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Chapter 6: Applications of Derivatives.

Exercise 6.2

1. Show, that the function given by f (x) =3x+17is strictly increasing on R.
Solution:

Let x, and x,, be any two numbers in R.

X, <X, = 3% +17<3x%,+17=f (x) < f(X,)

Thus, f is strictly increasing on R.

Alternate Method
f'(x)=3>0onR.

Thus, f is strictly increasing on R.

§
2. Show, that the function given by f (x) =e®* is strictly increasing on R.
Solution:
Letx and x, be any two numbers in R.
X, <X, = 2% <2X, > e <e®™ = f (%)< f(x,)
Thus, f is strictly increasing on R.
3. Show that the function given by f (x)=sinxis
(A) Strictly increasing in (0%) (B) Strictly decreasing (%nj

(C) Neither increasing nor decreasing in (0, )
Solution:

f (x)=sinx=> f'(x)=cosx

(A) XE(O,%j:cosx>O:>f'(x)>O
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Thus, f is strictly increasing in (0%)
(B) XE(%,ﬂj:cosx<O: f'(x)<0

Thus, f is strictly decreasing in (% : 7[)

(C) The results obtained in (A) and (B) are sufficient to state that f is neither increasing

nor decreasing in (0, )

4, Find the intervals in which the function f given by f (x)=2x*-3x s
(A) Strictly increasing (B) Strictly decreasing
Solution:
f(x)=2x"-3x= f'(x)=4x-3
3
S (X)=0=x=—=
(x) ;
—o0
< |
|
3
4
3 1
In (—oo,zj, f'(x)=4x-3<0
Hence, f is strictly decreasing in (—oo, %j
3 1
In (Z,ooj, f'(x)=4x-3>0

v g

Hence, fis strictly increasing in Gooj

5. Find the intervals in which the function f given f (x)=2x*—-3x*—36x+7is
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(A) Strictly increasing (B) Strictly decreasing

Solution:
f (x)=2x*-3x*-36x+7
f'(x)=6x" —6x+36="6(x"—x—6)=6(x+2)(x—3)

S f(x)=0=>x=-23

—
|

3
In (—0,—2) and (3,0), f '(x)>0
In (-2,3), f'(x)<0

Hence, f is strictly increasing (—oc,—2)and (3,o0)and strictly decreasing in (-2,3)

6. Find the intervals in which the following functions are strictly increasing or
decreasing
(@) x> +2x-5 (b) 10—6x—2x* (€) —=2x* —9x* —12x+1
(d) 6-9x— X (€) (x+1)°(x—3)’

Solution:
f(x)=x"+2x-5=f'(x)=2x+2= f'(x)=0=x=1
x =—1divides the number line into intervals (—o,—1)and (—1,0)

In (—o0,-1), f'(x)=2x+2<0
- f is strictly decreasing in (—o0,~1)
In (—o0,-1), f'(x)=2x+2>0, .. f'(x)=2x+2>0

- f is strictly decreasing in (—1,20)
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(b) f(x)=10-6x—2x"= f'(x)=—6-4x= f'(x)=0= x=—g

X = —g divides the number line into two intervals (—oo,—g] and (—g , ooj

In (—oo,—%), f'(x)=—6-4x<0

.. T is strictly increasing for x<—§
3 1
In (—E,ooj,f (x)=—6-4x>0

.. fis strictly increasing for x > —g

© f(x)=-2x-9x*-12x+1

o F(X)=—6X" —18x—12=—6(x" +3x+2) =—6(x+1)(x+2)

L E(x)=0=>x=-12

x=—1and x =-2 divide the number line into intervals (—o,—-2),(~2,—1) and (-1 )
In (—o0,—2)and (-1 ), f '(x)=—6(x+1)(x+2)<0

- T is strictly decreasing for x<—-2and x >-1

In (-2,-1), f'(x)=—6(x+1)(x+2)>0

- fis strictly increasing for -2 < x< -1

d) f(x)=6-9x—x*= f'(x)=-9-2x

f(x)=0=> x=—
(x)=0=x 5
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.. T is strictly increasing for x<—g

In (——,ooj,f (x)<0

.. T is strictly decreasing for x > —=

(e) f(x):(x+1)3(x—3)3
f'(x)=3(x+1)" (x=3)’ +3(x~3)" (x+1)’
=3(x+1)2(x—3)2[x—3+x+1]
=3(x+1)2(x—3)2(2x—2)

