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Chapter 4: Principle of Mathematical Induction

Example 1:
For all n>1, prove that

n(n+1)(2n+1)
6

P+2°+3F +4° +..4+n° =

Solution:

Given statement be P(n), i.e.,

P(n):1*+2°+3° +4°+.. +n’ =w
11+1)(2x1+1) 1x2x3

=1 which is true.

Forn=1 P@Q):1= 5

Assume that P(K) is true for some positive integer K, i.e.,

k(k +1)(2k +1)
6

1P4+224+3F+4%+.. . +k* =

-1

Prove that P(k +1) is also true. Now,

(12+22+32+42+...+k2)+(k+1)2 = k(k+1)6(2k+1) +(k +1)?

_ k(k+D)(2k +1) +6(k +1)?
6

(k+1)(2k* + 7k +6)
- 6

_ (k+1)(k +1+1D){2(k +1) +1}
6

Hence, P(k +1) is true, whenever P(Kk) is true.

.. From the principle of mathematical induction, the statement P(n) is true for all natural numbers
n.

Example 2:
Prove that 2" > n for all positive integers n.

Solution:

Let P(n):2" >n
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When n=1,2" >1.

Hence P(1) is true.

Assume that P(k) is true for any positive integer K,
2X >k -

Prove that P(k +1) is true whenever P(k) is true.
Multiplying both sides of equation (1) by 2 ,

2x2" > 2k

2> 2k =k +k >k+1

Therefore, P(k +1) is true when P(K) is true.

Hence, by principle of mathematical induction, P(n) is true for every positive integern .
Example 3:

For all n>1, prove that

11 1 1 n

ot =—
1.2 23 3. n(in+1) n+1

Solution

Write,

1 1 1 n
P(n): —+—+—+...+ =——
12 23 34 nin+l) n+1

Note that P(1): L W W , Which is true.

1.2 2 1+1°

Thus, P(n) is true for n=1.

Assume that P(k) is true for some natural numberk ,

1.1 1 1k

+—t—+ = - @O
12 23 34 k(k+1) k+1

Prove that P(k +1) is true whenever P(k) is true.

1 1

1
1223 34 T KK+ (k+D)k+2)

L
2.3

12
{ 1 1 1 } 1
—t——F+—+...+ +

2 23 34 k(k+1) | (k+D(k+2)
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Using equation (1),

_k N 1
k+1 (k+1)(k+2)

Ck(k+2)+1 (K+2k+D)  k+1? k4l k4l
Ck+D(Kk+2) (k+D)(k+2) (k+D(k+2) k+2 (k+1)+1

Therefore, P(k +1) is true whenever P(k) is true.
Hence, by the principle of mathematical induction, P(n) is true for all natural numbers.
Example 4:

For every positive integer N, prove that 7" —3" is divisible by 4
Solution

To write,

P(n):7" —3" is divisible by 4

Note that,

P(1):7"' 3" =4 which is divisible by 4 .

Thus P(n) istrue for n=1

P(k) be true for some natural number K,

P(k):7* —=3" is divisible by 4

Towrite7* =3 =4d , where d e N

Prove that P(k +1) is true whenever P(k) is true.

Now

7 gl 7l _7 gk 7 3k 3tk
=7(7"-3)+(7-3)3"
=7(4d) +(7-3)3"
=7(4d) +4.3¢
=4(7d +3%)

From the last line,

78D 30D s divisible by 4.

Hence, P(k +1) is true when P(K) is true.
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.. By the principle of mathematical induction,

The statement is true for each positive integern .

Example 5:
Prove that (1+ X)" > (1+ nx), for all natural number n, where X >-1.

Solution

Let P(n) be the given statement,

P(n):(@+x)" > (@+nx), for x>-1.

Note that P(n) is true when n=1,

since (1+x) > @+ x) for x>-1
Assume that,

P(k):(1+x)* > (1+kx),x >—1is true. — 1)
Prove that P(k +1) is true for X >—1 whenever P(k) istrue. — (2)
Consider the identity

1+ x)*" =1+ x)* 1+ X)

Giventhat x>-1,s0 (1+x) >0.
Therefore, by using (1+ X)* > (1+kx), we have

L+ x)" > @A+ k) 1+ x)

(@) " = (1+ x+kx+ ko ) —(3)
Here K is a natural number and x> >0 so that kx> > 0.

Therefore,

(1+ X+ kx+kx®) > @+ X+ kx)
and so obtain

(L+X)" > 1+ x+kx)

A+x) >[I+ @1+k)x],

Thus, the statement in (2) is established.

