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Chapter: 8. Applications of Integrals
Exercise 8. Miscellaneous
1. (i) Find the area under the curve y = x?, the lines x =1,x =2 and the x — axis.
Solution: The required area of the region is the shaded region in the following figure
The area of the region bounded by the curve y = f (x) ,the lines x=a,x=b and x-
b
axis is I f(x)dx|.
The area of the shaded region is the region bounded by the curve y = x*, the lines
1
3 2 n+l
:{X—} -_[x”dx:X n=-1
3 n+
=2(8-1)

x=1,x=2 and the x — axis in the first quadrant.

2
Hence, the required area is Az'[xzdx
1

2

A:Ixzdx

~N Wl

= gsquare units
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Therefore, the area of the region bounded by the curve y = x* and the lines

x=1,x=2 and the x— axis in the first quadrant is —square units
(ii) Find the area under the curve y = x*, the lines x =1,x =5 and the x — axis.
Solution: The required area of the region is the shaded region in the following figure
ALy lt:s /
The area of the region bounded by the curve y = f (x) ,the lines x=a,x=b and x-
b
axis is I f (x)dx|.
The area of the shaded region is the region bounded by the curve y = x*, the lines
x=1,x=5 and the x— axis in the first quadrant.
5
Hence, the required area is A= I xdx
1
x*dx
X

5 n+1

5
A=
1
57 n+l
={—} -Ix”dx=x n=-1
1
1
= §(3125—1)
= 624.8square units

Therefore, the area of the region bounded by the curve y = x* and the lines
x=1,x=>5 and the x — axis in the first quadrant is 624.8square units
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2. Find the area between the curves y = x andy = x.

Solution: The required area of the region is the shaded region in the following figure

F

¥

The area of the region bounded by two curves y = f (x) and y = g(x) the lines

x=a,x=bis T|f(x)—g(x)|dx.

The point of intersection of curve y = x* and the line y = x

X = X

x> —x=0

x(x-1)=0
x=0orx=1

The area of the shaded region is the region bounded by the curve y = x*, the lines
y=xx=0,x=1.

1
Hence, the required area is A= j(x - xz)dx
0

= Esquare units
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Therefore, the area of the region bounded by the curve y = x* and the line y = x is

1 .
gsquare units

3. Find the area of the region lying in the first quadrant bounded by y = 4x*, lines
y=1y=4 andthe y—axis.
Solution: The required area of the region is the shaded region in the following figure
Ty
The area of the region bounded by the curve x = g (y) ,lines y=a,y=b and y—
b
axis in the first quadrant is defined as jg (y)dy

The area of the shaded region is the region bounded by the curve y = 4x?, the lines
y =1y =4 and the y— axis in the first quadrant.

4
Hence, the required area is A= %J.\/de
1

14

4

WIN
&L/ N‘°°|\<mm

(8-1)
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The area of the shaded region is the region bounded by the curve y = 4x?, the lines

y=1y=4 and the y— axis in the first quadrant. %square units

0
4, Sketch the graph of y =|x+3|, and evaluate I|x +3dx
-6

Solution: The required area of the region is the shaded region in the following figure

The area of the region bounded by the curve y = f (x) ,the lines x=a,x=b and x-

if(x)dx.

axis is

The given equation y =|x+3|can be rewrite as below

X+3 X> -3
y:

—(x+3) x<-3
Hence,
0 -3 0
j|x+3|dx: I(x+3)dx—I(x+3)dx
-6 -6 -3
2 -3 2 0
= [X—+3xj —(X—+3Xj
2 -6 2 -3
9 36 9

=--9-—+18+—--9
2 2 2 ‘

=9
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Therefore, the area of the region bounded by the curve y = |x + 3| between the lines
X =—6,x=0 above the x — axis is 9square units
5. Find the area bounded by the curve y =sinx between the lines x=0 and x=2x
Solution: The required area of the region is the shaded region in the following figure
‘Ly
X
IF[ Ld
The area of the region bounded by the curve y = f (x) ,the lines x=a,x=b and x-
b
axis is _[ f(x)dx|.
The area of the shaded region is 2 times the region bounded by the curve y =sin x, the
lines x =0,x =7 and the X — axis in the first quadrant.
Hence, the required area is A= ZUsin xdx]
0

A:Z(jsinxdxj
0

(—cosx),

2
2(1+1)
4
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Therefore, the area of the region bounded by the curve y =sin x between the lines
x=0,x =27 is 4square units

6. Find the area of the region enclosed between the curves y* = 4ax and the line y = mx

Solution: The required area of the region is the shaded region in the following figure

The area of the region bounded between two curvesy = f (x)and y =g(x) between
the

Lines x=a,x=Db is

(100 g(0)e.

