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Chapter: 7. Integrals

Exercise: 7.3

1. Find the integral of the function sin’(2x +5)

Solution:
From trigonometry we have sin’ 0 = %
. 1-cos2(2x+5
sin?(2x+5) = 2( +5)
_ 1-cos(4x+10)
- 2

Use the integrals Icos kxdx = %sin kx +C

Consider the integral

1-cos(4x+10)
2
= 1Ildx —lj‘cos(4x +10)dx
2 2

1 _l(sm(4:+1o)}+c

jsin2(2x+5)dx=j dx

2 2
:lx—lsin(4x+10)+c
2 8

Therefore, Isin2 (2x+5)dx =%x —%sin(4x +10)+C

2. Find the integral of the function sin 3x.cos4x

Solution:

From trigonometry, we have sin AcosB = %{sin(A+ B)+sin(A-B)]
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Use the integrals jsin kxdx = —%cos kx+C
Consider the integral
[sin3xcos4xdx = %j{sin (3x+4x) +sin(3x — 4x) dx

= %j{sin 7x+sin(—x)}dx

= %J‘{sin 7x —sin x} dx

1( cos 7X j
iy +cosx [+C
2
=_cos?x N COS X e
14 2
Therefore, jsin 3xcosdxdx =S5 7X CO;X +C
3. Find the integral of the function cos2xcos 4xcos 6x

Solution:
From trigonometry we have cos Acos B = %{cos(A+ B)+cos(A-B)}
Consider the product cos4xcos6x

COS4xXC0s6X = %{cos(4x +6X) +Cos (4x —6X)}
= %cos(le)+cos(—2x)

= E(colex +C0S2X)
2

Hence, the given product can be written as
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C0S2X C0S4XC0S6X = = (C0S2XC0S10X +COS2XCOS2X)

(

(2 C0s2X C0s10X + 205’ 2X )
(colex +c0s (—8x) + (1+c0s4x))
(

1+€0S12X + C0S8X + C0S4X )

Use the integrals Icos kxdx = %sin kx +C

Consider the integral

Icost cos4xcos6xdx = %Il+ €0S12X + cos8x + cos4xdx

1 sinl2x sin8x sin4x

—| X+ + + +C

4 12 8 4
sin12x sin8x+sin4x

48 32 16

+C

Therefore, Icostcos4x cos6xdx = % + sin12x + sin8x + sin4x +C

48 32 16

4, Find the integral of the function sin®(2x+1)

Solution:

Method 1:

From trigonometry, we have sin36 = 3sing—4sin®*6

sin®(2x+1) = %(3in(2x+1)—sin(6x+3))

Use the integrals jsin kxdx = —%cos kx+C
Consider

Isin3 (2x+1)dx = %J(3sin (2x+1)—sin(6x+3))dx

= %J.sin(Zx +1)dx—%J.sin(6x+3)dx

] . . e
Il
M| x
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3( cos(2x+1)) 1( cos(6x+3) i
=7 - ; ;

:—§cos(2x+1)—icos(6x+3)+c
8 24

Therefore, jsin"“(Zx +1)dx = —gcos(ZX +1) —2—14003(6x +3)+C

Method: 2
Consider the integral
| = jsin3(2x +1)
= jsin2 (2x+1).sin(2x+1)dx
= j(l— cos’ (2x+1)sin(2x +1) ) dx
= jsin (2x+1)dx —jcos2 (2x+1)-sin(2x+1)dx
Suppose that

cos(2x+1) =t
—2sin(2x+1)dx =dt

Use the integrals Isin kxdx = —%cos kx+C

jsin3(2x +1)dx = Isin(Zx +1) dx +%jcos2 (2x+1)-(-2sin(2x+1))dx

__cos(2x+1) +c+1jt2dt
2 2

_cos(2x+1) t°

=———+—+C
2 6
:_cos(2x+1) +C033(2X+1)+C
2 6

Therefore, jsin3(2x +1)dx = —%cos(Zx +1)+ %0033(2x +1)+C
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5. Find the integral of the function sin® xcos® x
Solution:

Consider the integral

Isin3 xcos® xdx = Isinz xcos® xsin x dx

- Icos3 X(1—cos’ x)sin x dx
Putcosx =t, so that —sin xdx = dt

The integral becomes

Isin3 x cos® xdx = jt3 (l—tz)(—dt)