Hence, by the principle of mathematical induction, P(n) is true for all natural numbers.
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Example 6: Prove that

2.7" +3.5" -5 is divisible by 24, forall ne N.
Solution:

Let the statement P(n) be defined as

P(n):2.7" +3.5" —5 is divisible by 24.

Note that P(n) is true for n=1, since 2.7+3.5—-5=24, which is divisible by 24 .
Assume that P(k) is true

ie. 2.7 +3.5-5=24q,when geN -1
Prove that P(k +1) is true whenever P(k) is true.

We have

2.7 +35 -5=27.7"+3.5.5' -5
=7[2.7+35 ~5-35"+5]+35 .5-5
=7[24q-35"+5]+155" -5

Multiply [ 249 —3.5" +5 ] by 7,
=7x2409-21.5"+35+15.5-5

= 7x24q-6.5+30

=7x24q-6(5 -5)

(5k —5) is a multiple of 4,

=7x240-6(4p)

=7x24q—-24p

= 24(7q- p)

=24xr;r=7q— p, is some natural number.

The expression on the R.H.S. of (1) is divisible by 24 .
Thus P(k +1) is true whenever P(K) is true.

.. By principle of mathematical induction,

P(n) istrue forall ne N.
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Example 7: Prove that

3
n
1+2°+...+n° >?,neN

Solution:

Given that,

3
P(n):1*+2°+...+n? >%,neN

. . 1
Note that P(n) is true for n=1 since 1* > 3

Assume that P(k) is true

3

P(K): 1> +2%+...+k? >% -1

Prove that P(k +1) is true whenever P(k) is true.

We have 1° +2° + 3 +...+ k* + (k +1)°

3
=(12+22+...+k2)+(k+1)2 >k?+(k+1)2
1 3 2
= ~[ k®+3k* +6k +3]
3

1 1
== (k+1)°3+3k+2 |>=(k+1)°
3[( ) J 3( )

Therefore,

P(k +1) is also true whenever P(K) is true.
Hence, by mathematical induction,
P(n) istrue forall ne N.

Example 8:

Prove the rule of exponents (ab)" =a"b" by using principle of mathematical induction for every
natural number.

Solution:

Let P(n) be the given statement,
P(n):(ab)" =a"b".

Note that P(n) is true for N =1 since (ab)' =a'b".
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Let P(k) be true,

(ab)* = a*b*

Prove that P(k +1) is true whenever P(k) is true.
We have

(ab)* = (ab)"“ (ab)

=(a"b*)(ab)

- (o) )

_ gkt pkit

Therefore,

P(k +1) is also true whenever P(k) is true.

.". By principle of mathematical induction, P(n) is true forall ne N.

Exercise 4.1
Question 1:
Prove the following by using the principle of mathematical induction for all ne N
1+3+3%+...+3"1 =w
2
Solution:

The given statement be P(n),

P(n) =1+3+8+..+3"" = (3”2—1)

For n=1, we have

3-1 _
PQ) = u = 3-1 = 2 =1, which is true.
2 2 2

Let P(k) be true for some positive integerk , i.e.,

1+3+3%+...+3 =(3I—2_1) — 1)
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Prove that P(k +1) is true.

Consider,
1+3+32 4., 4314 30D

:(1+3+32+...+3k‘1)+3"

Using equation (1),

(3-1) vd
2

(3x —1)+2.3X
2

_(1+2)3*-1
2

331
2

B 32+1 _1
2

Thus, P(k +1) is true whenever P(K) is true.

Therefore, by the principle of mathematical induction, statement P(n) is true for all natural numbers
N.

Question 2:

Prove the following by using the principle of mathematical induction forall ne N :

2
I'+2'+3+...+n° :(_n(n+1))
5

Solution:

Given statement be P(n),

2
PN)=+2°+3+...+n° =(@j

For n=1, we have

2 2
P(1)113=1=(1(1;1)j =(%) —12 =1, which is true.
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Let P(k) be true for some positive integer K, i.e.,
2

P42 +3 4k :(_k(k;l)j -

Prove that P(k +1) is true. Consider

P+22+3 4. 4k +(k+1)°

=(13+23+33+...+ k3)+(k +1)°

Using equation (1),
= (@j +(k+1)°

2 2
=@+(k+1)3

_ kZ(k+1)2+4(k +1)°
4

(k+D)?{k* +4(k +1)}
- 4

Simplify,

(k+1)?{k* + 4k + 4}
B 4

(k+1)%(k +2)?
B 4

C(k+D)*(k+1+1)°
- 4

=((k +1)(k +1+1)j2

2
Hence, P(k +1) is true whenever P(k) is true.

.". By the principle of mathematical induction, statement P(n) is true for all natural numbers N.