The curve y? = 4ax and the line y = mx intersect:
(mx)” = 4ax
m?x* = 4ax
m’x = 4a
_4
=
The area of the shaded region is the area of the region bounded between the curve
y* = 4ax and the line y =mx is sum of the following regions
Hence, the required area is

X
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Therefore, the enclosed between the curves y? = 4ax and the line y = mx is
2

= square units
m

7. Find the area enclosed by the parabola 4y = 3x” and the line 2y =3x +12

Solution:

The required area of the region is the shaded region in the following figure
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The area of the region bounded between two curves y = f (x)and y =g(x) between
the

Lines x=a,x=b is

J(1(0-9(x)x.

Points of intersection of the curve 4y =3x* and the line 2y = 3x +12
3x* =2(3x+12)
3x*—6x—-24=0
X*—2x-8=0
X* —4x+2x-8=0
X(x—4)+2(x-4)=0
(x+2)(x—4)=0
Itimpliesthat x=-2,x=4

The area of the shaded region is two times the area of the region bounded by the

3x2 3x+12

curves y:T,theIines y= , X==-2,X=4.

Hence, the required area is

=—(%—16—32+§+4—16)
3 3

= §(7_2_60j
4\ 3

=27
Therefore, the area enclosed by the parabola 4y = 3x* and the line 2y =3x+12 is
27square units

2 2
8. Find the area of the smallest region in the ellipse XE+ yT =1 and the line §+% =1

Solution:

The required area of the region is the shaded region in the following figure



the

Infinitj»" .. Sri Chaitanya
Learn | Educational Institutions

The area of the region bounded between two curvesy = f (x)and y = g(x) between

Lines x=a,x=Db is

j(f(x)—g(x))dx.

The area of the shaded region is the region between the curves y = %«/9 —x?,
3-X _
y= Z(T] and the lines x=0,x =3

3

Hence, the area of the shaded region is A= %j(\/Q -x*—(3- x))dx

0

3
A=£j(\/9—xz—(3—x))dx
30
S22 oo 2sint X gkt X
3|2 2 3 2 |,
_2 _E(ZJ_Q 9}
3| 2\2 2
_2 2)(2_1j
3\2)\ 2
=5(r-2)
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2 2
Therefore, the area of the smallest region in the ellipse % + yT =1 and the line

XY 1is §(;z—2)square units
3 2 2

2 2
9. Find the area of the smallest region in the ellipse %+ % =1 and the line 5+% =1
a

Solution:

The required area of the region is the shaded region in the following figure

The area of the region bounded between two curves y = f (x)and y =g(x) between
the

Lines x=a,x=Db is

j.(f (x)—g(x))dx.

The area of the shaded region is the region between the curves y = 9\/ a’—x* and
a
i b
the line y = g(a - X)

3
Hence, the area of the shaded region is A= gj(\/az -x*—(a- x))dx

0
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A:gi(\/az -x2 —(a—x))dx

B 2 272
X a’ . X X
~+a*-x* ——sin 1——ax+—}

2 27 a 2 |,

o | T
I

(7-2)
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Therefore, the area of the smallest region in the ellipse — + >

a

= =1 and the line
b

XY 1 a—b(n—z)square units

a b 4
10. Find the area bounded by the curve x*=y and the line y=x+2 and x— axis.

Solution:

The required area of the region is the shaded region in the following figure

The area of the region bounded between two curves y = f (x)and y =g(x) between
the
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T(f (x)—g(x))dx.

Lines x=a,x=Db is

Points of intersection of the curve x* =y and the line y = x+2
X2 =X+2
x> -x-2=0
X?—2X+x-2=0
x(x-2)+1(x-2)=0
(x+1)(x—2)=0
Hence, the points of intersection of both curve and the line are x=-1,x=2

The area of the shaded region is the sum of the areas of the region bounded by the
curvey =x+2,lines x=-2,x=-1 and X — axis and the area of the region bounded

by the curves x> =y, the lines x = —1,x =0and X — axis in the second quadrant.

