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QUADRILATERALS

1.
Sol.
2.
Sol.
3.
Sol.

EXERCISE 8.1
The angles of quadrilateral are in the ratio 3:5:9:13. Find all the angles of the quadrilateral.

D D

L

Let the angles be (3X)°,(5X)°,(9X)° and (13X)°

Then, 3X+5Xx+9x +13x =360

or 30x =360

or X = @ =12
30

.. The angles are (3><12) O,(5><12) °,(9 ><12)° and (13><12)°, i.e., 36°,60°,108° and

156°.
If the diagonals of a parallelogram are equal, then show that it is a rectangle.

D C

A B
Consider the triangles DAB and CBA,
AD =BC [Opposite side of a parallelogram]
AB is common
AC=BD [Given]
So, ADAB = ACBA [SSS]
= ZDAB = ZCBA ..(1)[cpcT]

As ABCD is a parallelogram. AD || BC and AB is transversal.
So, Z/DAB+ ZCBA =180° [Sum of interior angles on the same side of transversal is 180°
J

= 2/DAB =180°
[using (1)]
= Z/DAB =90°

As in parallelogram, ZADB =90°. Hence, the parallelogram is a rectangle.
Show that if the diagonals of a quadrilateral bisect each other at right angles, then itis a
rhombus.

D C
0
A B
Consider the triangle AOB and COD,
AO=0C [Given]
oB=0D [Given]
ZAOB =~COD [90° each]
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’ So, AAOB = ACOD [SAS]
= AB=CD (1)
Similarly, we can show that BC = DA (2)
Consider triangles AOB and BOC.
AO=0C

[Given]
BO is common.
and ZAOB = /BOC
[90° each]
SO, AAOB = ACOB [SAS]
= AB =BC (3)

Hence from egn No. (1),(2)&(3) we get

AB=BC=CD =DA
Hence, ABCD is a rhombus.

4, Show that the diagonals of a square are equal and bisect each other at right angles.

D ) 7 Z C
Sol. o

3
A B
Consider triangles DAB and CBA,
AD =BC [Sides of a square]
AB is common.
ZDAB = ZCBA [SAS]
= BD =AC [CPCT]
and =22 [cPCT] (1)

Proving as above we can show £3= /4,

-(2)
Also, /2=/3

-(3)

[.. AB=BC, angles opposite to equal sides are equal.]
= L1=/4 [using (1),(2)&(3)]
Consider triangles AOD and COD,
[Sides of a square]

OD is commo [Prove above]
AAOD = ACOD [SAS]
OA =0C ..(4)  [cpcT]
Similarly, we can show that
oB=0D
and ZAOD = ~2COD (5) [CPCT]

Also, ZAOD + ZCOD =180°
[Linear pair]
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= 2/A0D =180°
[Using (5)]
= ZAOD =90°

5.
Sol.

.(6)
Hence, diagonals are equal and bisect each other at right angles.

Show that if the diagonals of quadrilateral are equal and bisect each other at right angles,
then it is a square.

D C
0O
A B
Consider triangles AOB and COD,
AO=0C [Given]
OB=0D [Given]
ZA0OB=~2COD [90° each]
= AAOB = ACOD [SAS]
= AB=CD

(1)

Similarly, we can show that BC = DA

-(2)

Consider triangles AOB and BOC,

AO=0C [Given]
OB is common.
and ZAOB =~2BOC [90° each]
= AAOB = ACOB [SAS]
= AB=BC

-(3)
Hence from equation No. (l),(2)&(3) we get
AB=BC=CD=DA
Hence, ABCD is a rhombus.
Further, consider ADAB and ACBA

AD =BC [Prove rhombus]
AB is common
BD =AC [Given]
So, ADAB = ACBA [SSS]
= /DAB = ZCBA

(%)
Also, as AD || BC (opposite sides of a rhombus) and AB is transversal.
/DAB+ ZCBA =180°
(Sum of interior angles on the same side of transversal is 180°)
2/DAB =180°. [Using egn no.4]

=
= Z/DAB =90°.
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As in a rhombus one angle is 90° . Hence, rhombus is a square.