Question 3:

Prove the following by using the principle of mathematical induction forall ne N :
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1 1 1 2n
1+ + +..+ =
1+2) (1+2+3) @+2+3+...n) (n+))

Solution:

Let the given statement be P(n),

1 1 1 2n
P(n):1+ —+ +...+ =
1+2 1+2+3 1+2+3+...n n+1

For n=1, we have

P@D:1= 21 = 2 =1, which is true.
1+1 2

Let P(k) be true for some positive integer K, i.e.,

1 1 1 2k

1+1+2+m+1+2+3+m+1+2+3+...+k Tkl - O
Prove that P(k +1) is true.
Consider,

1 1 1 1

+ + +...+ +
1+2 1+2+3 1+24+3+...+4k 1+2+3+...+k+(k+1)

(1 1 1 1

=1+ —+ +...+ +
( 1+2 1+2+3 1+2+3+...kJ 1+2+3+...+k+(k+1)
Using equation (1),

2k N 1
K+l 1+2+3+...+k+(k+1)

2k 1
Tkl (K+Dk+1+1)
2

__ %k, 2
S (k+D)  (k+1)(k+2)

2 1 j
= k +
(k+1) k+2

2 k2+2k+1J

T kDl k42

2 (k1
S (k+1)| k+2
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C2(k+1)
"~ (k+2)

Thus, P(k +1) is true whenever P(k) is true.

.. By the principle of mathematical induction, statement P(n) is true for all natural numbers N.

Question 4:
Prove the following by using the principle of mathematical induction forall ne N :
123+234+. +n(n+1)(n+2) =0 +1)(“: 2)(n+3)

Solution:

Given statement be P(n), i.e.,

P(n):1.2.3+23.4+.. +n(N+1)(n+2) = ”(”“Ll)(”: 2)(n+3)
For n=1, we have P(1):1.2.3=6= 1(1+1)(1Z )+3) = 1'243'4 =6, which is true.

Let P(k) be true for some positive integer K , i.e.,

k(k+Dk+(k+3)

1.23+234+...+k(k+1)(k+2) = b

@

Prove that P(k +1) is true.

Consider.

1.23+234+... +k(k+1)(k+2)+ (k+D(k +2)(k +3)
={1.23+234+...+k(k+1)(k +2)}+ (k+1)(k + 2)(k +3)

Using equation (1),

_ K+ 1)(“: 2K+3) | (k+1)(k+2)(k +3)

=(k+D(k+2)(k +3)(§+1j

_ (kK+1)(k+2)(k +3)(k +4)
4

_ (K+D)(k+1+D)(k+1+2)(k+1+3)
4

Thus, P(k +1) is true whenever P(k) is true.
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.. By the principle of mathematical induction, statement P(n) is true for all natural numbers
i.e., N.

Question 5:

Prove the following by using the principle of mathematical induction foral ne N :

— y-1
1.3+2.3+33 +...+n3" =(2nl{#

Solution:

Let the given statement be P(n), i.e.,

n+l
P(n): 1.3+2.32+3.3+...+n3" :M#

_ 3+1 2
For n=1, we have P(1):1.3=3= (21 1213 +3=3 :3:%=3,Which is true.

Let P(k) be true for some positive integer K,

k+1
1.3+2.32+3.33+...+k3k:(2k_1{# -1

Prove that P(k +1) is true.

Consider
1.3+2:3 +3-3+...+k -3+ (k+1)-3" = (1.3+2-3 +3-3 +...+ k-3 )+ (k+1)-3*"
Using equation (1),

_ k+1
_ (2 1113 +3 (keI

(k-3 + 3+ 4(k +1)3<
4

32k —1+4(k +1)}+3
4

3Bk +3}+3
4

332k +13+3
4

3K+ 3+ 3
4
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{2k +1) -3 4+ 3
4

Thus, P(k +1) is true whenever P(k) is true.

.". By the principle of mathematical induction,
statement P(n) is true for all natural numbers i.e., N.
Question 6:

Prove the following by using the principle of mathematical induction forall ne N :

12+2.3+3.4+...+n.(n+1) {W}

Solution:

Given statement be P(n),

P(n): 1.2+2.3+3.4+...+n-(n+1)={W}

For n=1, we have

L+1)(@A+2) _1.2.3
3

P@: 1.2=2= =2, which is true.

