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Chapter 8: Binomial Theorem

Exercise 8.1
1:
The given expression is (1— 2x)°

We need to find the binomial expansion of the given expression

n n
The general expansion using binomial theorem is found by (a+b)" =" "C,a"*b* = "C,a“b"™

Substitutinga =1&b = -2x;n =5in the equation
(1+(-2x))° = 25: °C,. L (-2x)
)
( HTC O (-20")+(°C07 (=207 )+ (°C, @ *(-2x)° )+ °C, (07 (-20)* )+ (°C, 0 *(-2x)°)
5x 2 5 4 ) s 5 0 n!
(L12)+( [ j ( ’2‘].1.(-8x)j+(5(1)(16x )+LOE3) e, = T
=1-10x+(10.4x" )+ (10.(-8x’) ) + (80x" ~32x°

=1-10x+ 40x* —80x* +80x* —32x°
is the expansion of (1— 2x)°.

2:

. . (2 X °
The given expression is| ———
X 2

We need to find the binomial expansion of the given expression

The general expansion using binomial theorem is found by (a+b)" =" "C,a"*b* = > "C,a“b"™
k=0 k=0

2 _
Substitutinga=—&b = 7)(; n =5in the equation
X
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is the expansion of| ———| .
X 2

3.
The given expression is (2x —3)°

We need to find the binomial expansion of the given expression

H=E =
Fe 55

The general expansion using binomial theorem is found by (a+b)" =" "C,a"*b* = > "C,a“b""

Substituting a = 2X &b =—-3;n =6 in the equation

=Y °C (2x)"*(-3)"

k=0

(2x-3f°

(2x+ (—3))6

k=0 k=0

=(Cy(20°(-3)° )+ (°C, (207 (-3)! )+ (°C,(20)° 7 (-3)" )+ (°C(20)°°(-3)° )+ °C4 (2207 (=3)* ) +( °Co (200 *(-3)° )+ °Co (20 **(-3)°)

:(1.(64x6).1)+((32x5)(—18))+[(6X5j(16 )9j ((6)(5)(4](8 )= 27)} ([6"5)(4 )(81)J (620(-243))+729  7C, =

=64x% —576x° +2160x" +8640x° +4860x% —2916x +729
is the expansion of (2x —3)°.

4.

5

x 1

The given expression is (5 + —)
X

We need to find the binomial expansion of the given expression

The general expansion using binomial theorem is found by (a +b)"

" o(n-r)ir!

i n n—kbk — i nckakbn—k

k=0 k=0
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X 1
Substitutinga = 3 &b ==;n=5in the equation
X

st
(e Y HeET
=£1.2X7;.1)+[5;—1(1jj+[[?4

x> 5x° 10x 10 5

+
243 81 27 9x 3x X°

e 2 =T :
2 (32533 p2E) e

. . x 1Y
is the expansion of| —+— | .
3 X

Exercise 8.2

1. Find the coefficient of x*in (x+ 3)°
Solution:

It is known that (r + 1)"term, (T

r+l

), in the binomial expansion of (a + b)"is given by
T, ="Ca""b’

Assuming that x° occurs in the (r + 1)thterm of the expansion (X + 3)8, we obtain

T ="C ()" (3)"

Comparing the indices of X in x*> andin T, ,,

we obtain r = 3

Thus, the coefficient of x° is

8t
3151

_8:7:6:5!
3.2.51

=1512

n C (3)3 33

2. Find the coefficient of a’b’ in (a—2b)"
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Solution:

It is known that (r + 1)"term, (T

r+l

), in the binomial expansion of (a + b)n is given by
T, ="Ca""b"

Assuming that a°b” occurs in the (r + 1)th term of the expansion (a —2b)*, we obtain
T, =2C.(a)*" (~2b)"

="C,(-2)"(a)*" (b)’

Comparing the indices of @ and b in a°b” andin T, ;,

we obtain r = 7

Thus, the coefficient of a°b’ is

12!
715!

_121110:9-8-7!
~ 5.4.3.2.7!