:
6 Diagonal AC of a parallelogram ABCD bisects ZA (see Fig.). Show that
(i) it bisects ZC also,
(ii) ABCD is as rhombus.
D 7C
Sol. A A
rhombus
Given. A parallelogram ABCD in which diagonal AC bisects ZA .
To prove. AC bisects ZC . Proof. Since ABCD is a parallelogram, .. AB||DC
AB|| DC and transversal AC intersects AB and DC.
/1=./3 (l) [Alternate interior angles]
Again, AD|| BC and AC intersects them.
7 ABCD is a rhombus. Show that diagonal AC bisects ZA as well as ZC and diagonal BD
bisects /B and aswellas ZD .

£2=/4 -(2)
[Alternate interior angels]
But it is given that AC is the bisector of ZA .
=/2
-(3)
From (1),(2) and (3), we get
£3=/4
Hence, AC hisects ZC.

%4A=%AC ie., £2=/3so AD=CD

Similarly, AB=BC

Hence, ABCD is rhombus.
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AN\,
Sol. ‘

Consider triangles ADC and ABC, AD =AB
[Sides of a rhomb

AC is common. CD=CB
[Sides of a rhombus]
So, AADC = AABC [SSS]
= ZDAC = ZBAC [cPCT...(1)]
and ZDCA = ZBCA [cPCT...(2)]

hence AC bisects ZA and ZC.

Similarly, by taking BAD and BCD, we can show that BD bisects ZB and £ZD .

8. ABCD is a rectangle in with diagonal AC bisects ZA as well as ZC . Show that:
(i) ABCD is a square (ii) diagonal BD bisects ZB aswellas ZD .
D - 1 C
Sol.
A ~/B
Q) Consider triangles ADC and ABC,
Z/DAC = /BAC [AC is bisectoris ZA]
/DCA =/BCA [AC is bisectoris ZC]
AC is common.So, ZADC = ~ZABC [ASA]
ZAD = /ZAB [CPCT]

As in rectangle ABCD, adjacent sides are equal. Hence ABCD is square.
(i) Consider triangles DAB and BCD,
/DAC = /BAC
[sides of a square]BD is common.

So /DAB = /DCB [s55]
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S0 /ADB = /CDB
[CPCT]
and ZABD = ZCBD
[CPCT]
= BD bisects ZB and ZD. [Using above result]
A
(4’ D
? BEQ_ /
C

In parallelogram ABCD, two-point P and Q are taken on diagonal BD such that DP = BQ
(see Fig. 8.20). Show that:
(i) AAPD = ACQB (i) AP=CQ (iii) AAQB=ACPD (iv) AQ=CP

(v) APCQ is a parallelogram

ABCD is a parallelogram. P and Q are points on the diagonal

BD such that DP = BQ.

Show that:

(i) AAPD=ACQB (i) AP=CQ (iii) AAQB=ACPD (iv) AQ=CP
(v) APCQ is a parallelogram

Construction: Join AC to meet BD in O.

(i) AD||BC and BD is a transversal ~ [ABCDisa || m]
ZADP = /CBQ (1) [Alternate angles]

In AS APD and CQB, we have:
AD=BC [Opposite sides of a || gm]
DP =BQ [Given]

ZADP = /ZCBQ
[From (1) ]
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: AAPD = ACQB [SAS]
(ii) AP =CQ [CPCTin (1)]
(iii) AB||CD and BD is a transversal. [ABCD is a || gm]
ZABQ = ~2CDP [Alternate angles]

In AS AQB and CPD, we have:

AB=DC

BQ=DP
and ZAB = ZCDP
So, AAQB =ACPD [SAS]
(iv) AQ=CP CPCT in (iii)]
(v) OA=0C [AC and BD bisect each other] (1)
and OB=0D

So, OB-BQ=0D-DP [BQ=DP, given]

or 0Q=0P (2)
Thus, AC and PQ bisect each other [From (1) and (2) ]

So, APCQiis a || gm.
Proved.

