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Chapter: 9. Differential Equations

Exercise: Miscellaneous

1. For each of the differential equations given below, indicate its order and degree (if
defined)
. d?y dy\’
1) —+5x| — | —6y=logx
) dx? (dxj y=19
Solution:

ax? dx

2 2
The given differential equation is dy +5x(ﬂ) —6y =log x
X

2
The highest order derivative in the equation is of the term (;TZ thus the order of the

equation is 2 and its highest power is 1. Therefore its degree is 1

3 2
i) (Qj —4(ﬂj +7y=sinX
dx dx

Solution:

3 2
The given differential equation is (%j —4(%) +7y-sinx=0
X X

3
The highest order derivative in the equation is of the term (%) , thus the order of the
X

equation is 1 and its highest power is 3. Therefore its degree is 3

..o dly . (dd
i) —-—sin| — =0
) dx* (dx3
Solution:
4 3
The given differential equation is d—?{—sin d—Z =0
dx dx
d*y
The highest order derivative in the equation is of the term o thus the order of the
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equation is 4.

As the differential equation is not polynomial in its derivative, therefore its degree is

not

defined.

2. For each of the exercises given below, verify that the given function (implicit or
explicit) is a solution of the corresponding differential equation.
2
i) xy =ae* +be™ +x? :xd—)2/+2ﬂ—xy+x2 -2=0
dx dx
Solution:
The given function is xy = ae* +be™ +x°
Take derivative on both side:
= y+ xﬂz ae* —be ™ +2x
dx
Take derivative on both side:

2
:>—+xd—¥+ﬂ=aex+be‘x+2
dx dx® dx

2
:>xd—2/+2ﬂ=aex+be‘x+2 .......... (1)
dx dx

The given differential equation is

2
xd—¥+2ﬂ—xy+x2—2=0
dx dx

Solving LHS

2
Substitute x%+2% from the result (1) and xy

d’y ,dy 2
x—2+2-2L |—xy+x2-2
:{ v dxj v
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:>(aex+be’x+2)—(aex+be*X+x2)+ X2 —2
—=2-x+x2=-2
=0

Thus LHS = RHS the given function is the solution of the given differential equation

2
ii) y=e*(acosx+bsin x):%—2%+2y=0

Solution:

The given function is y =e*(acosx+bsinx)

Take derivative on both sides

:%:ex(acosx+bsin x)+e* (—asin x+bcos x)

dy .
=3¢ ((a+b)cosx+(b—a)sinx)

Take derivative on both side

2
:%ﬂ* ((a+b)cosx+(b—a)sinx)+e*(—(a+b)sinx+(b—a)cosx)

=e*((a+b+b-a)cosx+(b—a—a—h)sinx)

d?y .
=7 =e (2bcos x—2asinx)

The given differential equation is

d’y dy
=2 22 2y=0
e Cax Y
Solving LHS

= e*(2bcos x—2asin x) - 2e” ((a+b)cosx+(b—a)sin x)+2y

] . . e
y
D_|Q-
= N
N
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= ¢e"((2b—2a—2b)cosx+(-2a—2b+2a)sin x)-2y

= e*(—2acos x—2bsin x) -2y
= —2e" (acos x+bsinx)—2y

=0

Thus LHS = RHS, the given function is the solution of the given differential equation

d?y

iii) y=xsin3x: F+9y—6c053x =0
X

Solution:

The given function is y = xsin3x
Take derivative on both side

= ﬂ =sin 3x+ 3xc0s3x
dx

Take derivative on both side

d? .
= dTZ =3¢0s3x +3(cos 3x+ X(-3sin 3x))

2
= % =305 3X+3¢c0S3X —9xSsin 3x
X

2
:>d—2/ =6c0S3X —9xsin 3x
dx

The given differential equation is

2
9 9y _6cos3x=0
dx

Solving LHS

2
:d—¥+9y—60033x
dx
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:>(6cos3x—9xsin 3x)+9(xsin 3x)—6cos3x
= 6C0S3X—9x5Sin3X +9xsin3x —6c0s3x
Thus LHS = RHS, the given function is the solution of the given differential equation.

. dy
iv) x> =2y*logy:(x*+y?)—=-xy=0
) y*ogy: (x* +y*) 2=y
Solution:
The given function is Xx* =2y’ logy

Take derivative on both side

= 2X= Z(Zylog y+y? (EDQ
y ) )dx

ﬂ: X

:> -
dx (2ylogy+y)

Multiply numerator and denominator by y

dy _ Xy

~ dx (2y*logy+y?)
dy Xy

= dx (x*+y?)