Let P(k) be true for some positive integer K,

-1

1.2+23434+....+k.(k+1) {W}

3
Prove that P(k +1) is true,

Consider
1.2+23+3-4+...+k-(k+D)+(k+1)-(k+2)=[1.2+2-3+3-4+...+ k- (K+D]+(k+1)-(k+2)
Using equation (1),

:W+(k+l)(k+2)

=(k+1)(k+ 2)(§+1j
_ (K+D)(k +2)(k+3)
3

_ (k+D(k+1+D)(k+1+2)
3
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Hence, P(k +1) is true whenever P(k) is true.

.". By the principle of mathematical induction, statement P(n) is true for all natural numbers N.
Question 7:

Prove the following by using the principle of mathematical induction forall ne N :
n(4n®+6n-1)

1.3+35+5.7+...+(2n-1)(2n+1) = 3

Solution:
Given statement be P(n), i.e.,

n(4n2 +6n —1)

P(n): 1.3+35+57+...+(2n-1)(2n+1) = 3

For n=1,

(4.1 +6.1-1 _
P(1):1.3=3= ( 3 )=4+36 1=%=3,Whichistrue.

Let P(k) be true for some positive integerk , i.e.,

K
1.3+35+5.7+...... +(2k-1)(2k +1) =

Prove that P(k +1) is true.

Consider
(1.3+35+5.7+...+(2k =D (2k +1) +{2(k +1) - 1}{2(k +1) + 1)

Using equation (1),

k(4k*+6k -1
= ( 3 )+(2k+2—1)(2k+2+1)

k(4K +6k 1)
= 3 +(2k +1)(2k +3)

2 j—
= k(4k +6k 1)+(4k2+8k+3)
3

B k(4k2 +6k —1)+3(4k2 +8k +3)
B 3

Multiply (4k2 +6k—1) by k ,and (4k2 +8k +3) by 3,

I . . e
—_—
=
N
w| +
(2]
~
=
\A
e
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4K®+6k? —k+12k* +24k +9
B 3

_ 4k® +18k* +23k +9
B 3

_4K® +14k% +9K +4k? +14k +9
- 3

Take common terms,

k(4k2 +14k +9)+1(4k2 +14k +9)
B 3

(k+1)(4Kk* +14k +9)
B 3

(k+1){4k* +8K +4+6k +6—1}
- 3

(k +1){4(k2 +2k +1)+6(k +1)—1}
B 3

(k+1){4(k+1)* +6(k +1) -1}
- 3

Hence, P(k +1) is true whenever P(k) is true.

.~. By the principle of mathematical induction, statement P(n) is true for all natural numbers N.
Question 8:

Prove the following by using the principle of mathematical induction forall ne N :1.2+
22°+3:2°+..4n-2"=(n-1)2"" + 2

Solution:

Let the given statement be P(n),

P(n):1.24+2.2*+3.2° +...+n-2" = (n-1)2"" +2

For n=1, we have

P1):12=2=1-1)2""+2=0+2=2, which is true.

Let P(k) be true for some positive integer K, i.e.,

124222432 +...+k-2 = (k=12 +2... (i)
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Prove that P(k +1) is true.

Consider,

{1:242:2243-22 4. +k- 2} + (k+1) -2

= (k=12 + 2+ (k +1)2**

=2"Y(k-1)+(k+1)}+2

= 2412k +2

— k200742

={(k +1)-72"D* +2

Hence, P(k +1) is true whenever P(k) is true.

.". By the principle of mathematical induction, statement P(n) is true for all natural numbers N.

Question 9:

Prove the following by using the principle of mathematical induction forall ne N :

Solution:

Given statement be P(n), i.e.,

P(n) =1+1+1+...+i=1—i
2 4 8 2" 2"

For n=1, we have

PQD): 1 =1—il = 9 , which is true.
2 2 2

Let P(k) be true for some positive integer Kk, i.e.,

1 1
+§ :1_2_k

Prove that P(k +1) is true.

- @

Consider,

SR N |- N |-
N + +
+ I ENJ
sl + +
Cb—li_l—\ © |- |~
+ +
+ : :
+
+ N[
I
N~ -
Ne—
+ N[~
N p=l
2| -
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S
2k 2.2k

3
16

1

- 2k+1

=1

=1

Thus, P(k +1) is true whenever P(k) is true.

.". By the principle of mathematical induction,

Statement P(n) is true, for all natural numbers N.

Question 10:

Prove the following by using the principle of mathematical induction forall ne N :

1 1 1 1 n

— ot =
25 58 811 Bn-1)((Bn+2) (6n+4)

Solution:

Given statement be P(n),

P(N)=—+—+ +.o+ =
25 58 811 (Bn-1)(Bn+2) (6n+4)

1 1 1 1 n
For n=1, we have

1 1 1 1 , which is true.