= —(792)(128)

PC, (-2) =—=x2]

=-101376

3. Write the general term in the expansion of (x* —Y)°
Solution:

It is known that the general term T., {which is the (r + 1)" term} in the binomial expansion of

r+l

(a+b)"is given by

Tr+1 h_ nCran—rbr

Thus, the general term in the expansion of (x> —y°) s
Tr+1 = 6Cr (XZ)G_r (_y)l’

Tr+1 — (_1)r GCr.X12—2r.yr

4. Write the general term in the expansion of (x* —yx)",x# 0

Solution:
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It is known that the general term T, , {which is the (r + 1)th term} in the binomial expansion of

(a+b)"is given by

Tr+1 — nCran—rbr

Thus, the general term in the expansion of (x> — yx)"is
TH]_ — 12(:r (X2)12—r (_ yX)r
Tr+1 — (_1)r lZCr.X24—2r.yr.Xr

Tr+1 — (_1)r 12Cr.X24_r.yr

5. Find the 4™ term in the expansion of (x—2y)".
Solution:

It is known that (r + 1)"term, (T,.,), in the binomial expansion of (a + b)"is given by
Tr+1 — nCran—rbr

Thus, the 4" term in the expansion of (x- 2y)1z is
T,=T= nCs,(X)lz_3 (-2y)°
= (—1).(%j.x9.(2)3.y3

12-11-10
32
=-1760x°y*

- %y’

18
1
6. Find the 13" term in the expansion of (9X——j X#0

3Jx

Solution:
It is known that (r + 1)thterm, (T,..). in the binomial expansion of (a + b)"is given by
Tr+1 = nCra'n_rbr

1 18
13" [9x —~ —]
Thus, the terms in the expansion of 3‘/; is

1
T.=T. =3C_(9x)E2(-_=_\?
13~ 1211 12(9%)7( 3 /—X)

L 181, o (1Y 1)
-5 g0 (5) ()

_18:17-16-15-14-1312! o (1) (1
~ 1216.5.4.3.2 3@

x® )
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=18564

3 7
. . . . X
7. Find the middle terms in the expansions of [3—;}

Solution:

It is known that in the expansion of (a+b)", if n is odd, then there are two middle terms, namely
n+1)" n+1 "
—— | termand | ——+11| .
2 2

3 th
. . . . X
Therefore, the middle terms in the expansion of the expansion (3—;} are (%) = 4" term and

th
(%+1} =5" term

Y’
T,=Ts = 7Cs (3)7_3 [_EJ

e T X
RAETTRAYS)

76541 3
432 2.3

105
-—X
8

Y
=T = 7Cs (3)7_3 [_Ej

X12

_ e A
AT
7-6.5-41 3
= ! - X
41.3.2 24.3%

_ E x12
48

3 7
Thus, the middle terms in the expansion of {3—%} are —% x° and %XH .
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X 10
8. Find the middle terms in the expansions of (§+9yj _
Solution:

th
. . . . . J n+1
It is known that in the expansion of (a+b)", if n is even, then there are two middle terms (T)
term.

10 th
Therefore, the middle terms in the expansion of [g +9yj is (% +1) =6"

X 10-5
Te = T5+1 = 10Cs (gj (9 Y)s

_ 10! X s s

C5I5I3 T

:10-9-8-7-6-5!.i.310.Xs'ys
5.4.3.2.51 3°

=252x3°-x°-y°

=61236X°y°

10
Thus, the middle term in the expansion of (§+9yj is 61236 x°y°.

)m +n

9. Inthe expansionof (1 +a , prove that coefficients of a™ and a" are equal.

Solution:
It is known that (r + 1)" term, (T.,,), in the binomial expansion of (a+b)" is given by

TrJrl — nCran—rbr

m +n

Assuming that a™ occurs in the (r + 1) term of the expansion (1 +a)
Tr+l — m+nCr (1)m+n—r (a)r

, we obtain

— m+nCrar

Comparing the indices of @ in a™ andin T_, ,, we obtain

r+1°

r=m
Therefore, the coefficient of a™ is




Infinityy ., Sri Chaitanya
Learn Educational Institutions
mine (m+n)! _(m-l—n)!

" mi(m+n-m)! min!

