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Chapter: 7. Integrals
Exercise: 7.5

1. Find the integral of the function

(x+1)(x+2)

Solution:

. . X
The int dis————,
e integran IS(X+1)(X+2)

e |t has two linear factors in the denominator

e Itis proper fraction

Suppose that X = A B

(x+D)(x+2) (x+1) (x+2)

Simplifying, we get
x=A(x+2)+B(x+1)
Plug in x = -2 in the equation (1),

2=B(-1)
B=2

Plug in x = —1 in the equation (1),

“1=A(1)
A=-1
Hence, X i 2

(x+1)(x+2)  (x+1)  (x+2)

Consider the integral
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X g 2 ax
I(x+1)(x+2)dx_-[(x+1)d I(x+z)0'

=—log(x+1)+2log(x+2)+C
(x+2)2

+C
|x+1]

=log

2
Therefore, I(x+1x = (X+2)

(x+2)

2. Find the integral of the function

2

Solution:

. 1 1
The int d = )
e integrand is -9 (x=3)(x+3)

e |t has two linear factors in the denominator

e Itis proper fraction

Suppose that 3 . ¢ + B
PP (x—3)(x+3) (x-3) (x+3)

It implies
1=A(x+3)+B(x-3)
Plug in x =-3in equation (1)
1= A(0)+B(-6)
1

B=—=
6

Plug in x = 3in equation (1)
1=A(6)+B(0)

A=

ol

Consider the integral

(D)
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1 1
deX:I(X—S)(XH%)dX

21 CIX=1
X =9 6

Therefore, j

3x-1

(-D)(x-2)(x-3)

3. Find the integral of the function

Solution:

3x-1

(D(x-2)(x-3)

e It has three linear factors in the denominator

The integrand is

e It is proper fraction

Suppose that “ua - B ¢

x-Dx-2)(x-3) (x-1) (x-2) " (x-3)

It implies
3x—-1=A(x-2)(x—3)+B(x-1)(x-3)+C(x-1)(x-2) o (D)

Plug in x =1in equation (1)

Plug in x = 2in equation (1)

5= A(0)+B(1)(-1)
B=-5
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Plug in x = 3in equation (1)
8= A(0)+B(0)+C(2)(1)

C=

B oo

Consider the integral

J‘ 3x-1 dX=J. 2 B 5 N 4
(x—1)(x—2)(x-3) Xx-1 x—2 x-3
=log|x —1|-5log|x — 2| +4log|x -3 +C

dx

3x-1

-1)(x-2)(x-3)

Therefore, j(x dx = log|x —1]-5log|x — 2|+ 4log|x — 3|+ C

X

(x=1)(x-2)(x-3)

4. Find the integral of the function

Solution:

X

(x—-1)(x=2)(x=3)

e It has three linear factors in the denominator

The integrand is

e Itis proper fraction
X A B C

Suppose that o N x—2)(x=3) _ (x=1)  (x-2) " (x=3)
It implies
x=A(x—2)(x=3)+B(x-1)(x-3)+C(x-1)(x-2) ... (1)

Plug in x =1in equation (1)
1= A(-1)(-2)

A=Z
2

Plug in x = 2in equation (1)
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2=A(0)+B(1)(-1)
B=-2

Plug in x = 3in equation (1)
3=A(0)+B(0)+C(2)(1)

c=2
2

Consider the integral

1 3
X 2
J.(x—l)(x—z)(x—B)dX:J-xz—l_x—2+x33dx

=%Iog|x—]4—2Iog|x—2|+§|og|x—3|+c

X

)(x=2)(x=3)

Therefore, I(x—l dx=%Iog|x—l|—2log|x—2|+glog|x—3|+C

5. Find the integral of the function ZL
X" +3X+2
Solution:

2x 2X
X2 +3x+2  (x+1)(x+2)

The integrand is

e It has two linear factors in the denominator
e ltis proper fraction
2X A B

Suppose that £ 2y~ (x+D) | (x+2)
It implies
2x = A(Xx+2)+B(x+1) o (1)