25 10 6.1+4 10

P(k) be true for some positive integer K ,

1 1 1 1 k
—t—t——F...+ = —->@
25 58 811 Bk-D(Bk+2) 6k+4
Prove that P(k +1) is true.
Consider,
1 1 1 1 1
—t—+—+...... + +
25 58 811 Bk-1)Bk+2) {3(k+1)-1}{3(k+1)+2}

Using equation (1),

I . VED.
Il
T
N
=
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k 1
= +
6k+4 (3k+3-1)(Bk+3+2)

k 1
= +
6k +4 (3k+2)(3k +5)

k 1
T 20k+2)  (3k+2)(3k+5)

(k)
(Bk+2)\2 3k+5

1 k(3k +5)+2
C(Bk+2)| 2(3k+5)

1 3k? +5k +2
3k+2)| 2(3k+5)

! (3k+2)(k+1))
S Bk+2)\ 6k+10

_(k+1)
6k +10

~ (k+D)
B(k+1)+4

Thus, P(k +1) is true whenever P(k) is true.
.". By the principle of mathematical induction, statement P(n) is true for all natural numbers N.
Question 11:

Prove the following by using the principle of mathematical induction forall ne N :

1 1 1 1 n(n+3)
+ + +...+ =
1.23 234 345 n(n+1)(n+2) 4(n+1)(n+2)

Solution:
Given statement be P(n),

1 1 1 1 _n(n+3)

P(n) = + + +.o..+ =
123 234 345 n(n+)(n+2) 4(n+1)(n+2)

1 1.+3 14 1

For n=1, we have P(1): = = =
1.2.3 41+D)(@1+2) 4-2.3 1.2-3

, Which is true.

P(Kk) be true for some positive integer k ,
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(S SR SR 1 _ k(k+3)
1.2-3 2-3-4 3.4.5 k(k+1)(k+2) Ak +1)(k +2)

Prove that P(k +1) is true,

Consider,

{ 1 1 1 1 } 1
+ + .ot +
1.2.3 2.3-4 3.4.5 kK(K+1)(k+2) | (k+1)(k+2)(k +3)

__ kk+d) 1
T AK+D(Kk+2)  (k+D)(k+2)(k+3)

~ 1 {k(k+3)+ 1 }
C(k+D)(k+2)| 4 k+3

k(k +3)? +4}

(k +1)(k +2) | 4(k+3)

(k +1)(k +2)

k +6k+9 +4
4(k +3)

Tk +1)(k +2) | 4k +3)

k3 +2k? +k +4k® +8k+4}

(k +1)(k +2) 4(k+3)

(k +1)(k +2) 4(k +3)

|
3
st
{
3

k 2+ 2k +1 +4(k2 +2k +1)}

B 1 k(k +1)? +4(k +1)°
C(kK+D)(k+2) 4(k +3)

 (k+D)3(k+4)
Ak +D)(K +2)(k +3)

o k+D{(k+1)+3}
MK +D)+3{(k+1) + 2}

Hence, P(k +1) is true whenever P(k) is true.

.". By the principle of mathematical induction, statement P(n) is true for all natural numbers N.

Question 12:
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Prove the following by using the principle of mathematical induction forall ne N :

. a(r“—l)
T or-1

a+ar+ar’+...+ar

Solution:

Given statement be P(n),

a(r"-1
P(n):a+ar+ar’+...+ar"! :(—1)
r_

For n=1, we have

a(r'-1)
P@:a= =a, which is true.

(r-1
P(k) be true for some positive integer K ,
k
a(r--1
at+ar+ar’+...... +ar<? :(—1) Q)
r_
k
a(r'-1
{a+ar+ar’+.....+ar!}+ar®d? :(—1)+ar"
r_

) a(r*—1)+ar(r-1)
- r-1

a(r*-1)+ar** —ar*

B r—1

_ar‘—a+ar -ar

r-1

ark+1 —a

B r-1

a(r**-1)
r-1

Thus, P(k +1) is true whenever P(k) is true.

.. By the principle of mathematical induction,
Statement P(n) is true for all natural numbers N.
Question 13:

Prove the following by using the principle of mathematical induction forall ne N :
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(o oo )
n

Solution:

Given statement be P(n),

P(n): [1+ §)(1+ Ej[1+ Zj(l+ (2n jl)j =(n+1)°
1 4 9 n

For n=1, we have,

P@): (1+%j =4 =(1+1)% =2° =4, which is true.

