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Chapter: 9. Differential Equations

Exercise: 9.5

1. Show that, differential equation (x*+xy)dy =(x*+y*)dx is homogenous and solves
it
Solution:

Rewrite the equation in standard form

ﬂ_XZ_i_yZ
dx x>+ xy

Checking for homogeneity

oy Xy
F(xy) X2 + Xy

(A%)"+(2y)’
(/1x)2 +(Ax) (1Y)

= F (Ax,Ay)=

12 X2 + y2
= F(lxyﬂy):#“_xy))
X2 +y°
X2+ Xy

= F(Ax,4y)=

= F(Ax,Ay)=F(Ax,Ay)
Thus it is an homogeneous equation

Let y =vx

d(vx) _x° +(vx)*
dx  x*+x(vx)

dx _dv  X(1+v7)
SV X— =
dx dx  xX*+(1+v)
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dv 1+v
—>V+
dx  1+v
dv 1+ V2
dx 1+v

dv 1+v —v—V?
dx 1+v

dv 1 Y]
dx 1+v

Separate the differentials

1+vd dx
1-v X

Integrate both side

J'1+_Vd__

:Iﬁdvﬂogx—logk

:Ilfvdv—ji:zdv:logé

X

—2log(1-v)- | dv=log—
= —2log(1-V) jv 09
X

= —2log(1-v)—v=log—~

k

=—IogE—2Iog(l—v)

gty
x(1-v)

Back substitute v =

> |<
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:>X=Iog

T2
=
X

y

= (x-y) =kxe *

oy
The solution of the given differential equation (X — y)2 =kxe *

2. Show that, differential equation y'= XLXy is homogenous and solves it

Solution:
Rewrite the equation in standard form

dy _x+y

dx X
Checking for homogeneity

X
it

AX+ Ay
AX

= F(Ax,4y) =

T T %< xI<
> N I —
z x = 8
NS >
|
= = < |® =
N—"
I I % -
b ) < | X =~
o =
e R
\./<
N
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= F(x,y)=F(4x,1y)

Thus it is an homogenous equation

Let y =vx

Separate the differentials
dv = ax
X
Integrate both side
J.dv _ (&
X
= _[dv: log x+logk

=V =logkx

Back substitute v =

x <

:>1=Iogkx
X

=y = xlog kx

The solution of the given differential equation y = xlog kx
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3. Show that, differential equation (x—y)dy—(x+y)dx =0is homogenous and solves it

Solution:
Rewrite the equation in standard form

dy _x+y

dx x-y
Checking for homogeneity

X
F(x,y):x%z

= F (A% Ay)= j;ig

A(x+Y)

= F(Ax,Ay)= 20y)

= F(ax2y) =Y

X=y
= F(xy)=F(ixAy)
Thus it is an homogeneous equation

Let y=wx

d(vx) _ X+ (vx)
dx X —VX

] . . e
U U U
> < <
gl 4 2|8
I o.|o. +
L << =
|‘+ I Q-|Q-
< |< N x| <
| |‘+ I
< < |I< X [ X

—_~ |
N
||+
SIS
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dv_ 1+v-v+V?

&_ 1-v

y_1+v2
dx 1-v

Separate the differentials

1-v dx
Sdv=—
1+v X

Integrate both side

1-v dx
j sdv=|—
1+v X

1 v
:>Il+v2 dV_-[l+v2 dv=logx+C

2V
1+v?