1 1
=—_cos" x+gcos6 X+C

Therefore, Isin3 X oS> Xdx = —%cos4 X + %cos6 X+C

6. Find the integral of the function sin xsin 2xsin 3x

Solution:
From the trigonometry, use the formula sin Asin B = %{cos(A— B)—cos(A+ B)}

The given function is sin xsin 2xsin 3x

sin xsin 2xsin3x = %(sin X (2sin 2xsin 3x))
- %(sin x(Cos X —cos 5x))

1, . .
= E(sm X C0S X —sin X cos5x)
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= %(Zsin X C0S X — 2sin xcos5x)
1, . ] ]
= Z(sm 2x—sin 6x+sin 4x)
Use the integral jsin kxdx = —%cos kx +C

Consider the integral

Isin xsin 2xsin 3xdx = %I(sin 2x —sin6x +sin4x)dx

1( cos2x) 1( cos6x 1( cos4x
=—| - -=| - + = +C
4 2 4 6 4 4

= —1c052x+ic056x—icos4x+c
8 24 16

Therefore, jsin xsin2xsin 3xdx = —%cos2x + 2—14c056x —%cos4x +C

7. Find the integral of the function sin 4xsin8x

Solution:

From trigonometry 2sin Asin B =cos(A—B)—cos(A+B)

Hence,
sin4xsin8x = %(cos(4x —8x)—cos(4x +8x))
1
= = (cos(~4x) - cos12
2(cos( X)—Cos12x)
=%(cos4x—cos8x)
Use the integral jcos kxdx = %sin kx +C

Consider the integral
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jsin 4xsin8xdx = %j(cos4x —c0s8x) dx

1(sin4x sin8x
== - +C
2( 4 8 j

= %sin 4x—isin8x+C

Therefore, _[sin 4xsin8xdx = %sin 4x —%sin 8x+C

1-cosx
1+cosx

8. Find the integral of the function
Solution:

: . R X
From the trigonometric formula 1—cos x = 2sin® E,1+ Cos X = 2¢os’ 3

Hence,

25in2(xj
l1-cosx 2

Consider the integral

Il—cosx

1+ cosx dx = J.secz(x)—ldx .J'sec2 (kx)dx = %tan(kx)+ c

2

=2tan(§j—x+c
2

. : . COS X
9. Find the integral of the function
1+ cosx

Solution:

From trigonometry,
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COSX = C0S” ——sin“ =
2 2
2 X
1+ cosx =2cos (Ej
Hence,
2 X .o X
oS X _cos E—sm 5
1+cosx 20052 X
2
L Lo
2 2 2
1 1 ) X
=——=|sec’=—
2 2 2
1 1 ,x 1
=——=sec’—+=
2 2 2 2
_1-LeeerX
2 2
Consider the integral
_[ €% dx=Il—lsec25dx -J'secz(kx)dx=ltankx+c
1+cos x 2 2 k
:x—1(2tanij+c
2 2
=x—tan5+C
2
Therefore, j COX dx—x—tan>+C
1+ cosx 2
10. Find the integral of the function sin* x
Solution:

From trigonometry

sin® x = (sin2 x)2

_(MJ
2
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- %(1+ Ccos® 2X — 2¢0S 2x)

4

1 (1+M—20032x]

= %(3+ cos4x —4¢0s 2x)

Use the integrals Icos kxdx = %sin kx +C

Consider the integral

jsin4 xdx = %J'3+ cos4x —4cos2xdx

3x sindx 1sin2x
=— 4 —— +

8 32 2 2
_3x  sindx sin2x
8 32 4

C

+C

Therefore, jsin“ xdx = % + 5'2;X B Sln42x

+C

11. Find the integral of the function cos* 2x
Solution:

From trigonometry

cos’ 2x = (cos2 2x)2

_(1+cos4x)2

2
1 2

= —(1+ cos? 4X + 2cos4x)
4

1( 1+ cos8x
14—

— + 2cos4xj
4

= %(3+c058x +2c0s4X)

Use the integrals jcos kxdx = %sin kx +C
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Consider the integral