P(k) be true for some positive integer K ,

(1+ §j[1+ E)(1+ ZJ[H (2K :l)j = (k+1)*
1 4 9 k

Prove that P(k +1) is true,

Consider,

[ 3 (o e
1 4 9 k (k+1)

Using equation (1),

_ k1214 2(k+1)+1j

(k +1)°

= (k+1)?

[ (k+1)2 +2(k+1) +1}
(k +1)°

=(k+1)*+2(k+D+1

={(k+1)+1¥

Thus, P(k +1) is true whenever P(k) is true.

.". By the principle of mathematical induction,

Statement P(n) is true for all natural numbers N.

Question 14:

Prove the following by using the principle of mathematical induction for all ne N :

(o)) o)
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Solution:

Given statement be P(n),

_ 1 1 1 1)
P(n) '(“ij[“ij(“ gj(1+ HJ =(n+1)

For n=1, we have
1 L.
PQ) :(1+ij =2=(1+1), which is true.

P(k) be true for some positive integer K ,

(0, 1), 1 1)
P(k).(1+1j(1+§J(1+§j...(1+Ej—(k +1) -1

Prove that P(k +1) is true.

Consider,

O SR )

Using equation (1),

1
= (k +1)(l+mj

—(k +1)[—(k(:?1;1j

=(k+1)+1

Hence, P(k +1) is true whenever P(k) is true.

.". By the principle of mathematical induction,
Statement P(n) is true for all natural numbers N .
Question 15:

Prove the following by using the principle of mathematical induction for all ne N :

n(2n-1)(2n+1)
3

P +3+5°+..+(2n-1)7° =

Solution:

Given statement be P(n),
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P(n) =12 +3° +5°+...+(2n-1)° = ”(2”—1;(% +1)

For n=1, we have

_1(21-1)(21+1) _1.13

PO =1?=1 ;

=1, which is true.

P(k) be true for some positive integerk ,

k(2K —1)(2k +1)

P(K)=1"+3°+5"+...+(2k-1)° = 2

-1

Prove that P(k +1) is true.

Consider,
(P43 +5 +. . +(2k-1)°}+{2(k +1) -1F
Using equation (1),

_K@K-D@KHD | oo
3

_ k(2k —1)(2k +1) (2K +1Y
3

_ k(2k—1)(2k +1) +3(2k +1)?
3

_ (2K +1){k(2k ~1) +3(2k +1)}
3

(2k +1){2k* —k +6k +3}
B 3

Thus, P(k +1) is true whenever P(K) is true.

.". By the principle of mathematical induction,
Statement P(n) is true for all natural numbers N .
Question 16:

Prove the following by using the principle of mathematical induction forall ne N :

1 1 1 1 n
—t——t———+...+ =
14 47 7.10 (Bn-2)3n+1)  (3n+1)

Solution:

Given statement be P(n)
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1 1 1 n
P(n): —+—+ +...+ =
14 47 7.10 (Bn-2)(3n+1) (Bn+1)
For n=1, we have P(1)=i: 1 :lzi,which is true.
14 31+1 4 14
P(k) be true for some positive integer k ,
P(k)=i i+ L +...+ ! = k - (1)
1.4 47 7.10 (Bk—2)(3k+1) 3k+1

Prove that P(k +1) is true,

Consider,

{ 1 1 1 1 } 1

—+—+ +...+ +

14 47 7.10 (Bk-2)(3k+1) ] {3(k+1)-2}{3k+1)+1}
Using equation (1),

1 1 1 k
—+ ..+ =
47 7.10 (3k—2)(3k+1) 3k+1

P(K) —i4

K 1
T3+ (3k+1)3k +4)

5w
= K+
(Bk+1) (Bk+4)

1 k(3k+4)+1
S (Bk+1) | (3k+4)

1 3k?+4k +1
C(Bk+1) | (Bk+4)

1 3k?+3k +k +1
3k+D) |  (Bk+4)

_Bk+1(k+)
3k +1)(3k +4)

_(k+))
S 3(k+1)+1

Thus, P(k +1) is true whenever P(k) is true.
.. By the principle of mathematical induction,

Statement P(n) is true for all natural numbers N .
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Question 17:
Prove the following by using the principle of mathematical induction forall ne N :

1 1 1 1 n

— et =
35 57 79 (@n+1)(2n+3) 3(2n+3)

Solution:

Given statement be P(n),

1 1 1 1 n
P(N):—+—+—+...+ =
35 57 79 @2n+1)(2n+3) 3(2n+3)

