2 2)a 2

_ ab/3 N ab/3 _ 33 ab
2 4 4
9. A tank with rectangular base and rectangular sides, open at the top is to constructed so

that its depth is 2m and volume is8m?. If building of tank costs Rs 70 per sq meters
for the base and Rs 45 per sq meters for sides. What is the cost of least expensive
tank?

Solution:

Let I, b and h represent the length, breadth and height of the tank respectively
height (h)=2m
Volume of the tank = 8m’®

Volume of the tank = I xbxh
8=Ixbx2

:>Ib=4:;i

Area of the base =1b=4
Area of 4 walls (A)=2h(l+b)

A=g[14d)
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Therefore, we have | =4

sb=2-2 )

I 2
d’A 32
o O

2

| = 2,d—f‘ _32_ 4>0

dl 8
Area is the minimum when | =2
We have | =b=h=2
Cost of building base = Rs70x(Ib) = Rs70(4) = Rs280
Cost of building walls =
Rs 2h(I+h)x45=Rs 90(2)(2+21)=Rs 8(90) = Rs 720
Required total cost = Rs(280+720) = Rs1000

10.  The sum of the perimeter of a circle and square is k, where k is some constant. Prove
that the sum of their area is least when the side of square is double the radius of the

circle
Solution:

27r +4a =k (where k is constant)

_k—=2zr
4

Sum of the areas of the circle and the square (A) is given by,

=a

(k = 27rr)2

16
d_A > . 2(k—27r)(27) . =_7r(k—27rr)
dr 16 4
dA

Now, — =0
dr

A=rxri+a’=nxr’+

z(k—27r)
4

= 27r =

8r=k-2xr
= (8+27)r=k
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k k

== =
8+27 2(4+7z)

2 2
T

Now, —f‘=27z+—>0
dr 2

k d2A

~.where r = e
e = )t~

k

2(4+7)

Area is least when r =

k
k_2”{2(4+;z)}
Where 1 — k a- :8k+27zk—27rk: k _op
2(4+7) 4 2(4+7)x4  A+7

11. A window is in the form of rectangle surmounted by a semicircular opening. The total
perimeter of the window is 10 m. Find the dimensions of the window to admit maximum

light through the whole opening
Solution:
x and y be length and breadth of rectangular window

X
Radius of semicircular opening = >

Lb

sox+2y+ 22210
2
= x(l+%)+2y=10

:»2y=10—x(1+%j

2 4
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2
T X
A=xy+—| =
d 2@

20 d°’A
_ 2 TA g
T+4" dx?

Area is maximum when length X=—"—"m.
T+4

4

=5-— = m
Now, ¥ 7+4 7+4

20 (2+7zj_5_5(2+7r) 10
+4 -

The required dimensions
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Length i a and breadth 4
12 A point of the hypotenuse of a triangle is at distance a and b from the sides of the
3
2 2Y2
triangle. Show that the minimum length of the hypotenuse is [a3 i b3J
Solution:
AABC right — angled at B
AB=xandBC =y
P be a point on hypotenuse such that P is at a distance of a and b from the sides AB
and
BC respectively
Zc=6
A
ONP
b
)
B &
AC =X’ +Yy°
PC =bcosecd
AP =asecd
AC =AP+PC
AC =bcosecd+secl ............ (1)
d(A
(dH ) =-bcosecdcotd+asecHtanf
d(AC
(AC)

dé
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= asecHdtan @ =bcosecdcot @

a sind b cosd
cos@ cos@ sind sin@

= asin®*d=bcos’ o

1

= (a)3sind= (b)% cosé

1
=tanfd = (EJS
a

1
(b)3 and cosé = _\ar

22 2
Vad+b3 ad+b?

d?(AC 3
Clearly ( ) )<0When tan¢9=(9j3
de a

c.sin@ =

The length of the hypotenuse is the maximum when tan 8 = (EJ
a

b3
Now, when tan @ = (—J

a
1
tan @ = (EJS
a

2 2 2 2

b\ a2 +b3 a\/a3+b3
C= - + -
b3 as

A

Il Il
/ N\ QD
gt)»)h\:
+ Q{J»‘N
Lin *
S ct.:\m
N w
VR
(e
wln
+
QD
wln
—
|
S~
N
[N
—~
N
~—

1
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22y
Maximum length of the hypotenuse is = (a3 +b3j

13.  Find the points at which the function f given by f (x)= (x—2)4 (x +1)3 has

(1) local maxima (i1) local minima (iii) point of inflexion

Solution:
() =(x-2)" (x+3)
H(x) =4(x-2) (x1) + 381 (x-2)
- (x-2) (17 [4(x 1) +3(x-2)]
=(x=2)"(x+1)"(7x-2)
f'(x)=0= x=—-Land x=Zor x=2
For  close to 2 and to left of 2, () >0