1
-1 v
= tan V—EI dv=logx+C
401 ,
= tan V—E|09(1+v )=Iogx+C
4 1 5
= tan v=|0gx+§|og(1+v )+C
:ta“_lv=l|ogxz+1Iog(1+v2)+c
2 2
Dta“_1V:£|09[X2(l+v2)]+C
2

Back substitute v = y
X

2
—tan™ (ljzlmg[xz £1+ y2 ﬂ+c
X 2 X

. .
Y U U
'_‘\—-
+ |7
<N<
o
<
1
< |
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1
tant[ 2 |=Z10g(x2 + y?)+C
=t L)=2log(x + v

The solution of the given differential equation tan™ (lj = % Iog(x2 + y2)+C
X

4. Show that, differential equation (x2 — yz)dx+ 2xy dy =0 is homogenous and solves it

Solution:

Rewrite the equation in standard form
ﬂ B X2 _ y2
dx 2Xy

Checking for homogeneity

(2%) =(Ay)’

F(AX,Ay)=—
= P AY) == ()
AZXZ_AZ 2
=F (/’lx,/ly) :—Txyy
/12(X2—y2)
F AY)=———~
= F (A%, Ay) (2]
Xz_yz
F(AX,Ay)=—
= (X y) 2xy

=F(xy)=F(Ax1y)

Thus it is homogenous equation

Let y =vx

-
—_
>
<
N—
Il
|
<
N N
> ||
< <
N
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d(vx) ~ NG _(VX)Z
dx 2x(vx)

dx _dv x*(v:-1)
SV—tX—=— 7
dx dx  x*(2v)

dv v?-1
SV4+X—=
dx 2v

dv  v?-1
= X—=
dx 2v

dv V2 —1-2v

& 2V

v 1+V°
X—=—

dx 2v

Separate the differentials

2v dx
sadv=——
1+v X

Integrate both sides

1+v? S X

J‘ZV _%

= log(1+V*)==log x+C
= log(1+Vv*)+logx=C
= Iog[x(1+v2)] =C

Back substitute v = y
X

ot
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2 2
:{X +y j:kk=e°
X

= X’ +y* =kx

The solution of the given differential equations x* + y* = kx

5. Show that, differential equation x? % =x*—2y?+xy is homogenous and solves it

Solution:

Rewrite the equation in standard form

dy  x*-2y’+xy
dx X2

Checking for homogeneity

X2 =2y +xy

F(X' y): 7

AP =222y +(Ax)(Ay)

= F (Ax,Ay)= v
A% (X2 =2y% +xy
= F (Ax,Ay)= ( e )
2 2
= F(Ax,4y)= Lyz“'xy

=F(xy)=F(Ax1y)
Thus it is an homogenous equation

Let y =vx

d (vx) _ x? —2(vx)2 +X(VX)
dx x?
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dx dv X (1—2v2 +v)
Sy )
dx dx X2

dx

ISP YE
dx

Separate the differentials

Integrate both side

1 dx
I1—2v2 dV:JT

1¢ 1
SEJ‘ dv=Ilogx+C

2

1
Z-v
2

1
————dv=Ilogx+C

_V2

1
—=+V

1 Iog*/E

2x — i_

i) 1\

1+\/§v|_
1—\/§v|_

:1 ‘zlogx+C

1

2\2

= log logx+C

Back substitute v = %

1

2\2

=

log

i1 3
N |- N
\ <|\J
o
=
H
S ”
(= (=Y _
S < |2
RS
Y VR
X < | % |<
N N
[l
<}
<«
<
+
(@)
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| X2y od x4 C
= 0g =log x +
2\/E |X—\/§y|
The solution of the given differential equation ——| [x+2y log x-+C
€ solution o € given dirrerential equation 0g =log X+
2\/5 |X—\/§y|

6. Show that, differential equation xdy — ydx = «/ x? + y?dx is homogenous and solves it

Solution:

Rewrite the equations in standard form

xdy = /x> + y2dx + ydx
2 2
:j_y:_dxww
X X

Checking for homogeneity

P +yi e
F(X, y) #

X

2,2 2.,2
:F(ﬂx,ﬂy):’/ﬂx + Ay + Ay

AX

ﬂpz(x2 +y2)+/1y
AX

)

AX

’2 2

= F(Ax,4y)=

= F (Ax,4y)=

= F(xy)=F(Ax,Ay)

Thus it is an homogenous equation
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dx

Separate the differentials

! dv=%

V1+V? X

Integrate both sides

J dX
Nl

= Iog‘v+ 1+Vv?|=logx+logC
Backs substitute v _%
= log X+\/1+7y—2 log Cx
X X
= log H—\/)TJFT =log Cx

y+/1+x% =Cx?