For n=1, we have P(1): i = ; = i which is true.
35 3(21+3) 35

P(k) be true for some positive integer K ,

1.1 1 k

P(K):—— +

et = g )
35 57 79 2k +1)(2k +3)  3(2k +3)

Prove that P(k +1) is true,

Consider,

{1 1 1 1 } 1
—t—t—+...+ +
35 57 7.9 (2k +1)(2k +3) | {2(k+1) +T{2(k +1) + 3}

K 1
T3(2k+3) | (2k+3)(2k +5)

_ 1 [k, 1
T (2k+3)[ 3 (2k+5)

1 [k(2k+5)+3
" (2k+3)| 3(2k +5)

1 [2K®+5k+3
(2k+3)| 3(2k+5)

1 [2K?+2k+3k+3
(2k+3)|  3(2k+5)

1 [ 2k(k+D)+3(k +1)
S (2k+3)|  3(2k+5)

 (k+1)(2k+3)
 3(2k +3)(2k +5)
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o (k+D)
C32(k+1)+3}

Hence, P(k +1) is true whenever P(k) is true.
.". By the principle of mathematical induction,
Statement P(n) is true for all natural numbers N.
Question 18:

Prove the following by using the principle of mathematical induction fora ne N :
1 2
1+2+3+...+n <§(2n+1)

Solution:
Given statement be P(n),
1 2
P(n) :1+2+3+...+n<§(2n+1)
Noted that P(n) is true for n =1 since,
1< 1(2.1+1)2 39
8 8

P(k) be true for some positive integer k ,

1+2+...+k<%(2k+1)2 -1

Prove that P(k +1) is true whenever P(k) is true.

Consider,
(1+2+...+K)+(k+D) < %(ZK +1)° +(k+1)
Using equation (1),

<%{(2k +1)° +8(k +1)}

< 1{4k2 +4k +1+8k +8}
8

< %{4k2 +12k +9}

1
<= (2k +3)?
8( )
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< %{2(k +1)+1¥

Hence, (1+2+3+...+k)+(k+1) < %(ZK +1)7 +(k+1)

Thus, P(k +1) is true whenever P(k) is true.

.". By the principle of mathematical induction,

Statement P(n) is true for all natural numbers N .

Question 19:

Prove the following by using the principle of mathematical induction forall ne N :
n(n+1)(n+5) isa multiple of 3.

Solution:

Given statement be P(n),

P(n):n(n+1)(n+5), which is a multiple of 3.

Noted that P(n) is true for n =1 since 1(1+1)(1+5) =12,
Which is a multiple of 3.

=3{m+(k+1)(k+4)}=3xq, where g={m-+(k+1)(k +4)} is some natural number
Therefore, (k +1){(k +1) + 3{(k +1) +5} is a multiple of 3.
Let P(k) be true for some positive integer Kk,

k(k +1)(k +5) is a multiple of 3.

s k(k+1)(k +5)=3m, where me N -1
Prove that P(k +1) is true whenever P(k) is true.
(kK+D{(k+D)+}{(k+1) +5}

=(k+D)(k+2){(k+5)+1}
=(k+D(k+2)(k+5)+(k+1)(k+2)

={k(k +1)(k +5) +2(k +1)(k +5)}+ (k +1)(k + 2)
=3m+(k+1){2(k +5) + (k + 2)}

=3m+(k+1){2k +10+k + 2}

=3m+(k+1)(3k +12)

=3m+3(k+1)(k +4)
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=3{m+(k+1)(k+4)}=3xq, where g={m+ (k+1)(k +4)} is some natural number
Therefore, (kK +1){(k +1) +1}{(k +1) + 5} is a multiple of 3
Hence, P(k +1) is true whenever P(k) is true.

.". By the principle of mathematical induction,

Statement P(n) is true for all natural numbers N .

Question 20:

Prove the following by using the principle of mathematical induction for all ne N :
10°"* +1 is divisible by 11

Solution:

Given statement be P(n),

P(n):10°"" +1 is divisible by 11

It can be observed that P(n) is true for n =1

Since P(1) =10*** +1=11, which is divisible by11,

Let P(k) be true for some positive integer Kk,

102! +1 is divisible by 11

-10%t+1=11m, where me N — (1)

Prove that P(k +1) is true whenever P(k) is true.

Consider,

10°¢ Dt 41

=10%"*" 11

=10%" +1

=10%(10** +1-1)+1

=10°(10°* +1)-10° +1

Using equation (1),

=10%-11m—-100+1

=100x11m—99
=11(100m—9)
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=11r, where r = (100m—9) is some natural number

Therefore, 10%¢™™ +1 is divisible by 11 .