Assuming that a" occurs in the (k + 1)" term of the expansion (1 +a)™ *", we obtain
Tk+1 — m+nCk (1)m+n—k (a)k — m+n(:k (a)k

Comparing the indices of a in a" and in T, ,, we obtain
k=n
Therefore, the coefficient of a" is
I I
mng (m+n)! _(m+mt @)

" n(m+n-n)!  n!m!
Thus, from (1) and (2), it can be observed that the coefficients of a™ and a" in the expansion of
@ +a)™ ™ are equal.

10. The coefficients of the (r —1)™, r™ and (r + 1)" terms in the expansion of (x+ 1)"are in the
ratio 1:3:5. Find n and r.

Solution:

It is known that (k + 1)" term, (T, ,), in the binomial expansion of (a+b)" is given by
Tea="Ca" "

Therefore, (r —1)™ term in the expansion of (Xx+ 1)" is

T, ="C_,(x)" 212

Tr_1 — nCr_2 (X)n—r+2

(r + 1) term in the expansion of (x+ 1)" is
T ="C. 0™ @'
Ta="C,(0™"

r™ term in the expansion of (x+ 1)" is
T — nC l(X)n—(r—l) (1)(r—1)
r r-
Tr — nCr,l(X)n_H—l
Therefore, the coefficients of the (r —1)™, r'™, and (r + 1)™ terms in the expansion of (x+ 1)"

"C,.,,"C,_,, and "C, are respectively. Since these coefficients are in the ratio 1:3:5, we obtain

Cr—2 — 1 and nCr—l — §

"C,, 3 C, 5
"C., n! X(r -Di(n-r+1)!
"C., (r=2)(n-r+2)! n!
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"C.,  (r-D(r-2)Y(n-r+1)!
"C,, (=2 n-r+2)(n-r+)!

'C., r-1
"C,, n-r+2

r-1 1
n-r+2 3

=3r-3=n-r+2

=>n-4r+5=0 ... (1)

"C, n! y ri(n—r)!
"C, (r=DY(n-r+1)! n!
"C., r(r=!(n-r)!

"C., (r-DIn-r+)(n-r)!
"C., r

"C,, n-r+l1

o r 3

n-r+1 5

= 5r=3n-3r+3

=3n-8r+3=0 ...(2)

Multiplying (1) by 3 and subtracting it from (2), we obtain

4r — 12 =0

=r =3

Putting the value of r in (1), we obtain n— 12 + 5 = 0
=>n =7

Thus, n = 7and r = 3

11. Prove that the coefficient of x" in the expansion of (1 + x)2n is twice the coefficient of x" in the

expansion of (1 + x)™" ",
Solution:
It is known that (k + 1)" term, (T, ,), in the binomial expansion of (a+b)" is given by
T,="Ca""'b .

Assuming that x" occurs in the (r + 1)™ term of the expansion of (1 + x)zn,we obtain
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T =""C. " (0" =""C, (%)’

Comparing the indices of x in x" and in T

r+1?

we obtain ' =n

Therefore, the coefficient of X" in the expansion of (1 + x)2n is

ng 0!
n!(2n—n)!
ann = @
nin!
2n _ (Zn)'
C,= () (D

2n -

Assuming that x" occurs in the (k +1)thterm of the expansion (1 + X) ", we obtain

Tk+1 — 2n—1c:k (1)2n—1—k (X)k — 2n—le (X)k

Comparing the indices of X in x" and T, , ,, we obtain K = n

+1

Therefore, the coefficient of x" in the expansion of (1 + x)2n s

g ___(20-D)!

" ni(2n-1-n)!
nie _ (2n-1)!
" nl(n-1)!
2n_1C — 2n(2n_1)!
" 2n.nl(n-1)!
s _ 2n!
" 2.nln!
2n)!
2”‘1Cn=E % (@)
2| (nh
From (1) and (2), it is observed that
1 2n _2n-1
S7C) =",

= 2nCn — 2( Zn—lCn)

Therefore, the coefficient of x" in the expansion of (1 + x)2n is twice the coefficient of x" in the
expansion of (1 + x)™" '

Hence, proved.