1 0
Hence, the required area is A= I(x +2)dx+ I x“dx
-2 -1
1 0
A= I(x+2)dx+ _[ x*dx
|

-2

2 -1 370
= 5—+2xj +{£{
2 -2 3 -1

= E—2—2+4+1)
2 3

5} :

=| = |square units

6

Therefore, the area of the region bounded by the curve x* =y the line y = x +2and

. . 5 .
X— axiIs IS Esquare units

11.  Using the method of integration, find the area bounded by the curve |x|+|y|=1

Solution:

The required area of the region is the shaded region in the following figure
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The area of the region bounded by the curve y = f (x) ,the lines x=a,x=b and x-

b

jf(x)dx.

a

The area of the shaded region is four times the area of the triangle in the first quadrant

axis is

1
Hence, the required area is A= 4_[(x +1)dx
0

2 1
=4 ——+x]
0
=4 —£+1j
2
4 l)
2

= 2square units
Therefore, the area bounded by the curve |X|+|y|=1is 2square units

12.  Find the area bounded by curves {(x,y):y = x*andy = x|}

Solution:

The required area of the region is the shaded region in the following figure
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The area of the region bounded between two curvesy = f (x)and y =g(x) between
the

Lines x=a,x=Db is

_T(f (x)—g(x))dx.

The area of the shaded region is two times the area of the region bounded by the line
y = x* and the line y = x in the first quadrant

1
Hence, the required area is A= Zj(x2 — x)dx
0

1 .
= Zsquare units
3
Therefore the area bounded by curves {(x y):y=x’andy = |x|} is %square units

13. Using the method of integration, find the area of the triangle formed by the points
A(2,0),B(4,5),C(6,3)

Solution:

The required area of the region is the shaded region in the following figure
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The area of the region bounded between two curves y = f (x)and y =g(x) between the

T(f (x)-9(x))dx].

Lines x=a,x=b is

The equations of the sides of the triangle are as below
: . 5
Equation of AB is y= E(X—Z)
Equation of BC is y=—x+9

Equation of CA is y = %(X—Z)

The area of the triangle is sum of the following areas

Q) The area of the region between the lines AB,AC,x=2,x=4
(i) The area of the region between the lines BC,AC,x=4,x=6

Hence, the area of the triangle is

6
(AB—AC)dx+[(BC - AC)dx
4

7~ X\

g(x—2)—%(x—2)jdx+E((—x+9)—%(x—2)jdx

>
Il Il Il Il
Nlm f\)lU'l N ey BN ey N
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:g(z)—%(8)+(—18+54+8—36)

=5-6+8
=7

Therefore, the area of the triangle formed by the points A(2,0),B(4,5),C(6,3)is 7
square units.

14.  Using the method of integration find the area of the region bounded by the lines
2X+y=4,3x—2y=6,x—-3y+5=0

Solution: The required area of the region is the shaded region in the following figure

The area of the region bounded between two curves y = f (x)and y =g(x) between

i(f(x)—g(x))dx.

the Lines x=a,x=Db is

The vertices of triangle are

Equation of AB is y=-2x+4

Equation of BC is y :XTJrS

3X—6

Equation of CA is y =

The area of the triangle is sum of the following areas
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Q) The area of the region between the lines AB,BC,x=1,x=2
(i) The area of the region between the lines BC,AC,x=2,x=4

Hence, the area of the triangle is

4
BC - AB)dx + [ (BC — AC) dx
2

(x+5)—(—2x+4)jdx+I(%(x+5)—(3X2_6Ddx

(x+5)dx+j(2x—4)dx—g}(x—2)dx

2

Therefore, the area of the region bounded by the lines 2x+y =4,3x -2y =6
and x—3y+5=0is %square units
15.  Find the area of the region {(x y):y? <4xand 4x* +4y* < 9}

Solution: The required area of the region is the shaded region in the following figure
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The area of the region bounded between two curves y = f (x)and y =g(x) between

j.(f(x)—g(x))dx.

the Lines x=a,x=Db is

Point of intersection of y* =4x,4x* +4y*=9

4%% +4(4x)

Ax* +16x

4x* +18x —2x
2x(2x+9)-1(2x+9
(2x-1)(2x+9

-9
-9

9
0
0
)=0
)=0
Observing the figure both curves intersect at x = %

The area of the shaded region is sum of the following areas
Q) Two times the area of the region bounded by the curve y* = 4x,
lines x =0, x =% and x — axis in the first quadrant.
(i)  Two times the area of the region bounded by the curve
4Ax* +4y* =9, lines x = % X =g and X — axis in the first

quadrant.