The given differential equation is

(x2 + yz)%—xy=0
Solving LHS
= (x2 + yz)%—xy

:>(x2 +y2)(xz)§/y2j—xy

= Xy — Xy
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=0

Thus LHS = RHS, the given function is the solution of the given differential equation

3. Form the differential equation representing the family of curves given by

(x— a)2 +2y% =a®, where a is an arbitrary constant
Solution:

Given family of curve (x—a)’ +2y? =a’

= x*—2ax+a’+2y° =a’

= X +2y° = 28X........... (1)

Differentiate both side with respect to x

dy
2(X— 4y—=0
= 2(x-a)+ Y
_dy_ 2(x-a)
dx 4y
:ﬂ:2a—2x

dx 4y
Multiply numerator and denominator by x

dy 2ax—2x’
>——=—
dx 4xy

Using expression (1) back substitute 2ax

dy  x*+2y*-2x°

dx 4xy
2 2
L dy_2y'-x
dx 4xy
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. . : . : _dy 2y°-x°
Thus the differential equation for given family of curve is — =
dx 4xy
4. Prove that x* —y* = c(x2 +y? )2 is the general solution of differential equation

(x*—3xy*)dx =(y* —3x’y)dy, where c is a parameter

Solution:

Given differential equation
(x*—3xy*)dx =(y* —3x"y)dy

3 2
_dy X 3%y
dx y®-3x%y

As it can be seen that this is an homogenous equation. Substitute y = vx

- d(vx) _ X —3x(vx)2
dx (vx)3 —3x?(vx)

dv 1-3v2-v'+3v°

dx v —3v
dv 1-v*

= X— =
dx v3-3v

Separate the differential
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Integrate both side

Vi —3v dx
_[ —dv=|—
1-v X
:>.[V3_3Vdv:logx+logc
1-v*

3
= | =Iogx+|ogC[I :_[Vl _3Vdvj

Solving integral |

v:—3v
=1 =J v dv
:>v3—3v_ v —3v
1-v (1-v?)(1+v?)
Ve — v: —3v
— -

1-vt (1-v)(1+v (1+ vz)

Using partial fraction

vy A
= +

B Cv+D
+

— =
1-v*  1-v

1+v  14V2

Solving for A, B, Cand D

A=-1
2
gl
2
=-2
D=0
1 1
3_ T > —
vV -3v 2., 2 . 2v+0

1-v*  1-v

1+v  1+v
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2V
1+v

=——_[—d + LIy v—|

1+v 70V

| = —%(—Iog (1—v))+%(log (1+Vv))-log (1+v2)

I =%(Iog(1—v2))—glog(l+v2)

1 X2 Xz_yz)J
=1 ==|log 5
2 (x*+y?
22
= | 1 log (X y)z +1Iogx2
2 x2+y2) 2
2,2
=1 :l log (X y)z +log x
2 x2+y2)

(¢-y°)
== Iog—22 +logx=logx+logC
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= X—yz — C2
(x*+y?)

:>x2—y2:c(x2+y2)2:(c:cz)

Thus for given differential equation, its general solution is x* - y* =¢(x” + y* )2

5. Form the differential equation of the family of circles in the first quadrant which

touch the coordinate axes
Solution:

Draw a circle according to question

C'inele with radius a

The equation of the given circle will be

2

(x—a)2 +(y—a)2 =a
Differentiate both side with respect to x

dy
= 2(x- 2(y—a)-==0
(x-a)+2(y-a)
= x—-a+yy'—-ay'=0

_X+yy'
1+y'

=a

Using equation of circle
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= (x-a) +(y-a) =a’

() )

(g (et )
|

. 2 2 N\ 2
Y(X=Y)) ,(y=x| _[x+yy
1+y' 1+y' 1+y'

:>(x—y)2 (1+ y'2)=(x+ yy')2

Thus the differential equation for given family of curves is

(x—y)2(1+ y'z)z(x+ W'Y

_ g2
6. Find the general solution of the differential equation %+ 1_)/2 =0
X —X

Solution:
_ g2
The given differential equation is ﬂ+ L y2 =0
dx \V1-x
s /1 y:
dx V1-x°
dy__ -y
dx 1-x?
- dy _ dx
\/1—y2 J1-x2

Integrate both side

[
J-y e
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=sin"y=-sin"x+C

=sin"y+sinx=C
Thus the general solution of given differential equation is sin™ y+sin™ x=C
2
7. Show that the general solution of the differential equation ﬂ +yz+—y+1 =0 is given
dx x“+x+1
by (x+y+1)=A(1-x—y—2xy) where A is a parameter
Solution:
2
The given differential equation is & + yz+—y+1 =0
dx x“+x+1
2
W Yyl
dx X“+x+1
212 S ly+=-=+1
dy 7 (ij
:> —_ j—

o

<
VR

<

+

N |
| /

+

Integrate both side

= dy ] dx

EORCIICE G
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y+1 X+
1 ) 92 1 | 5
= tan =— tan +C
BT B (B R
2 2 2 >