Alter:
We know that the diagonals of a parallelogram bisect each other. Therefore, AC and BD
bisect each other at O.

oB=0D

But BQ=DP
[Given]

OB-BQ=0D-DP or OQ=0P
Thus, in quadrilateral APCQ diagonals AC and PQ are such that OQ =0P and OA =0OC.
i.e., the diagonals AC and PQ bisect each other.

Hence, APCQ is a parallelogram, which prove the (V) part

(i) As APD and CQB, we have:




Infinityy ., Sri Chaitanya
Learn Educational Institutions

AD=CB [Opp. sides of a || gm ABCD]

5
AP =CQ [Opp. Sides of a || gm APCQ]
DP =BQ [Given]
.". By SSS criterion of congruence, we have:
AAPD = ACQB
(i) AP =CQ
[Corresponding part of congruent triangles]
(iii) In As AQB and CPD, we have:
AB=CD [Opp. sides of a || gm ABCD]
AQ=CP [Opp. sides of a|| gm APCQ]
BQ=DP [Given]
.". By SSS criterion of congruence, we have:
AAQB =ACPD
(iv) AQ=CP [Corresponding parts of congruent triangles]
(v) In As AQC and PCA, we have
AQ=CP,CQ=AP and AC=AC
AAQC = APCA [By SSS Rule]
So, ZACQ=~CAD [CPCT]
D P 7 ¢
RN ~~/p

ABCD is a parallelogram and AP and CQ are perpendiculars from vertices A and C on diagonal

BD (see Fig.). Show that

(i) AAPB=ACQD (i) AP=CQ

Sol (i) Since ABCD is a parallelogram, therefore DC || AB.

ie., QA||CP

Since QA =CP and QA||CP i.e., one pair of opposite sides are equal and parallel.

Now, DC || AB and transversal BD intersects them at B and D.

ZABD = ~/BDC [Alternate interior angles]
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11.

Sol.

Now, in AS APB and CQD, we have:
ZABP = 2QDC [...ZABD = ZBDC]

ZAPB=~/CQD [Each=90°] and
AB=CD Opp. sides of a || gm]

.". By AAS criterion of congruence, we have:
AAPB = CQD

(i) Since AAPB = CQD, therefore,
AP =CQ

[.. Corresponding parts of congruent triangles are equal]

In AABCand ADEF, AB=DE,AB||DE, BC=EF and BC|| EF. Vertices A and are
joined to vertices D, E and F respectively (see Fig.). Show that

(i) quadrilateral ABED is a parallelogram (ii) quadrilateral BEFC is a parallelogram
(iii) AD||CF and AD =CF (iv) quadrilateral ACFD is a parallelogram
(v) AC=DF (vi) AABC = ADEF.
Given: Two AS ABC and DEF such that AB =DE and AB|| DE. Also, BC = EF and
BC|| EF. To show that:
(i) quadrilateral ABED is a parallelogram (ii) quadrilateral BEFC is a parallelogram
(iii) AD||CF and AD =CF (iv) quadrilateral ACFD is a parallelogram
(v) AC =DF (vi) AABC = ADEF.
(i) Consider the quadrilateral ABED.

We have: AB=DE and AB||DE

That is, one pair of opposite sides are equal and parallel.

So, ABED is a parallelogram.

(ii) Now, consider quadrilateral BEFC. We have:

BC =EF and BC||EF
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That is, one pair of opposite sides are equal and parallel.

So, BEFC is a parallelogram.
(iii) Now, AD =BE and AD||BE (1)
[.. ABEDisa || gm] and CF=BE and CF||BE -(2)
[.. BEFEisa || gm]
From (1) and (2), we have:
AD =CF and AD||CF.

(iv) Since AD = CF and AD || CF, therefore one pair of opposite sides are equal and

Parallel So, ACFD is a parallelogram.
(v) Since ACFD is a parallelogram.

AC =DF [Opp. sides of a || gm ACFE]

(vi) In As ABC and DEF, we have:

AB=DE [Given]
BC =EF [Given]
and, CA=FD [Prove in (v)]

.. By SSS criterion of congruence, we have:

AABC = ADEF Proved.