12. Find a positive value of m for which the coefficient of x” in the expansion (1 + x)m is 6.
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Solution:

It is known that (r + 1)"term, (T,

1), in the binomial expansion of (a + b)"is given by
T, ="Ca""b'.
Assuming that x> occurs in the (r + 1)th term of the expansion (1 +x)", we obtain

Tr+l = rn(:r (1)m_r (X)r = mCr (X)r

Comparing the indices of X in x? andin T we obtain r = 2

r+1?

Therefore, the coefficient of x* is "C,
It is given that the coefficient of x*in the expansion (1 +X)m is 6.
-."C,=6

m!
= ——=6
2!/(m-2)!

m(m-1)(m-2)!
2x(m=2)1

= m(m-1) =12

=>m’ -m-12=0

= m’-4m+3m-12=0
= m(m-4)+3(m-4)=0
= mM-4)(mMm+3)=0

= (M-4)=0o0r (m+3)=0
= m=4o0or m=-3

Thus, the positive value of m, for which the coefficient of x2in the expansion (1 + x)m is6,is 4.

1: Find a, b and n in the expansion of (a + b)" if the first three terms of the expansion are
729,7290, and 30375 respectively.

Answer: We know that (r + 1)™ term, (T

r+1), from the binomial expansion of (a + b)" is given as
Tr+1 — nCraa—rbr

The first three terms of the expansion are given as 729,7290, and 30375 respectively. So, we obtain
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T, ="C,a" %’ =a" =729.............. 1)
T,="Ca"'h' =na™b=7290....ccccceruu..... (2)
T, ="C,a" %b? = Wa“b2 = 303751 @3)
(2) 1 (1), we get
na"'b _ 7290

a" 729

nb

= "N =10 4)

(3)/ (4), we get
n(n - 1)a" *b®> _ 30375

2na" b 7290
(n-1)b _ 30375
:> =
2a 7290
:>(n-1)b _ 30375 x 2 :é
a 7290 3
nb b 25
j —_— - = =
a a 3
=10 - b = 2—: [Using(4)]
:>9 =10- é = E ................... (5)
a 3 3

From equation (4) & (5), we get

n.—=10

S5 wlol

=n=6

Put N =6 in equation (1), we get a®
=729

= a=4729=3

From equation (5), we get

9=§:> b=5
3 3

Thus,a=3,b=5,andn=6

2: Find a if the coefficients of x*and x®in the expansion of (3 + ax)® are equal.
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Answer: We know that (r + 1) term, (T,, ), from the binomial expansion of (a + b)" is given as
Tr+1 — nCraa-rbr

Let x?occur in the (r + 1)™ term, of the expansion (3 + ax)®, we get

T.,=°C,(3)" " (&) =°C,(3)° "a'x’

Now, we compare the indices of X in x* in T

r+l

we get
r=2

So, the coefficient of X” is
°C,(3)° %’ = 9 (3)'a® = 36(3)"a’
? 217!
Let x* have in (k + 1)™ term from the expansion (3 + ax)°®, we get
Tk+1: 9Ck (3)9-k(ax)k - 9Ck (3)9-kakxk
Now, we compare the indices of X in x* inT,,, we get

k=3

So, the coefficient of x?is
9 9-3,3 _— 9’ 6,3 — 6,43
C,(3)""a’ = ﬁ(B) a® =84(3)’a

Also, we know the coefficient of x*and x°are same

84(3)%a® = 36(3)’a’
—=84a=36x%x3

84 84

36 x3 _ 104
a= =

So, the value of a =

~N|©

3: Find the coefficient of X° in the product (1 + 2x)°(1 - X) using binomial theorem.

Answer: By binomial theorem, the given expression can be expanded as

] . . e
v U
f
~|©
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(1+2x)° =°C, + °C,(2x) + °C,(2x)* + °C,(2x)°* + °C,(2x)* + °C,(2%)* + °C,(2x)°

=1+ 6(2x) + 15(2x)* +20(2x)* + 15(2x)* + 6(2x)° + (2x)°

=1+ 12x + 60x> + 160x> + 240x* + 192x° + 64x°

(1-%x)" ="C, - "C,(x) + 'C,(x)* - "C,(x)* + 'C,(x)* - "C,(x)* + "C4(X)° - 'C,(x)’
=1-7x+21x* - 35x® + 35x* - 21x° + 7x° - x’

L1+ 2x)° (1-%)