Icos“ 2xdx = %j3+c058x +2co0s4xdx

3x cos8x 1 cos4x
=—+ += +

8 64 4 4

3X co0s8x co0s4x

C

C

+C
8 64 16
Therefore, jcos“ 2xdx = 3 + cos8x + cos4x +
8 64 16
=2
12. Find the integral of the function St X
1+cosx
Solution:
H
Consider the integralf SN X
1+cosx
a2 _ ~pe2
J~ Sin“ X dx=j1 cos de
1+cosx 1+ cosx
_J~(1—cosx)(1+cosx)dx
1+cos X
=j(1—cosx)dx
=X-sinx+C
sin® x
Therefore, j dx =X —sinx+C
1+ cosx

: : . 2X —C0S 2
13. Find the integral of the function C0S eX—C0s car

COS X —COS &
Solution:

Use the trigonometry
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COS2X— OS2t 2cos? x—1—(2cos2 a—l)

COSX—COSar COS X — COS @@
2(cos2 X — COS’ a)
 COSX—COSa
=2(cosx+cosa)
Consider the integral
2X — 2
I COSEXZEO2Y iy = Zj(cos X +cosa)dx
COS X —COS &
=2sinx+2xcosa +C
COS2X —COS2¢x .
Therefore, j dx =2sinx+2xcosa +C
COS X —COS &
) ) . CoSX—sinXx
14. Find the integral of the function —————
1+sin2x
Solution:
e
1
=—-+C
=— L +C

From trigonometry, use the formula cos® X +sin® X =1,sin 2x = 2sin X cos X

COSX—SinX COS X —Sin X
1+sin2x  €OS? X +SiN” X + 2siN X COS X
COS X —Sin X

. 2
(cosx+sinx)
Put t=cosx+sinx, so that dt =(cosx—sinx)dx

Hence,

dx

jcosx—sinx _ Cosx-sinX
1+sin2x (cosx +sinx)’
dt

COS X +Sin X
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COS X —Sin X 1
Therefore, [ =" "dx =- .
1+sin2x COS X +Sin X

15.  Find the integral of the function tan® 2xsec2x
Solution:

From trigonometry

tan®2xsec2x = tan® 2x tan 2xsec 2x
- (se02 2X —1)tan 2Xsec2x

=sec’2x.tan2xsec2x — tan 2xsec2x

Consider the integral

J'tan3 2xsec2xdx = '[secz 2x.tan2xsec2x — tan 2xsec 2 xdx

Put t =sec2x, so that dt =2sec2xtan2x

The above integral becomes

jtan32xse02xdx =Ise022x.tan2xse02x—tan 2xsec 2xdx
1, 1
—Ejt dt—EIdt

3
:1 t_ _£+C
2\3) 2

_sec’2x _ sec2x
6 2

+C

sec® 2x _ sec2x
6 2

Therefore, I tan® 2xsec 2xdx = +C

16. Find the integral of the function tan* x
Solution:
jtan“ xdx = j(secz X —1)2 dx

= jsec4 X +1—2sec? xdx

= j(secz x)(sec2 x)+1—25ec2 xdx
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= J’(1+tan2 x)(sec2 x)+1—23ec2 xdx

= J'sec2 X + tan? xsec® x +1— 2sec? xdx

= J'(tan x)2 sec? xdx —jsec2 xdx + I 1dx
Put tanx =t so that sec® xdx = dt

Hence, the above integral becomes

jtan“ xdx :jtzdt—tanx+x+C

t3
:E—tanx+x+C

:%tan3x—tanx+C

Therefore, Itan“ Xdx = %tan3 X—tanx +C

sin® x +cos® x

17. Find the integral of the function — -
sin“ xcos* X

Solution:

Consider the integral

dx

sin® x + cos® x sin x COS X

I—_ § > dx:j > dx+j —
Sin“ X cos” X COS” X sin® x
=_[tan xsec xdx + .[ cot x csc xdx

=secXx—cscx+C

A3 3
sin” X + C0S” X

Therefore, Iﬁdx =secx—cscx+C
sin® Xcos” X

COS2Xx +2sin? x
cos? X

18. Find the integral of the function

Solution:

Consider the integral
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J-0052x+23in2x J-cos X —sin? x + 2sin® de
cos? X cos? X
cos’® X +sin® x
J. dx
cos® X
-[cos X
=Jsec xdx
=tanx+C
=2
Therefore, IC052X+225m de=tanx+C
COos” X
19. Find the integral of the function ————
sin x cos® x
Solution:
. ) . 1
Consider the integral is j ————ax
Sin X cos® X
1 sin’ X + c0s? X
j , - dx=I _ —dx
Sin X cos® X Sin X cos® X
|nx 1
e
cos® x Sin X cos X
= jtan xsec? xdx+j i dx
sinx
——=c0s” X
COS X
2
= Itan xsec? xdx+_[sec X dx
tan x
Puttanx =t , sec? xdx = dt
2
I%dx = Itan xsec? xdx+jSec X dx
Sin X cos® X tan x
1
- j tdt+j—dt
t
t2
=—+log|t|+C
5 +loglt]
_ tan®x

+log(tanx)+C
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Therefore, | = L gx= X +log(tanx) +C
sinxcos® x 2

20. Find the integral of the function cos2x

(cosx +sinx)’

Solution:

Consider the integral

I( C0S2X _jcos X —sin® x dx

COS X + Sin x) COS X + Sin x)

J (cosx —sinx)(cosx +sin x)
(cosx +sinx)’

J- COSX smx
cosx+smx

Put cosx+sinx =t, so that (—sinx +cosx)dx = dt

The above integral becomes

J- coszlx d :J-(cosx—s?nx)dx
(cosx+sinx) (cosx +sinx)
dt
t
=loglt|+C

=log|cosx +sinx|+C

C0S 2X
(cosx +sinx)

Therefore, I > dx = log|cos x +sin x|+ C

21.  Find the integral of the function sin™(cos x)

Solution:

Consider the integral

Isin‘l (cosx)dx = _[sin‘l (sin (% - XD dx ewith restricted domain
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= I(Z - xj dx
2

X X

2 2

Therefore, .[sin‘1 (cosx)dx = X_Xic
2 2

22.  The functional expression for the integral I cos(x a)lcos(x b)dx

Solution:

Rewrite the integrand as below.
1 o1 sin(a—b)
cos(x—a)cos(x—b)  sin(a—b)| cos(x—a)cos(x—b)

1 _sin[(x—b)—(x—a)]}

K sin(a—b)| cos(x—a)cos(x-b)

W sin[ (x—b)cos(x —a)—cos(x—b)sin(x—a)]
sin(a—b)| cos(x —a)cos(x—b)

1 ltan(x-b)-tan(x-a
_sin(a—b)[t (x-b)-tan(x-a)]

Use the integral ftan xdx = —log(cosx)+c

The given integral becomes

1 o
Icos(x—a)cos(x—b)dx ~sin(a—b)
-1

sin(a—b)

I[tan(x—b)—tan(x—a)]dx
[— log|cos(x —b)|+ log|cos (x - a)H

cos(x—a)|]+C

cos(x—b)]

= L [Iog
sin(a—h)
1 d 1 {Io |cos(x—a)H

(x—a)cos(x—b) = sin(a—b) g‘cos(x—b)

Therefore, jcos

I . VED.
N
N—"
+
o)
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H ] 2
: . rSIN“X—Ccos" X .
23.  The functional expressmnjﬁdx is equal to
sin“ xcos® x
A) tan x+cotx+C B) tan x+cosecx+C
C) —tanx+cotx+C D) tanx+secx+C
Solution:
The given integral is
sin® x —cos® X sin® x cos’ X
j ) 2 dX=I -2 2y win? 7~ |dX
sSin xcos” x sin“ xcos” X  sin“ xcos” x

= I(sec2 X —cosec’x ) dx

=tanx+cotx+C

Thus, the correct answer is (A)

e (1+x)

e (exx) dx equals

24.  The functional expression for the I

A) —cot(xe*)+C  B) tan(xe*)+C C) tan(e*)+C

Solution:

e (1+x)

cos? (exx) dx

The given integral is j

Put xe* =t, so that (xeX +ex)dx=dt:>ex(x+1)dx =dt

Hence, the integral becomes

e (1+x) ¢ dt
J.cosz (e*x) dx= I cos?t dt

:Isecztdt
=tant+C
=tan(xex)+C

Therefore, the option (B) is correct.

D) cot(e*)+C