=6(x+1)" (x—=3)" (x-1)
f'(x)=0=x=-1,31

2
9 1
2
9
2
7. Show that y = log(1+ x) —22—X, X > —1, is an increasing function throughout its
+X
domain
Solution:
y =log(1+ x)—A

x =—1,3,1divides the number line into four intervals (—o,—1),(-1,1)(1,3) and (3, )
In (—o0,~1)and (=1,1), f '(x)=6(x+1)" (x=3)" (x~1) <0
- f is strictly decreasing in (—o,—1) and (-1,1)
In (1,3)and (3,), f'(x)=6(x+1)"(x-3)"(x~1)>0
- f is strictly increasing in (1,3) and (3, )
2+ X
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dy 1 (2+x)(2)-2x() 1 4 2

T 14X (2+x)°  1+x (2+x)  (1+x)(2+x)

a_,
dx

X2

T (2ex)

=x"=0

=x=0

Because x > -1, x = 0 divides domain(—1,)in two intervals ~-1<x<0and x>0
When -1<x<0,

Xx<0=>x*>0

x>—1:>(2+x)>0:>(2+x)2>0

2

X
y'=——>0
(2+ x)2
When x >0,
X2
Ly'= >0
(2+ x)2
Hence, f is increasing throughout the domain.
8. Find the values of x for which y = [x(x— 2)]2 is an increasing function
Solution:

y :[x(x—Z)]2 =[x’ —2x]2

%z y'=2(x* —2x)(2x-2) = 4x(x-2)(x-1)

.-.Q:O:x:O,X:Z,x:l
dx

x=0,x=1and x=2divide the number line into intervals

(—0,0),(0,1),(1,2) and (2,)
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In (—,0) and (1,2),% <0

. yis strictly decreasing in intervals (—o,0) and (1,2)

In intervals (0,1) and (2,00),% >0
X

. yis strictly increasing in intervals (O,l) and (2,)

4sin@

9. Prove that y = m
+

—@is an increasing function of @in [0

Solution:

4sin @
(2+cosd)

Cdy (2+cos@)(4cosd)—4sind(-sing) 4
~do (2+cosg)’

_ 8cos@+4cos’ O +4sin® 0 1
(2+cos0)’

_8c036?+4_1

(2+cos0)

@,
de

8cosd+4
:>—2:1
(2+cosd)

= 8C0s0+4 =4+cos’ @+4cosf
= c0s’ @—4cosd=0

= c0s#(cosf—4)=0
=cosfd=0o0rcosd=4

Because cosé #4,cos6 =0

COSG:O:Q:%

T

3
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dy 8cose+4—(4+cosze+4cose) _ 4cosf—cos’0 cos(4—cosh)

do (2+cos6)’ (2+cos6)’ (2+cos6)’

In [O,%},cosbbo,

4>cosd=4—-cos@d >0

:.cos@(4—cos6) >0

(2+cos6)’ >0

- cos¢9(4—c0520) -0
(2+cos8)

:ﬂ>0
de

So, y is strictly increasing in (0%)
The function is continuous at x =0 and x =%

So, y is increasing in{o,%}
10.  Prove that the logarithmic function is strictly increasing on (0,)
Solution:

f (x)=log x

s f(x)=

1
X

For x>0,f'(x)=%>0

Thus, the logarithmic function is strictly increasing in interval (O,oo)

11.  Prove that the function f given by f (x) = x* — X +1is neither strictly increasing nor stricty

decreasing on (-1,1)

Solution:
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f(x)=x*—x+1
~f(x)=2x-1

1
N =0 ==
(x) = X 5

X = 1 divides (—-1,1) into (—1,% and (i,lj
2 2 2

So, f is strictly decreasing in (—1, %)
1 1
In (Elj f'(x)=2x-1>0

So, fis strictly increasing in interval (%1)
Thus, f is neither strictly increasing nor strictly decreasing in interval (—1,1)

12. Which of the following functions are strictly decreasing on (0, %) ?

(A)cosx  (B)cos2x (C)cos3x  (D)tanx

Solution:
(A) f,(x)=cosx

. f (X)=—sinx
In (O%) f, (x)=-sinx<0
- f, (x) =cosxis strictly decreasing in (O, %)

(B) f,(x)=cos2x
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- £, (x)=—2sin 2x

0<x<Z=0<2x<z=>sin2x>0=-2sin2x<0
f,(x)=-2sin2x<0in (O,—j

- f,(x) =cos 2xis strictly decreasing in (O%)