The solution of the given differential equation y++/1+x* =Cx?
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7. Show that, differential equation

{x cos( yj+ ysin [ y)} ydx = {ysin (XJ - xcos(lj} xdy is homogenous and solves
X X X

it

Solution:

Rewrite the equation in standard form

(22 (2o

I
ol el )

Checking for homogeneity

ol oy

i

F(xy)=

x < | X |<

ol

= F(Ax,Ay)=

;
oy 2]

)

ol

xcow

= F(Ax,Ay)=

¢
<l

{xcos yj+ysm X }y
= F(Ax,4y) = X X
{ysm yj X COS 1 }x
X X
(x,y)=F(Ax1y)
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Thus it is an homogenous equation

Let y=vx

d (w) ) {x cos[x):/j +Vxsin (V;(]}vx
dx {vx sin (V;) — XCO0S (V;)} X

dx _dv_ x*{cosv+vsinv}v
SV X— = —
dx dx X {vsmv—cosv}

dv vcosv+v sinv
dx  vsinv—cosv

=>V+X—

dv vcosv+v smv
dx VSinVv—cosV

(v _ VCOSV +V?sinv—v?sinv+vcosv
dx vsinv—cosv

dv 2vCcosvV
S>X—=—
dx vsinv—cosv

Separate the differentials

vsinv —CcosvV dx
—_ dv=2—
VCOSV X

Integrate both side

J~vsmv CosV ZJ-
VCosV

vsinv cosV dx
[NV g, [ L8V o &
VCOSV VCOSV

:jtanvdv—'[ldv:2log|x|+logC
v

= log|secv|—log|v| = logC|x’
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|secv]|

=log—/—— = IogC|x|2
v

= secv = Cvx®
Back substitute v=-=:s
—secl=C (Xj G

X X
= cos? = LS k= 1

x xy C
The solution of the given differential equation is cosl e L

XXy
8. Show that, differential equation x% —y+Xxsin (lj =0 is homogenous and solves it
X X
Solution:
Rewrite the equation in standard form
xﬂ— y+xsin(lj =0
dx X
(Y

—Xxsin| =
o )
dx X
Checking for homogeneity

y —Xxsin (yj

F(xy)=

x <

X

/Iy—/”txsin(/w)
AX

F(Ax,Ay)= =
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ﬂ(y—xsin(yn
X
F(AX,Ay)=
= F(Ax 4y) —

y—xsin(yj
— F(Ax,iy):%

= F(xy)=F(AxAy)

Thus it is an homogenous equation

Let y=vx
vx—xsin(vx)
d(vx) _ X
dx X

dx dx X

= V+ xd— =v-sinv
dv .
= X— =-sinv
dx
Separate the differentials

_Ldv=—%
sinv X

Integrate both side

dx
I cosecvdv = —J' o~

= log|cosecv—cotv|=—log x+logC

C
= log|cosecv—cotv|=log—
X
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C
=> COsecv—cotv =—
X

1 cosv_C

sinv sinv X

C .
=1-cosv=—sinv
X

Back substitute v = y
X

~1 cosY=CsinY
X X X

= x(l—coslj = Csin(lJ
X X

The solution of the given differentia equation x[l—cos lj =Csin (1)
X X

9. Show that, differential equation ydx+ xlog [X) dy — 2xdy =0 is homogenous and
X
solves it
Solution:

Rewrite the equation in standard form

ydx = 2xdy — x log (ljdy
X

dy__ 0y
dx 2x—xlog (yj
X

Checking for homogeneity

F(xy)=—"