-3}

— tan™ {Zy_ﬂ} + tan‘l{ZXH} = ﬁc
N &2

Thus the general solution for given differential equation is

tan™ {%} +tan™ {&} = ﬁ C
N &2

8. Find the equation of the curve passing through the point (O%) whose differential

equation is sin xcos ydx+cos xsin ydy =0
Solution:

Given differential equation is

sin xcos ydx + cos xsin ydy =0

= Sin xcos ydx +cos xsin ydy =0

Divide both side by cosxcosy

sin x cos ydx + cos xsin yd
- y yay —0
COSXCOSY

= tan xdx+tan ydy =0
= tany dy —tanx dx
Integrate both side

= Jtany dy — j tanx dx
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= log(secy)=—log(secx)+C

= log(secy)+log(secx)=C

= log(secxsecy)=C

= secxsecy =k (k =e°)

As curve passes through (0%)

sec0sec LEJ =k
4

k=42

:>SECXS€C)/=\/§

Thus the equation of required curve is secxsecy = J2

9. Find the particular solution of the differential equation (1+e* )dy+(1+y*)e*dx=0

giventhat y =1 when x=0

Solution:
The given differential equation is (1+e> )dy+(1+y*)e*dx =0
Divide both side (1+e*)(1+y?)

dy e

dy e «
J’(1+ yz) - I(1+ezx)d

tan'y = —Im

dx
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Substitute t =¢*
dt =e*dx

1
_l —_

=tan"y=—tan't+C
=tan"y=—tan"e*+C
—tan"y+tante*=C
As y=1when x=0

tan™* (1)+tan*(e°)=C

=tan'y+tan'te* =

Thus the required particular solution is tan™' y +tan™* e* =%

10.  Solve the differential equation ye’dx = (xey + szdy(y #0)
Solution:
The given differential equation is yeydx = {xey + yzjdy

X X

ye! g—; =xe’ +y?

I . . e

Y U
(@) NI

I +
NN N

Il

O

NS
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X

:>ye§%—xe§:y2
dy
[ydx—x}
Lol
y
Substitute z = e’
z7=¢’
d,_d,
dz dy
dz d §
> —=—8
dy dy
dz %d [Xj
= —=0 —| —
dy — dyly
dz §_(1jdx x}
—>—=¢€ — |
dy — |lyJdy y
_y%_x
4z dy2
dy y
:E:]_
dy
=dz=dy
=z=y+C
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X

Thus the required general solution is el = y+C

11.  Find a particular solution of the differential equation (x—y)(dx+dy)=dx—dy given

that y=-1 when x=0. Hint (put x—y =t)
Solution:

Given differential equation is (x—y)(dx+dy)=dx—dy
= (x—y)dx—dx=(y—x)dy—dy
= (x—y+1)dy =(1-x+y)dx

Oy _1-x+y
dx x-y+1

Put x—y=t

o Oy _dt
dx dx

:>1_ﬂ:d_y
dx dx

_dt 1t
dx 1+t

Integrating both side

[ ] . . e
U U U U
,.|r gle 22 2=
Q_"’ I I Il
= |l =
I +|N + '
S - Iy
g‘ ~ | = — | —+
+
T
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:jltltdt=2jdx

:I%dt+]dt=2x+c

= log|t|+t =2x+C

= log|x—y|+x-y=2x+C
= log|x—y|-y=x+C
Asy=-1whenx=0

= log|0—(-1)|-(-1)=0+C
=logl+1=C

=C=1

Thus the required particular solution is Iog|x— y| -y=x+1

12.  Solve the differential equation et _Y & =1(x=0)
' Jx x| dy
Solution:
e 2

Given differential equation is [

2%

dy e y
=>-—== ——
dx  Vx  Jx
_2,\/;
Ay v e
dx Jx  x

It is linear differential equation of the form = % +py=Q
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D= -
Jx
g2
Q=
Jx
Calculating integrating factor
I —el™
1
—=dx
I.F = eI ¥
|LF =e2*