For x close to% and to right of % f'(x)>0

2. . .
X= - is point of local minima

As the value of x varies f (x) does not changes its sing

x =—11s point of inflexion

14, Find the absolute maximum and minimum values of the function f given by

f (x)=cos® x+sinx,x [0, 7]
Solution:
f (x)=cos® x+sinx

f'(x) =2cos x(—sin x)+cos
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= —25iN XCOS X + COS X

f'(x)=0
:>Zsinxcosx=cosx:>cosx(25inx—1)=0
. 1
:>smx:50rcosx:0
=x=2,0or Zasxe[0,r]
6 2
2
fl Z]=cos?Z +sinZ = ﬁ f123
6 6 6 2 2 4
f (0)=cos®0+sin0=1+0=1
f(7Z)=COSZ7Z+Sin7Z=(—1)2+O=l
flZ|=cos2Z4+sinZ=0+1=1
2 2 2
) . 5 T
Absolute maximum value of fis Z at x = E
Absolute minimum value of fis 1 at x =0, x :%, and 7
A
S

15.  Show that the altitude of the right circular cone of maximum volume that can be

inscribed in a sphere of radius r is 4_3r

Solution:
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BC =r*—R?
h=r+Jr?—R?

V= LR (TR )= e LR R

dv 2 R2 (_ R)
S.— == R - R RZ
R R e

=§72’Rr+—7zR\/ﬁ

m

2 27Z'Rr<r2—R2)—7z'R3
=—nRr+

3 SN
_2 oy 27Rr? —37Rr?

3 3ri-R?
_av _

dR?

27rR  37R*-27Rr?
= =
3 3Jr? —R?

= ZrW — (3R2 _2r2)2

= 4r?(r* —R?) = (3R? - 2r?)’
—14r° —4r’R?* =9R* + 4r* —12R’r?
=9R*-8r’R*=0

= 9R* =8r?

:Rz—ﬁ
9
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1
3 —R? (2212~ 97R?) —(27R° —37R*) (=6) — ——
dV _ 2ar Vr? - RE (21" -07R¢)~(20R° - 32R°) Mm
dR? 3 9(I’2—R2)
1
31?7 —R? (27212 —97R?)—(27R* —37R°)(3R)— —_
ez, M Gl PNy
3 9(r*-R?)
2
when 28" 9V
9 'dR?

i . 8r?
Volume is the maximum when R? = 5

2 2 2
R2:8L,heightofthecone:r+«/r2—£=r+ r—:r+£:ﬂ
9 9 9 3 3

16.  Show that the height of the cylinder of maximum volume that can be inscribed in a

sphere of radius R is E,also find the maximum volume

7

Solution:

h=2VR?-r?
V = zr’h = 272r?\JR? —r?

Sav o ——— 2xr’(=2r)
..E—47Z'r R —r +W

2713
=47r\R* —1* + ——
JR? —r?
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47rr(R2 - rz)— 2nr®

\/Rz_rz

Now, LA =0=4zrR*-67r*=0

JRE 77 (42R% —1871°) - (4R? —6r°) | —21)

d*v _ 2JR? = r?
dr? (R*-r?)

(R2 - rz)(47rR2 —187rr2)+ r(4;er2 —6;zr3)
3

(R*-r?)

AR —227r’R? +1271* + 471 °R?

(o)

3 'dr? O

. . 2R?
Volume is maximum when r? = T

2 2
Height of the cylinder is 2,|R? 2R L RE2R
\" T3 N3

Volume of the cylinder is maximum when height of cylinder is 2R

3
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17.  Show that height of the cylinder of greatest volume which can be inscribed in a right

circular cone of height h and semi veritical angle a is one — third that of the cone and

the greatest volume of cylinder is %nhz tan®a

Solution:

A
uéé('
F T ?t. G
r=htana
Since AAOG is similar to ACEG
A0 _CE
OG EG
h H
= —=—
r r—-R
=H =h(r—R)=L(htana—R)=i(htana—R)
r htana tana
Volume of the cylinder is
2 3
V=aRH = "% (htana—R)= 7R 2

tana tana

2
d_V =27Rh 37R
dR tana

Vv,

drR
37R?
tana

= 27Rh =

= 2htana=3R
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=R= 2h tana
3
ﬂ =27Rh- 67Z—R
dR tana