Plug in x =—1in equation (1)

-2=A(1)
A=-2
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Plug in x =-2in equation (1)

~4=A(0)+B(-1)
B=4

Consider the integral

dx

v d +
+3x+2 X+1 X+2
=—2log|x +1|+4log|x+2|+C

J‘ 2X -2 4

Therefore, I)(ZZ—X

+3x+2dx:—2log|x+1|+4log|x+2|+C

2

x(1-2x)

6. Find the integral of the function

Solution:

i . 1-x° x? =1
The int d =
e integrand is =29 ()%

e |t has two linear factors in the denominator

e It is improper fraction

2
Suppose that L X1 1 A B
2 x 2x-1

(x)(2x~1)

It implies
x* —1=x(2x-1)+ A(2x-1)+B(x)
Plug in x = 0in equation (1)

-1=A(-1)
A=1

Plugin x = % in equation (1)

-
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Consider the integral

3
2 _2
-1 dx = E+£+ 2

j(x)(2x—1) 2 X 2x—1dx

:§+Iog|x|—§log|2x—1|(%)+c

=§+Iog|x|—%log|2x—l|+c

2
Therefore, I( -1

X 3
_ 2T dx=—=211 _2logl2x -
3)(2x 1)dx 2+ og|x|—=log[2x —1|+C

7. Find the integral of the function

(x* +1)(x-1)

Solution:

. . X

The integrand is ————

(x*+1)(x-1)

e It has one linear factor and one irreducible quadratic factor in the
denominator

e Itis proper fraction

X _Ax+B+ C
(x2+1)(x—1) x> +1  x-1

Suppose that

It implies
x=(Ax+B)(x-1)+C(x*+1) e (D)

Plug in x =1in equation (1)
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1=C (2)
1

C=-
2

Compare the coefficient of x?

0=A+C

A=-C
1
)

_1 de_lj
2° x-1 2

1 1
=§|Og|x—1|—zj

x—1
x> +1
2X

X +1

dx

1
X2 +1

1
dx+§_|.

dx

1 1 1, -
:Elog|x—1|—zlog|x2 +1|+§tan 'x+C

Therefore, I md >

X

8. Find the integral of the function —————
(x-1)"(x+2)

Solution:

The integrand is

(x—l)z(x+2)

X :ilog|x—]4—%log|x2 +1|+%tanlx+C
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e Ithasone linear factors and one repeated linear factor in the denominator

e Itis proper fraction

Suppose that ZX = A + B >+ ¢
(x-1)"(x+2) x-1 (x-1)° x+2

It implies
x:A(x—l)(x+2)+B(x+2)+C(x—1)2 o (1)
Plug in x =1in equation (1)

(3)

1=

B =

Wl

Plug in x =-2in equation (1)

—2-C(9)
c-_2
9

Compare the coefficient of x* in the equation (1)
0=A+C
A=-C

2
9

Consider the integral

;dx:g de_{_l #dx_g de
2 2
(x—l) (x+2) 9 x-1 3 (x—l) 9 x+2
2 1 1 2
=—]| --=—-= 2|+C
3 og|x -1 310 9 og|x+2|+

:Elo (X_l)— ! +C
9 9 x+2) 3(x-1)

Therefore,J‘+dx=glog(x_1j— 1l ¢
(x—1)"(x+2) 9 “(x+2) 3(x-1)
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3Xx+5

’ 9. Find the integral of the function ————
X*—X"—x+1
Solution:
The integrand is —; 3X2+5 = 3X2+5
X“ =X =x+1  (x-1)"(x+1)
e It has one linear factors and one repeated linear factor in the denominator
e Itis proper fraction
Suppose that 3X2+5 __A + B 5+ ¢
(x-1)"(x+1) x-1 (x-1)° x+1
It implies
3x+5= A(x—1)(x+1)+B(x+1)+C(x~1)° e (1)
A=-C
__1
2
Consider the integral

Plug in x =1in equation (1)

8=B(2)
B=4

Plug in x =—1in equation (1)

2

(4)