The general solution is given by
yx1.F =[(QxIF)dx+C

2%

yx(e2ﬁ)=j(e& ><ez’ﬁJdX+C

e~2«/7+2\/§

= yez‘& :j( N ]dx+c

= ye2¥ =j'%dx+c

— ye?¥ —2/x+C

Thus the general solution for the given differential equation is
ye?* =2x +C

13.  Find a particular solution of the differential equation j—i+ y cot x = 4xcosecx(x # 0)

given that y =0 when x = %

Solution:
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The given differential equation is

ﬂ+ y cot X = 4x cosecx
dx

dy

It is linear differential equation of the form i +py=Q

p = cot X
Q =4xcosec X

Calculating integrating factor
LF —e™
| F _ ejcotxdx

| F = elog\sinx\
I.F =sinx
The general solution is given by

yx1.F=[(QxI.F)dx+C
= yxsin x = [ (4xcosecx)sin xdx+C

= ysinx:4jxdx+C
X2
= ysinx=4(?j+c

= ysinx=2x"+C

As y =0 when x=%

2
Oxsin(zj = Z(EJ +C
2 2
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{5

c=-2
2

Thus the required particular solution is

2
sinx=2x2 -2
y 2

14. Find a particular solution of the differential equation (x+1)% =2e "’ -1 given that

y=0 when x=0. (x+1)%:2e‘y -1

Solution:

The given differential equation is (x +1)% =27 -1

dy  dx
27 -1 x+1

Integrate both side
dy  p dx
:>~"2e‘y —1_-[x+1

dy
=log(x+1)+logC......... 1
:>I2e_y @ log(x+1)+logC (1)

Evaluating LHS integral

d d
:jzeyy—lzjze—eyy

Putt=2-¢’

t=2-¢’

N
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’ dt =e’dy
= (115
IZedyy_1= log -
:IZedyy_lz log 2—1ey

Back substituting in expression (1)

dy
SJZe*V = log(x+1)+logC

1
= |Og (2_—@’] = IOgC(X+1)

1

2_ef =
YT PFEY

As y=0 when x=0

1
2-¢°=
R ()
:>2—1=l

C
=C=1

Thus the required particular solution is

1
2—-eV=—"
T T o
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y _ 2x+1
el =—
(x+1)
(2x+1j
= y=log
X+1
[ iti i P 2x+1
Thus for given conditions the particular solution is y = Iog( : j
X+

15.  The population of a village increases continuously at the rate proportional to the
number of its inhabitants present at any time. If the population of the village was
20000 in 1999 and 25000 in the year 2004, what will be the population of the village
in 2009?

Solution:

Let the population at time t be y. The according to question (;—i/ oy

:ﬂ:kdt
y

Integrate both side
= W _y ot
y

=logy=kt+C

In 1999 (taking reference year) t = 0 population was y = 20000
= log(20000) =k (0)+C

= C =log(20000)

In 2004, t =5 population was y = 25000
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= log(25000) = k (5) +log (20000)
= 5k = log(25000) - log (20000)

= 5k =log 25000
20000

—k=1log Fj
5 4

Thus the population relation will be
1 5

logy==log (—jt +log (20000)
5 4

For 2009, t =10

=logy= % log ij10+ log (20000)
5
= logy=2log (Zj +log (20000)

2
= logy =log (gj +log(20000)

= log y = log (% X 20000)

— y=31250

Thus the population in the year 2009, is 31250

16.  The general solution of the differential equation M =0
y

Solution:

Given differential equation
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ydx — xdy 0
y

Divide both side by x

:M:O
Xy

:%—ﬂzo
Xy

Integrate both side

:>Id—;(— d7y20

= log|—| = log k

X‘
X
=—=k

1
=Cx|C==
= ( k)

Thus the correct option is (C)

17. Find the general solution of a differential equation of the type % +Px=0Q,
Yy

Solution:
The given differential equation is

dx
d_y+PlX=Ql

It is linear differential equation and its general solution is

xel™ [ (Qlej e ) dy+C




Infinit})" ., Sri Chaitanya
Learn | Educational Institutions

Rdy

With integrating factor I.F = eI

Thus the correct option is (C)

18. Find the general solution of the differential equation exdy+(yeX + 2x)dx =0

Solution:

The given differential equation is

e*dy +(ye" +2x)dx =0

:exﬂ+ ye* =-2x
dx

= dy +y=-2xe"
dx

The given differential equation is of the form

Y ipy-Q
dx

=>P=1
=Q=-2xe"

Calculating integrating factor
| F - eJde
1 E=¢®

=|.F=¢"

It is a linear differential equation and its general solution is

y(1.F)=[(Qx1.F)dx+C

y(ex)='f(—2xe‘X xe*)dy+C
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= ye' =—2[xdx+C
2
= ye* =—2[X?j+c

= ye*+x*=C

Thus the correct answer is option (C)