2x—xlog (zj
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Ay

Ay

= F(Ax,Ay)=
2Ax— Axlog ()

AX

T

= F (A%, 4y) S
2x—xlog (ij

= F(xy)=F(Ax,A1y)

= F(Ax,4y)=

Thus it is an homogenous equation

Let y=vx
d(vx) VX
dx 2x—x|og(vxj
X
dx _dv XV
SV—+X—=

dx dx x(2-log(v))

dv v
SV X—=————
dx 2-log(v)

dv Vv
=>X—=
dx 2-logv

XQ_V—2v+vlogv
dx 2—logv

xﬂ— viogv-v
dx 2-logv

Separate the differentials

2—logv dv:%
viogv-v X
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’ Integrate both side

J»Z—Iogv dv— dx
viogv-v X
jMdvﬂongogC
v(logv—v)

1 1-logv

d dv=I logC

:Iv(logv—l) V+-[v(logv—1) v =109%og

1 1

—————dv—|=dv=IlogCx.......... 1

:Iv(logv—l) Y v V=IO ®

Solving:

J.;dv
v(logv-1)
Substituting logv—1=t

logv—1=t
= 1 dv =dt
Vv

Thus the integral will be
1 dt
- dqv=[=
:Iv(logv—l) Y J‘t

1
—————dv=logt
:Iv(logv—l) V=19

1
———dv=Ilog(l -1
:Iv(logv—l) v=log(logv—1)

Using above result for solving (1)

= log(logv—1)—logv = log Cx
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= log

logv-1 _ log Cx
v

logv-1 _Cx

= log

Back substitute v =

|Ogl_
X

= =Cx

= Iogl—lz Cx(lj
X X

:Iogl—1:Cy
X

The solution of the given differential equation Iog%—lz Cy
10.  Show that, differential equation (1+ eyjdx+ e’ (l—ijdy =0 is homogenous and

solves it
Solution:

Rewrite the equation in standard form

(1+edex+ey (1—5de:0
y

Checking for homogeneity

Q_|Q_
< | X
Il
@D
7\ < |x< ><‘\<
= /N
+ =
1] |
< | >
N < | =<
~—
x <
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’ i
F(x, y):—g
(1+eyj
AX
Ay
F(/Ix,/iy):—ﬂ
[1+e”]
e’ (1—)‘)
= F (Ax,Ay)=——2
[1+e"]
= F(xy)=F(AxAy)
Thus it is an homogenous equation
Let x=vy
d(wy)_ y
d W
i 1+e’
:Vﬂwgz_e (1-v)
dy ~dy 1+e'
dv  e'(1-v)
SV+Yy—=—
d 1+e'
dv  e'(1-v)
=>y—=- -V
d 1+e'
yﬂ _ —e' +ve'-v-ve'
dy 1+e'
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—(e"+v
Ly ()
dy 1+e"

Separate the differentials

1V+e dv:—d—y
e’ +v y

Integrate both side

1+e"  ~ cdy
jeV+vdv__IV

Iev +1dv=—|ogy+|ogC ........... (1)
e’ +v

Solving the LHS integral. Substitute e’ +v =t
e’ +v=t

= (" +1)dv=dt

Solving the expression (1)

1 C

= log(t) = IogE
y
= log(e" +v)= Iog%

=e' +v=—
y

. X
Back substitute v=—
y

v X
=>e+—=

¢
y vy
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X

:>ye9+x=C

X

The solution of the given differential equation yey +x=C

11.  For the differential equation (x+y)dy+(x—y)dx=0. Find the particular solution for

the condition y =1 when x=1
Solution:

Given differential equation is

(x+y)dy+(x—y)dx=0

Y _ Xy

dx X+Yy

Checking for homogeneity

X-y
F(X, y):—ry

= F(ﬂx,ﬂy):—jgzix

= F(ﬂx,ﬂy):—ézly)