(C) f;(x)=cos3x

- f;(x) =-3sin3x

fy(x)=0
:>Sin3X:0:>3X:7Z',aSX€(O,§)

v
=>X==

3
x:ﬁdivides(o,ﬁj into (0,5] and (E,EJ

3 2 3 3 2

In (0,%), f,(x)==3sin3x <0 [0<x<%:>0<3x<4
- T, is strictly decreasing in (0, %j
In (%ﬂj f,(x)=-3sin3x >0 —<x<£:>7r<3x<—}
- f,is strictly increasing in (z,—

So, f,is neither increasing nor decreasing in interval (0%)
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(D) f,(x)=tanx

- £, (x) =sec’ x

In (0%) f,(X)=sec’*x>0

- f,is strictly increasing in (O%)

So, the correct answer are A and B

13.  On which of the following intervals is the function f is given by f (x) =x'" +sinx-1

strictly decreasing?

A.(0,1) B.(%,n) C.(O,%) D. None of these

Solution:
f(x)=x"*+sinx-1
- f(x)=100x* +cos x
In (0,1),cos x >0 and 100x* >0
- f(x)>0
So, fis strictly increasing in (0, 1)

In (%,xj,cosx<0and 100x*° >0

100x¥ > cosx
o f (x) >0in (%xj

So, fis strictly increasing in interval (%xj
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’ In interval Lo,zj ,cos x >0 and 100x* >0

-.100x* +cosx >0
= f'(x)>00n (o,fj
- T is strictly increasing in interval [0, %)
Hence, f is strictly decreasing in none of the intervals.
The correct answer is D.

14.  Find the least value of a such that the function f given f (x)=x* +ax+L1is strictly
increasing on (1, 2)

Solution:
f(x)=x*+ax+1
s f(x)=2x+a
= X>—
So, we need to find the smallest value of a such that
x>—,when x&(1,2)
= x>— (whenl<x<2)

- f(x)>0in(1,2)
=2x+a>0

= 2X>-a

2
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Hence, the required value of a is — 2
15. Let I be any interval disjoint from (-1, 1), prove that the function f given by

f(x)= x+E is strictly increasing on |
X

Solution:

f'(x):O:X—lZ:x:J_rl

x =1 and x = - 1 divide the real line in intervals (—o,1),(-1,1) and (1,%)
In (-11),

-1<x<1

=x*<1

=1< Xx=0

Fl
1

=>1-—<0,x=0
X

-~ F(x) =1-% <0on(-11)~ {0}

- f is strictly decreasing on (-1,1) ~ {0}
In (—0,—1) and (1,0)

Xx<-lorl<x

=x*>1
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:>1>i2
X

:>1—i2>0
X

- f(x) =1—% >0o0n (—o,—1)and (1,»)

- f is strictly increasing on (—o,1) and (1,0)

Hence, f is strictly increasing in | —(-1,1)
16.  Prove that the function f given by f (x)=logsinx strictly increasing on (O, %) and
strictly decreasing on (%nj

Solution:

f (x)=logsin x

f '(x)=8i%cosx=cotx

In (0%) f'(x)=cotx>0
.. T is strictly increasing in (O%)
In (%ﬂ'j f'(x)=cotx<0
.. T is strictly decreasing in (%ﬂ'j

17.  Prove that the function f given by f (x) = log cos x is strictly decreasing on (0, %j and

strictly increasing on (%nj
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Solution:

f (x)=logcos x

- F(x) :ﬁ(—sin X)=—tan x

In (O,%),tanx>0:>—tanx<0

- f'(x)=<00n (O,EJ
2
.. T is strictly decreasing on (O%)

In (%,ﬁ),tanx<0:—tanx>0

- f'(x)>00n (Eﬂj
2
. f is strictly increasing on (Eﬂ'j

18.  Prove that the function given by f (x) = x> —3x*+3x=100is increasing in R

Solution:
f (x)=x*-3x*+3x=100
f'(x)=3x*—6x+3
:3(x2 —2x+1)
=3(x—1)2
For xe R(x-1)">0

So f'(x)is always positive in R
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So, the fis increasing in R

19.  Theinterval in which y = x’¢™*is increasing is
A.(—o0,0) B.(-2,0) C.(2,) D.(0,2)

Solution:

9,
dx

=x=0and x=2

In (—o,0) and (2,%), f '(x)<0ase™is always positive
- f is decreasing on (—<0,0)and (2, )

In (0,2), f'(x)>0

.. fis strictly increasing on (0, 2)

So, fis strictly increasing in (0, 2)

The correct answer is D.