1 3
2 2
Hence, the area of the shaded region is A=2 jzﬁdx + J.%\/Q —4x%dx
0 1
2
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2 2
A=2 [2:fxex+ | /o= 4o
0 1
2

1 3

=2 T2x;dx+i%w/32 —(2x)2dx
0 1
2

1 3
32 3
_olo| 2y | 42 Z_JQTES(Z_j
3 ), 4\2 2 3 )1
2

{2333 2oy

16.  Area bounded by the curve y = x*, the x— axis and ordinates x =—2 and x =1 is in

sguare units

15 15 17
1) -9 2) -2 3) = 4
: )% )7 )2

Solution:

The required area of the region is the shaded region in the following figure
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17.

x=-2

The area of the region bounded by the curve y = f (x) ,the lines x=a,x=b and x-

Tf(x)dx.

axis is

The area of the shaded region is sum of areas of the regions bounded by the curve
y =x%,the line x=0,x =1and x — axis in the first quadrant and bounded by the

curve y = —x%, the line x=0,x=—2and x — axis in the third quadrant

0 1
Hence, the required area is A= J—x3dx +jx3dx
-2 0

A= _T —x%dx + Jl' x%dx
-2 0

( X4]0 (X4]l
=| —— 4+ —
4 -2 4 0
16 1
= — 4+ —
4 4
17 .
= quuare units

Therefore, the option 4 is correct

Area bounded by the curve y = x|x|, X — axis and the ordinates x=-1 and x =11is

given by in square units.
1) 0 2) 2

3) 3 4)

Wl
wlbd
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Solution:

The required area of the region is the shaded region in the following figure

‘Ly
y=xlx
1__
=1
X
1 |
|
/
The area of the region bounded by the curve y = f (x) ,the lines x=a,x=b and x-—
b
axis is j f(x)dx|.
The given equation of the curve y = x|x| can be rewrite as
. X2 x>0
—x*  x<0
The area of the shaded region is two times the area of the region bounded by the curve
y = x*, the line x=0,x=1and X — axis.

1
Hence, the required area is A= 2_[ xdx
0

A= 2.1[ x*dx
0

3 1
zz(x_j
3 0

2 .
= Esquare units
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Therefore, the option 3 is correct.

18.  The area of the circle x* + y® =16 exterior to the parabola y* = 6x
4 4 4 4
1) §(47z—J§) 2) §(47z+\/§) 3) g(sﬂ—ﬁ) 4) §(8ﬂ+\/§)

Solution:

The required area of the region is the shaded region in the following figure

The area of the region bounded between two curvesy = f (x)and y =g(x) between

1500~ (x)dx

The points of intersection of the circle x> + y* =16 and the parabola y* = 6x
X*+6x-16=0
X* +8x—-2x-16=0
X(x+8)—2(x+8)=0
(x—2)(x+8)=0
It implies that x =2o0r x = -8
Observing the graph, the point of intersection of circle and parabola is x =2

the Lines x=a,x=Db is

The area of the shaded region is sum of the area of the semicircle x* + y* =16 and

two times the area of the region bounded by the circle y =+/16 — x>, parabola
y =+/6x , the lines x =0,x =2, x— axis in the first quadrant.
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2
Hence, the required area is A=8rx + ZI V16 — x* —\/6xdx
0
2
A =87 +2[ 16— x* —/6xdx
0
3 2
—87+2| X\16— %2 +Esin‘l(ij—\/§(gjx2
2 2 4 3 o
=8ﬂ+2(x/1—2+8-%—\/§(%)2\/§j
=87[+2[2\/§+4§_%J

3
3 3
=%(87z—\/§)

Therefore, the option 3 is correct.

z
2

1) 2(v2-1) 2) (V2-1) 3) (V2+1) 42

Solution: The required area of the region is the shaded region in the following figure

19.  The area bounded by the y — axis, y=cosXx,y=sinx when 0< x <

¥

¥y =cosXx
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The area of the region bounded between two curves y = f (x)and y =g(x) between

b

J(F(0)-g(x))ex.

a

the Lines x=a,x=Db is

The area of the shaded region is the area of the region between the two curves

y=sinx andy =cosXx, lines x =0, x =% in the first quadrant.

4

Hence, the required area is A= J' cosx smx
0

A=

(cosx —sin x)dx

/4

= (sinx+cos x)g

= i+i_1
V2 2
:(Jf—l)square units

Therefore, the option 2 is correct.

o'—.b\ﬁ
E]