NI~ O

C

Compare the coefficient of x* in the equation (1)

0=A+C
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LKLY B NP0 U S B

(x—1)"(x+1) 29 x-1 (x-1) 2 %11
gt dogjeec
1 Xx+1 4
ZOQ(X—J (x—1)+

Therefore, I%dlelog(xﬂj_ 4 c
(x-1)"(x+1) 2 ~(x=1) (x-1)
2X—3

10. Find the integral of the function

(x2 —1)(2x+3)
Solution:

2Xx-3 2Xx-3

T medrene S e ) 2xv) (- (x D@21+

e It has three linear factors in the denominator
e Itis proper fraction

2X—-3 A B C

S that =
Hppose T (x—1)(x+1)(2x+3) x—1 x+1 2x+3

It implies
2x —3= A(x+1)(2x+3)+B(x—1)(2x+3)+C(x—1)(x+1)

Plug in x =1in equation (1)

~1= A(10)
A=_ L
10

Plug in x =—1in equation (1)
-5=B(-2)

B=—
2

(D)
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Plugin x = —g in equation (1)

()

c=-22
5

Consider the integral

2x—3 dx=—i 1 dx+§j
2

1 24 1
J.(x—l)(x+1)(2x+3) 107 x-1 -

dx — — X
(x+1) 572x+3

1 5 24 1
——Elog|x—1|+Elog|x+]4—?Iog|2x+3|(§j+c
5 1 12
—Elog|x+1|—Elog|x—1|—€Iog|2x+3|+C

2x—3
)(x+1)(2x+3)

Therefore, I(x—l dx :glog|x +1|—%Iog|x—1|—%log|2x+3|+c

11. Find the integral of the function o X
(x+1)(x*-4)

Solution:

The integrand is R = 24

(x+1)(x* -4)  (x+1)(x=2)(x+2)

e |t has three linear factors in the denominator
e Itis proper fraction

5X A B C

S that =
& A (x+1)(x—2)(x+2) x+1 x—2 x+2

It implies
5x=A(x—2)(x+2)+B(x+1)(x+2)+C(x+1)(x-2) ....(1)

Plug in x =—1in equation (1)

I . VED.
N
N
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—5=A(-3)

A=
3

Plug in x = 2in equation (1)

10=B(12)

B=2
6

Plug in x =-2in equation (1)

~10=C(-1)(-4)
c-_10
4
5
T2

Consider the integral

SN S S
(x+1)(x*-4) (x+1)(x=2)(x+2)
=§ de+§j 1 dX—E de
37 x+1 67 (x—-2) 29 x+2

=glog|x+1|+%Iog|x—2|—glog|x+2|+c

Therefore, J‘mdx:glog|x+14+glog|x—2|—g|og|x+2|+c
12. Find the integrand of the function XBXJZF i+1
Solution:
The integrand is ngj f*l

e It has reducible quadratic factor in the denominator

e |tis improper fraction
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X+ X +1 X(X2 +1)+1
X2 —l B X2 _l
X(x2-1)+2x+1
x? -1
2x+1
IS AR
(x—=1)(x+1)

2x+1 A B

S that =
Uppose tha (x-1)(x+1) x—1+x+1

It implies
2x+1=A(x+1)+B(x-1)

Plug in x =—1in equation (1)
-1=B(-2)

S
2

Plug in x =1in equation (1)

J~x +X+1dx—j 2x+1
x* -1 (x=1)(x+1)
3
X de+1 —dx
2 x-1 27 x+1
x> 3

=?+Elog|x—1|+%log|x+l|+c

3 2
Xthlrldx:X?+glog|x—14+%log|x+l|+c

Therefore, I

13. Find the integral of the function

2
(1- x)(1+ xz)

(1)
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Solution:

The given integrand is ————
(1-x)(1+x)

e It has irreducible quadratic factor and one linear factor in the
denominator

e Itis proper fraction

Suppose that 2 = A Bx+C

(1-x)(1+x*) (1-x) ’ (1+x%)