Thus, P(k +1) is true whenever P(k) is true.

.". By the principle of mathematical induction,

Statement P(n) is true for all natural numbers N .

Question 21:

Prove the following by using the principle of mathematical induction forall ne N :
x*" — y*" is divisible by X+

Solution:

Given statement be P(n),

P(n): x*" —y* is divisible by X+ .

It can be observed that P(n) is true for n=1.

This is so because x** —y** = x> —y* = (x+ y)(x—Y) is divisible by (x+ y)
Let P(k) be true for some positive integer Kk , i.e.,

x* — y* is divisible by X+ .

o Let x* —y* =m(x+y), where me N — (1)

Prove that P(k +1) is true whenever P(k) is true.

Consider,

2(k+1) _ y,2(k+D)

X y

= X2 x2 oy Ly

2k 2k 2

=x2(x2"—y +y2k)_y Ly

=x2{m(x+y)+y2"}—y2k-y2
Using equation (1),
— m(X+ y)XZ + ka 'X2 _ y2k . y2

= m(x+ y)x* +y* (x* - y2)

= m(x+Y)X* +y* (x+y)(x-Y)
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= (Xx+Y){mx* + y**(x—y)} , which is a factor of (x+y)
Thus, P(k +1) is true whenever P(K) is true.

.". By the principle of mathematical induction,

Statement P(n) is true for all natural numbers N .
Question 22:

Prove the following by using the principle of mathematical induction for all ne N :3*"? —8n—9 is
divisible by 8 .

Solution:

Given statement be P(n),

P(n):3°"*-8n-9 isdivisible by 8 .

P(n) istrue for n=1
since 32 —8x1—9 =64, which is divisible by 8 .
Let P(k) be true for some positive integer K ,

322 _8k —9 is divisible by 8,

.32 _8k -9 =8m; Where me N — @)
Prove that P(k +1) is true whenever P(k) is true,
Consider,

32 _g(k+1)-9

=3%%.3 -8k —-8-9

=3°(3? —8k —9+8k +9) -8k —17

=3 (3%? —8Kk—9)+3(8k +9) —8k —17
—9.8m+9(8k +9) -8k —17

=9.8m+72k +81-8k —17

=9.8m+ 64k + 64

=8(9m+8k +8)

=8r, where r = (9m +8k +8) is a natural number
Therefore,

32k+2 _g(k +1) -9 is divisible by 8 .




|nfinif» ., Sri Chaitanya
Learn" : Educational Institutions

Thus, P(k +1) is true whenever P(k) is true.
.". By the principle of mathematical induction,
Statement P(n) is true for all natural numbers N .

Question 23:

Prove the following by using the principle of mathematical induction forall ne N :

41" —14" is a multiple of 27
Solution:

Given statement be P(n),

P(n):41"-14" is a multiple of 27

P(n) istrue for n=1

Since 41' —14" = 27, which is a multiple of 27 .

Let P(k) be true for some positive integer Kk,

41 —14* is a multiple of 27

- 41 —14* =27m, where me N -1
Prove that P(k +1) is true whenever P(k) is true,
41 — 1444

=41-41-14" 14

= 41(41" —14* +14")-14% .14

—41(41¢ —14k)+41.14k ~14%-14
=41.27m+14(41-14)

=41.27m+ 27.14*

=27(41m—14%)

=27xTr, where r = (41m —14k) is a natural number Therefore, 41 —14*" is a multiple of 27 .

Thus, P(k +1) is true whenever P(k) is true.
.". By the principle of mathematical induction,
Statement P(n) is true for all natural numbers, N .

Question 24:
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Prove the following by using the principle of mathematical induction for all ne N :
(2n+7)<(n+3)°
Solution:

Given statement be P(n),

P(n):(2n+7) < (n+3)?

It can be observed that P(n) is true for n=1
Since 2.1+ 7 =9 < (1+3)* =16, which is true.
Let P(k) be true for some positive integerk ,
(2k+7)<(k+3)° > (1)

Prove that P(k +1) is true whenever P(k) is true.
Consider,

{2(k+D)+7}=(2k+7)+2

Using equation (1),

2k +D)+T3=(2k+7)+2< (k+3)°+2
2(k+D)+7<k*+6k+9+2

2(k+1)+7 <k?*+6k+11

Now,

k?+6k +11<k?+8k +16

Therefore, 2(k +1) + 7 < (k +4)?

2(k+1) + 7 <{(k +1) + 3}

Thus, P(k +1) is true whenever P(k) is true.

Hence, by the principle of mathematical induction,

Statement P(n) is true for all natural numbers N .