And, forR = 2—3htan a, we have

dav 6r (Zh
5 =27
dR tana

?tan a) =27h—-4rh=-27h<0

Volume of the cylinder is greatest when R = 2—3htan a

R=2—htana,H=L(htana—2—htana :L[htana =D
3 tan a 3 tan a 3 3

The maximum volume of cylinder can be obtained as

2 2
n(z—htanaj (D):n ﬂtanza (Dj:iﬂhStanza
3 3 9 3 27

18. A cylindrical tank of radius 10m is being filled with wheat at the rate of 314 cubic

mere per hour. Then the depth of the wheat is increasing at the rate of

(A)Im/h  (B)0.Lm/h (C)Lim/h (D)05m/h

Solution:

V= 7r(radius)2 x height

= 7r(10)2 h (radius =10m)

=100sh
d—V =100x ﬁ
dt dt

Tank is being filled with wheat at rate of 314 cubic meters per hour

d—V=314m3/h
dt
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314 = 10072'%
dt

dh 314 314
> — = = = 1
dt 100(3.14) 314

The depth of wheat is increasing at 1 m/h

The correct answer is A

19.  The slope of the tangent to the curve x =t +3t—8,y = 2t* -2t -5 at the point(2,-1)

.-.%=2t+3and ﬂ=4t—2
dt dt

Oy _dydt 4t-2
Tdx dtdx 2t+3

Given point is (2,-1)
Atx=2

t* +3t-8=2
=1*+3t-10=0

= (t-2)(t+5)=0
=>t=20rt=-5

At y=-1we have
2t° -2t-5=-1
—2t*-2t-4=0

:>2(t2—t—2):0
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= (t-2)(t+1)=0
=>t=20rt=-1

Common value of tis 2

Slope of tangent to given curve at point (2,—1)is

ﬂ} _4(2)-2 8-2 6
dx |, 2(2)+3 4+3 7
The correct answer is B
20.  Theline y=mx+1is tangent to the given curve y* = 4xif the value on m is
(A)1(B)2 (€)3 (D)7

Solution:

Equation of the tangent to curve is y =mx+1
Substituting y = mx+1in y* = 4x
:>(mx+1)2 =4x

= m’x* +1+2mx-4x=0

= m*x’ +x(2m=4)+1=0 ... (i)
(2m-4)"-4(m?)(1)=0

= 4m* +16-16m—4m* =0
=16-16m=0

=m=1

The required value of mis 1

The correct answer is A.

21.  The normal at the point (1, 1) on the curve 2y +x* =3is
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(A)x+y=0 (B)x—y=0 (C)x+y+1=0 (D)x—y=1
Solution:

2—dy+2x=0
dx

A
dx

d_y} 1
dx W)

Slope of normal to curve at point (1, 1) is

—X

__1=1

dy

dxlu)

Equation of normal to given curve at (1, 1) is
= y-1=1(x-1)

=>y-1=x-1

=x-y=0
The correct answer is B

22.  The normal to the curve x* =4y passing (1, 2) is
(A)x+y=8 (B)x—y=3 (C)x+y=1(D)x-y=1

Solution:

2x:4ﬂ
dx

_dy_x
dx 2

Slope of normal to curve at point (h,k)is
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’ 1 2
dy} h
dx (hK)

Equation of normal at point (h,k)is

-2
—k==2(x-h
y—k=-=(x=h)

Normal passes through the point (1,2)
-2

2—k=F(1—h)ork:2+%(1—h) ...... (i)

(h,k)lies on the curves x* =4y, we have h* =4k

2
:>k=h—

4
h? 2
LI ST
P

3

:>h7=2h+2—2h:2

—=h’=8
=h=2

2
.'.k=h—:>k=1
4

Equation of normal is

:>y—1=_72(x—2)

= y-1=(x-2)
= X+y=3

The correct answer is A
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23.  The points on the curve 9y® = x°, where the normal to the curve makes equal

intercepts with the axes are

(A)(4,igj (B)(4,%8] (C)(4,i§j (D)(i4,%j

Solution:

9(2y)3—i:3x2

2
X

dx 6y
Slope of normal to given curve at point (X, Y, ) is

-1 6y,

dy} X;
dX (%)

Equation of normal to curve at (x,, ;) is
6

(y- y1)=7(x—xl)

= XY +XY; =6Xy, +6X Y,

= 6X,Y, + Xy =6XY, + XY,

2
N 6xy12 _ Xy -1
6X Y, +XY,  BXY +X7y

= X y =
x(6+%) Y, (6+x)
6 X

Normal makes equal intercepts with axes

X(6+x) %(6+4%)
L "
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6 X

e

= X12 :6y1
(%, Y, ) lies on the curve, so

9y =X

Required points are (4#;%)

The correct answer is A

] . . e
Ll S}
=< =<, | o |
I I — D
oolroo ©o|R = I
[ [P
{ U
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25
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(X<
[
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