It implies that
2=A(1+x*)+(Bx+C)(1-x)
Plugin x=1

2=A(2)
A=1

Compare the coefficient of x
0=A-B
B

Compare the constant term

2=A+C
C=2-1
=1

Hence,

2 1 N X+1
(1-x)(1+x*) (1-x) (1+x°)

Consider the integral

I . .
I
Ll =
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Z 1 X+1
T [k
1,¢ 2x 1
__mgp_4+ajxﬁﬂqx+jﬁ+ddx

:—Iog|1—x|+%log|x2 +1]+tan™ (x)+C

2 1 _
Therefore, Imdx =—Iog|1—x|+zlog|x2 +1|+tan '(x)+C
14. Find the integral of the function x—12
(x+2)
Solution:
The integrand is 3X_12
(x+2)

e It has repeated linear factors in the denominator

e Itis proper fraction

Suppose that 0 B
(x+2)" (x+2) (x+2)°

It implies that
3x-1=A(x+2)+B
Plug in x =-2
~7=B
Compare the coefficient of x
3=A
Hence,

3x-1 3 7

(x+2)" (x+2) (x+2)°
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Consider the integral

3X — 1
I x+2

I
(x+2)
:3Iog|x+2|+7i+c
X+2

:3Iog|x+2|+L+C
X+2

Therefore, I 2) dx 3Iog|x+2|+—2+C

15.

Solution
1 1
(x4 —1) (x2 —1)(x2 +1)
\ 1
(x+1)(x=1)(1+x*)
e The integrand has two linear factors and one irreducible quadratic
factor in the denominator
e Itis proper fraction.
1 A B Cx+D
Suppose that =
P (x+1)(x=1)(1+x*) x+1 x-1 X241
Simplifying
1 1= A(x-1)(x* +1)+B(x+1)(x* +1)+(Cx+D)(x*-1) ... (1)

Plugin x=-1in (1)
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Plugin x =1 in (1)
1=B(1+1)(1+1)

B=

Comparing x* coefficient in the equation (1)

A+B+C=0

—1+1+C=0
4 4

C=0

Plugin x=0 in (1)

1= A(-1)+B(1)+D(-1)
1=-A+B-D

1

Hence 1 - S S
C(x+1)(x=1)(1+ %) 4(x+1) 4(x-1) x*+1

Integrate both sides

1

j(x+1)(x—1)(1+ xz)dx =_%I(ﬁjdx+%j(ijdx+j2(x_z—1+1)dx

:_%Iog(x+1)+%Iog(x—1)—%tan‘lx

X2 Lntxsc
X 2

1 log
4

Therefore, I( : ! dlelog
X +

)(x—l)(1+ x2) 4

x-1

X+1

—ltan’1x+C
2

16. Find the integration of the function

X(x"+1)

Solution:

] . . e

O [

[l Il

I QI AP
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The given integrand can be rewrite as

1 Xn—l

X(x"+1)  Xx"(x"+1)

Apply integration on both sides

I#dx — J.de
x(xn +1) x"(xn +1)

Putx" =t, so that dt =nx""dx

1 1 dt
J.x(x“+1)d n t(t+1)
=1J1dt— idt
n’t t+1

:%|Iog|t|—log|t+1||+C

t
t+1

n

:llog +C

n

1
==log
n

X
x"+1

+C

n

X
X" +1

1
Therefore, _[ =~ +C
X

(x +1)

dx=£|og
n

COS X

17. Find the integral of the function - -
(1-sinx)(2—sinx)

Solution:

The given integral is I(l—sin ic))?;—sin ) dx

Put sinx =t so that cosxdx = dt
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COS X 1
dx = dt

j(1—sinx)(2—sinx) X 1(1—0(2—0

1-t 2-t
=—log(1-t)+log(2—t)+C
=lo ﬂ
g1—t
2-sinXx
1-sinx

+C

=log

COS X
1-sinx)(2-sinx)

2-—sinx
1-sinx

dx=|og‘

Therefore, j (

18. Find the integral of the function

(x2 +1)(x2 +2)
(

X’ +3)(x* +4)