= (1 + 12X + 60x* + 160x° + 240x* + 192x°+ 64x6)(1 - 7X + 21x%- 35x°+ 35x“- 21x°+ 7x°- x7)

=171x°

Product in the two bracket is not required.
Those terms which terms are include in x>, are required
Those term which containing x°

So, the product is 171 of the given coefficient x°

4:1f a and b are distinct integers, prove that a - bis a factor of a" - b", whenever n is a
positive integer. [Hint: write a" = (a - b + b)"and expand]

Answer: It is required to prove that a - b is a factor of a" - b",
Now, we will prove that a" - b" =k(a - b), for some natural number k
Leta=a-b+b

a" =(a-b+b)" =[(a-b)+bJ
="C,(a-b)" +"Cy(a-b)" b +... +"C, (a-b)b"" +"C b"

=(@-b)" +"C,(a-b)" b+.+"C, (a-b)b"! +b"

=(a-b)" +"C,(a-b)"'b+..+"C, ,(a-b)b" ! +b"
=a"-b"=(a-b)(a-b)"" +"Cy(a-b)"*b+..+"C, b""]
=a" -b" =k(a-b)

k= [(a -b)"t+"Ca-b)" b+ .+ nCn_lb”'1] for some natural number

5: Evaluate (v/3 +/2)° - (/3 - +/2)°

Answer: By binomial theorem given expression (a + b)® - (a - b)® can solved as




Infinityy ., Sri Chaitanya
Learn Educational Institutions

(a+b)° =°C,a’ +°Coa’h + °C,a’h? + °C,a’b® + °C,a%b* + °C.a'b® + °C,b°
=a° +6a’b + 15a’b* + 20a’b® + 15a°b* + 6ab® + b°

(a-b)® =°C,a’ - °C,a’h + °C,a’h® - °C,a’b® + °C,a’b* - °C.a'b® + °C,b°
=a® - 6a°b + 15a*b® - 20a°b’ + 15a°b* - 6ab® + b°

~.(a+b)® - (a-b)° = 2[6a’h +20a°h® + 6ab° |

a=+3andb=+2,
Puta:\/§andb:\/§,

(V3 + 2 - (V3 - 2)° = 2[ 643 (v2) + 204B)°(+2)" + 6(/D)N2)’ |

= 2[54/6 + 120/6 + 24+/6]
=2 x 1986
=396./6

4 4
6: Find the value of (a2 +4/a? - 1) + (a2 -4Ja? - 1)

Answer: By Binomial theorem,given expression (X +y)* + (X - y)* can be solved as
(x+y)" =*Cx* +‘C X’y + ‘C,x’y* + ‘Cxy° + ‘C,y*

=x* +4x°y + 6x%y® + 4xy’+y*

(x-y) =*Cx* - ‘Cx’y + ‘C,x%y* - ‘Cxy* +*C,y*

=x* -4y + 6x°y° - 4xy® +y!

LYt +(xmy)t = 2(x! +6xY +yt)

Put the value of x =a%* andy = +a* - 1

B ) e ot ()« (5
= Z[a8 +6a’(a’ - 1) + (a* - 1)2}

=2[a’ +6a° -6a’ +a' -2a" +1]

= Z[a8 +6a° -5a* -2a% + 1]
=2a® +12a° -10a* -4a®* +2

7: Find an approximation of (0.99)° using the first three terms of its expansion.

Answer:
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0.99=1-0.01

-.(0.99)° = (1-0.01)°

=3C,(1)° - °C,(2)*(0.01) + °C,(1)*(0.01)° (approximately)
= 1-5(0.01) + 10(0.01)?