= F(x y)=F(Ax,A1y)

Thus it is an homogeneous equation

Let y=vx
d(v) _x=(w)
dx X +(Vvx)
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dv v-1
SV X—=——
dx v+1
dv_v-1
dx v+1

dv v-1-v’-v

Ei v+1
dv 14V
dx v+1

Separate the differentials

v+1 dx
Sdv=——
1+v X

Integrate both side

1+ V2 dv= X

J'V+1 _%

% 1
dv + dv=—-logx+k
:>~[1+v2 J‘1+v2 g

:%Iog(1+v2)+tanlv+logx: k
= %Iog[x(1+v2)}+tan‘1v: k

Back substitute v = %

2
:>1Iog x[1+y—zﬂ+tanll =k
2 X X

= Z1og| XY }tan‘llzk
2 X

Now y=1and x=1
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2,12
:>l|09 VAl etk
2 1
k= 1 log 2 +Z
2 4

The required particular solution

2 2
:>1Iog Xy +tan‘1l:1I092+Z
2 X X 2 4

12.  For the differential equation xzdy+(xy+ yz)dx =0. Find the particular solution for

the condition y =1 when x=1
Solution:
Given differential equation is x’dy +(xy+y*)dx=0

2
Oy x4y

- 2

dx X

Checking for homogeneity

2

Xy+y
F(X'y):_ N

(Ax)(Ay)+A%y?
A2x?

= F(Ax,Ay)=—

A% (xy+y?)

= F (Ax,Ay)=— pEv

2

= F (A%, Ay)=— Xy;;y

=F(xy)=F(x,1y)

Thus it is an homogenous equation
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Let y =vx

dx dv w4 viX?

SV—FX—=— -
dx dx X
v o xXE(vev?)
SVHX—=———F—=
dx X
\4 2
SV+X—=-V—V
dx
v
= X—=-Vv>-2v
dx

Separate the differentials

L dv=—%

vZ+2v X

Integrate both side

1 dx
j 5 dv=—|—
Ve +2v X

—IV+2 \ dv=-logx+logC

v+2

V+2 1
= dv—= dv=-I logC
I (V+2) Y 2-[v(v+2) V=—logx+iog
—I dv ——j—dv_—logx+logC

1 1 C
Zlogv—=log(v+2)=log—
= 510gv-7log(v+2)=log—

C
Iog—_log—
V+2 X



Infiniti)" ., Sri Chaitanya

Learn Educational Institutions
5
- =
V+2 X
v._c
v+2 X
Back substitute v = %
Yy o
X
:>y =7
=+2
X
2
= Xy =C?
y +2X

The required particular solution

2

- XY
y+2X

5
3

= y+2x=3x%y

13.  For the differential equation {xsin2 (ﬁj — y} dx+xdy =0. Find the particular solution
y

for the condition y = % whenx =1

Solution:
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Given differential equation is {x sin’ (ﬁj — y} dx+xdy =0
y

Lo =l

dx X

Checking for homogeneity

|:(x,y)=_$§j_y

X

ixsinz(uj—}ty
Ay

AX

= F(Ax,2y)= _/"{xsinz (O_ yj

AX

= F(Ax,Ay)=—

xsinz(yJ—y
= F(ﬂx,ly)=—+

= F(xy)=F(ix,1y)

Thus it is an homogenous equation

Let y=vx

dv  —xsin®(v)+vx
SV—+X— =

] . . e
o
: 2|5
v glg Nl
oo I
><|< |
I o x
| x K,
0, =
31\) =< TN
< ><‘§
+ N—
< < |
<
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dv _—
= X—=-8in"v
dx

Separate the differentials

dx
cosec’vdv = ——

X

Integrate both sides
jcos ec’vdv = — _[ X
X

— —cotv=-logx—logC

= cotv=IlogC x

Back substitute v =

x <

:>cotX=Iong
X

Now y=%andx=1

T

cot% =logC(1)