Solution:

Consider the integrand -—
(x +3

2 2
Supposethat(X +1;(X-+2) + N B

(x*+3
It implies that
(3 +1)(x*+2) =(x* +3)(x* +4)+ A(X* +4)+B(x* +3)

Substitute x> = -4

Hence,

wm
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(x +1)(x +2) 2 6

(x2+3)(x2+4)_ X3 x+a

Integrate both sides

G +1)(x2 +2

( )
J.(xz +3)(x* +4)

dx = Ildx+j X22+3dx—j X2i4dx

2 . . x _{xj
=X+—tan"| ——= |-3tan"| — |+C
J3 [ﬁj 2

X* +1)(x* +2)

Therefore,ng2+3)(xz+4)dx x+%tan (%) 3tan1(xj+c

19. Find the integral of the function —— 2x >
(x*+1)(x* +3)
Solution:
Consider the integral j Y dx

(x*+1)(x* +3)

T \a. N 2

We know that 71 x2+3_(x2+1)(X2+3)

j(x+1)(x+3 B Ix+1 x+3

:E(Iog(x +1)—log(x* +3))+C

2
~Liog XL c
X +3
2 2+1
Therefore, I X > dx =—Iog X+ +C
x +1)(x +3) 2 x*+3
20. Find the integral of the function 41
x(x*-1)

Solution:

I . . e
N
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The given integral is J‘gdx

ey
1 B x°

j X(x* _1)dx - -[ x*(x*-1)

"t

dx

Put x* =t, so that 4x%dx =dt

Hence,

1 1 4x3
j = dx

~alx(x)
dt

™ a

=—J———d

= —[Iog|t|— log|t—1[]+C

4
Therefore, I)((x+dx = % log X4X—

_1)

+C

21. Find the integral of the function

1
(e-1)
Solution:

Substitutee” =t, so that e*dx =dt

Hence,
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1 1 \dt
Jopo- ][5

1
:jmdt

Use the partial fractions

1 11
Jt(t—1)dt=jﬁ_fdt

=log|t—1 - log|t|+C

=log =1 +C
t
Substitute t=¢*
| Xl dx = log|° :1+C
e* -1 e
Therefore,j Xl dx = log | :1+C
e* -1 e
22 J-X—dX:
(
A) log +C B) log (x-2) +C
x-1
C) log [Ej +C D) log|(x-1)(x-2)[+C
Solution:
The given integral is fL
(x—1)(x-2)
X A B

Suppose that

(x—1)(x—-2) “x-1 x-2

This can be written as

>

|

— =

= ><>|< —_

| | >

= [\CY N |
N

N

N—"
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x=A(x-2)+B(x-1 . (1)
Plug in x =2 in the equation (1)
2=8B
Plug in x =1 in the equation (1)

1=—A=A=-1

Hence X _ 1 + 2
’(x—l)(x—Z)_ x—1 x-2

Hence, the integral becomes

X 1 2
k= —[——dx+[—2=d
-[(x—l)(x—z) X -[x—l X X—2 X

=—log|x -1+ 2log|x—2|+C

2
x—1
Thus, the correct answer is (B)
dx
23. _° =

J.x(xz +1)

A) Iog|x|—%log(x2+1)+c B) Iog|x|+%|og(x2+1)+c
C) —Iog|x|+%|og(x2+1)+c D) %Iog|x|+|og(x2+1)+c

Solution:

The integrand is ———
g x(x2 +1)

e One linear and one irreducible quadratic factor in the denominator

e Itis proper fraction

_A Bx+C

Suppose that =—+
PP x(x2+1) X x*+1
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Simplifying
1=A(X* +1)+(Bx+C)x
Plug in x =0 in the equation (1)
1=A
Compare the coefficient of x* in the equation (1)
A+B=0=B=-A=B=-1
Comparing the coefficient of x in the equation (1)
C=0

The integral can be written as

1 1 —X
Imdx:j;dxﬂ. X2+1dx
:|og|x|—%log|x2+1|+c

Therefore, the option (A) is correct.