=1-0.05+0.001

=1.001-0.05

=0.951

Value of (0.99)° approx. = 0.951

8: Find n if the ratio of thefifth term from the beginning to thefifth term from the end in the

1) .
ex ansionof(‘/§+—J IS\/gil
P ( 7

Answer: we know that (@ +b)" ="C,a" +"C,a" ‘b +"C,a" *b* +... +"C, jab" " +"C b"
5% term from the beginning = "C,a" *b*

5 term fromtheend ="C__,a‘b""*
1Y 1Y)
So, from the expansion (4‘/5 + %j 5" term from the beginning = "C, ((‘/5)0‘4(%J & 5" term

n-4
1
fromtheend = "C, _, (42 4[—j
4( ) 4/5

e iy L) Zae B2 1 @21 o
C,(2) (%J = c4(%)4.3_ C.o .3_6.4!(n_4)!(ﬁ) .............. )

n-4
1 (¥3)* 3 6n! 1
"C.., (2 4(-} ="C 2~ ="C_,.2 = s 2
AR D STy Ay w-ou @y
We have also given that the ratio of the 5 term from the beginning and the 5" term from the end
=61

From equation (1) & (2), we get
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6n! 1

’ 3 n = = B
6.4!(n-4)!( ) (n - 4)141" (3f3)"
#2)" 6 _ Jo1
= . =46:1
6 ({3
4 n 4 n
INCOMCO IS
6 6
— (+/6)" =364/6
:>6n/4 — 65/2
n_>5
=>—=—=
4 2
=n-4.-—=10
So, the value of n = 10.
. . . x 2)
9: Expand using Binomial theorem | 1 + 2% X#=0
X
4
Answer: We will use Binomial theorem in the given expression (1 + % - Ej X =0
X
4
)
2 X
4 3 2 2 3 4
sefoeg) e (Brelre ) ) ol 35 el
2 2)\ X 2) \x 2 )\ X X
4 3 2
ISR R ORE O
2 2)\ X 4 \ x 2 )\ X X
~ [ 8( xja 24 24 32 16 16
= -1+ S+ =+ 2= +6-=-
X 2 X2 X x> x* X!
4 3
=[1 -§(1+5j+ﬁ2 Cagiy i\
X 2 X X X X
Now, we will use again Binomial theorem, then

n!

[
—+

+
N X N X
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x\' _4 4, 4 3 X)L 4 2 X i 4 1f X 3 s [ X ‘
(1+ Ej =4Cy(1)* +°C, (1) (Ej +4C,(1) (Ej +7°C(1) [Ej b 04[5)

X 3_3 3,3 2 X 3 x )’ 3 x\’
(1+ Ej =°C,(1)° +°Cy(2) (Ej + Cz(l)(E] + CS(E]

From equation (1), (2) & (3)

[6+5)-4]

3x?

B x> x* 8 3x  3x* X 8 24 32 16
=142+ 2+ S 21+ 222 Dy Do Sy
2 2 16 X 2 4 8 x> x x* X!
3 4
:1+2x+§x2+X—+X—-§-12-6x-x2+%+%+6-¥+£
2 2 1 X X X X X
16 8 32 16 x*  x* X
=+ = -2 A+ + 2+ 2 -5
x x> x x 2 1

3
10: Find the expansion of (3x2 - 2ax + 3a2) using binomial theorem.
3
Answer: given expression (3x2 - 2ax + 3a2) can be expressed using of Binomial theorem

[(3x2 - 2ax) + 3a2}3

=°C, (3x? - 2ax) + °C, (3x? - 2ax ) (3a%) + °C, (3x - 2ax)(3a%)” + 3C,(3a?)

(3x2 - 2ax)3 +3(9x* - 12ax® + 4a2x2)(3a2) + 3(3x2 - 2ax)(9a4) +27a°
(

3x?% - Zax)3 +8la’x* - 108ax® + 36a’x? + 8la*x? - 54a°x + 27a°®

(3x* - 2ax)3 +8la2x* - 108a°x® + 117a*x? - 54a°X + 278°.oevveevenn Q)
Now, we will use again Binomial theorem, then
(3x2 - 2ax)3

=°C, (3x%) -7C,(3x?) (2ax) + °C, (3x? ) (2a%)* - °C, (2ax)°
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=27x° - 3(9x* ) (2ax) + 3(3x* )(4a’x”) - 8a’x’
=27x° - 54ax® + 36a°x" - 8a’x®

From equation (1) & (2), we get

(3x* - 2ax + 3a2)3

=27x% - 54ax® + 36a°x* - 8a®x® + 81a’x* - 108a®x® + 117a*x?
=27x°® - 54ax® + 117a°x” - 116a°x® + 117a*x? - 54a3x + 27a°

-54a3x + 27a°