=logC =cot%

=logC =1
=C=e
The required particular solution

= cot% =log |ex|
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14, For the differential equation % _y +COoS ec (lj _0. Find the particular solution for
X X X

the conditiony =0andx =1

Solution:

Given differential equation is y_y +Cosec (lj =0
dx x X

:ﬂzx_cosec(zj
dx X X

Checking for homogeneity

F(xy) :¥—cosec(¥j

= F(/lx,/ly)zl—cosec(lj
X X
= F(xy)=F(Ax,1y)

Thus it is an homogenous equation

Let y=vx

d (vx)

dx

=v—cosec(V)

dx dv
= V-—+X—=Vv—cosec(V)
dx dx

dv
= V+X——=V—cosec(V)
dx

dv
= X—=—cosec(V)
dx
Separate the differentials

. dx
sinvdv = ——
X




Infinit})" ., Sri Chaitanya
Learn | Educational Institutions

Integrate both sides

. dx
jsm vdv = —j?

= cosv =log|Cx|

Back substitute v = %
y_

= cos= = log [CX|
X

NowY =0andx=1
0
= c0s- = log|C1

=logC=1
=C=1
The required particular solution

= cos% =log |ex|

15.  For the differential equation 2xy + y* —2x° % =0. Find the particular solution for the

conditiony =2 when x =1

Solution:

Given differential equation is 2xy + y* —2x° % =0

2
jﬂ=2xy—+y
dx 2x°

Checking for homogeneity
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2xy +y°
F(X' y): 2X2

2(Ax)(Ay)+A%y?

= F(Ax,4y)= Y%

2
= F (A%, Ay)= ZX;’;V

= F(xy)=F(Ax,A1y)
Thus it is an homogenous equation

Let y=vx

d(vx) _ 2x(vx)+(vx)2
dx 2x°

dx dv 2v+V?
SV—X— =

dx dx 2
dv e
SV+HX—=VH—
dx 2
dv  Vv°
X— = —
dx 2

Separate the differentials
2
vi 2\ x

Integrate both sides

47=15)

v—2+l
= =log|x|+C
-2+1

:>—E:I09|x|+C
v
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y

’ Back substitute v = "
- log|x|+C
Nowy=2and x=1
= 2y =log[l]+C
=>C=-1
The required particular solution
o 2X_ log|x| -1
y
2X
=>y= x=0,e
y 1-log |x|( )
16.  What substitution should be used for solving homogeneous differential equation
x_p [ﬁj
dy y
Solution:
The required equation substitution will be
X
— =V
y
= X=Vy
The correct answer is (C)
17 Which of the following equation is homogeneous
A) (4x+6y+5)dy—(3y+2x+4)dx=0
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B) (xy)dx—(x*+y®)dy=0

C) (x*+2y?)dx+2xydy =0

D) ydx+(x* —xy—y*)dy=0
Solution:

For option (A)

F(x ):gligiiﬂ
4X+6y+5

_ 3Ay+2Ax+4

F(AX,Ay)=—"—"""
( y) 4AX+61y+5

F(Ax,Ay)=F(x,y)

For option (B)

X = Xy
F( ’y) x3+y3
(4x)(2Y)

F(Ax,Ay)= W

F(Ax,Ay)= z(:i "

F(Ax,Ay)=F(xYy)

For Option (C)

X2 +2y?

E(x,y)=—
(X y) 2Xxy

A% +22%y°
F(AX,Ay)=—————"—"—
(A= ay)

A +2y°
F(Ax,Ay)=—"-—"""-
(A% 2y) oy
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F(AxAy)=F(x,y)

For option (D)

2

)y
AZyZ
F(AX,Ay)=—
( X y) ﬂzxz_(ﬂX)(ﬂy)—ﬂzyz
y2
F(ﬂX,ﬂy):—m

F(Ax Ay)=F(xY)

Thus the correct answer is option (D)