‘E
12. N
D C

ABCD is a trapezium in which AB||CD and AD = BC (see Fig.). Show that

(i) ZA=2/B (i) £C=«D (iii) AABC =z ABAD
(iv) diagonal AC = diagonal BD

[Hint: Extend AB and draw a line through C parallel to DA intersecting AB produced at E.]

Sol.

Given: ABCD is a trapezium in which AB||CD and AD =BC.
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To show that: (i) ZA=/B
(i) £C=«D
(iii) AABC =z ABAD (iv) diagonal AC = diagonal BD.
Construction: Produce AB and draw a line CE || DA. Also, join AC and BD.

(i) Since AD || CE and transversal AE cuts them at A and E respectively, therefore
ZA+ ZE =180° (1)

Since AB||CD and AD || CE, therefore AECD is a parallelogram.
So, AD =CE
BC=CE [.. AD =BC (Given)]
Thus, in ABCE , we have:
BC=CE
/CBE = ZCEB
So, 180°- /B =ZE
180°—ZE =«B
From (1) and (2),we get
ZA=2/B
(i) Since ZA = /B, therefore Z/BAD = ~/ABC
180°- #BAD =180°- ZABC
So, /ADC = /BCD
or /D=/C,ie., £.C=4ZD

(iii) In As ABC and BAD, we have:

BC=AD [Given]
AB =BA

[Common]
ZB=/ZA [Shown above]

.". By SAS criterion of congruence, we have:
AABC = ABAD
(iv) Since AABC = ABAD, therefore

AC = BD [Corresponding parts of congruent triangles are equal]
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EXERCISE 8.2

D_R
’ V C
Q
1. A B
P
ABCD is a quadrilateral in which P, Q, R and S are mid-points of the sides AB, BC, CD and DA
(see Fig.). AC s a diagonal. So that:
. 1 N
(i) SR||AC and SE = EAC (i) PQ=SR
(iii) PQRS is a parallelogram.
D_R
C
| Q
Sol.
A B
)
Given: A quadrilateral ABCD in which P, Q, R and S are respectively the mid-points of the

sides AB, BC, CD and DA.
Also, AC is its diagonal.

To show:
(i) SR || AC and SE =%AC (i) PQ=SR

(iii) PQRS is a parallelogram. (i) InAACD, we have

S is the mid-point of AD and R is the mid-point of CD.
1 -
Therefore, SR||AC and SR = EAC [Mid-point theorem]

(i) In AABC, we have:
P is the mid-point of AD and R is the mid-point of CD.

Therefore, PQ||AC
1 . .
and PQ= EAC [Mid-point theorem]

Thus, we have shown that:
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Sol.

PQI|IAC

= PQ||SR
SR||AC} Qll

PQ= lAC
Also, i = PQ=SR

(iii) Since PQ=SR and PQ||SR, therefore one pair of opposite sides are equal and

parallel.
.. PQRS is a parallelogram.
D C

E F
A B

ABCD is a rhombus and P, Q, R and S are the mid-points of the sides AB, BC, CD and DA
respectively. Show that the quadrilateral PQRS is a rectangle.

Given. ] ABCD is arhombus, P, Q, R and S are the mid-points of AB, BC, CD, DA
respectively. PQ, QR, RS and SP are joined.

To Prove. [[] PQRS is a rectangle.

Construction. Join AC and BD.

Proof. From AS sRD and PQB,
DS=QB (EAD _ EBcj
2 2

DR =PB (1 DC =1ABJ
2 2

/SDR = /PBQ

(Opp. sides £S of parallelogram are equal)

- ASRD = AQPB
(By SAS)
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then SR =PQ

:

(Corresponding parts of congruent triangles are equal)
In ASRCQ and ASP,

RC =AP (ECD=1ABJ

CQ=AS (1 BC=£ADJ

ZSAP = Z/RCQ
(Opp. £ of parallelogram are equal)
ARCQ = APAS
(By SAS)
then RQ=SP
(Corresponding parts of congruent triangles are equal)
Since both the pairs of opposite sides of quadrilateral PQRS are equal, hence quadrilateral
PQRS is a parallelogram.
In ACDB, ..RandQ are the mid-points of Dc and CB respectively,
RQ|| DB
Similarly, RE||AC
.. OFRE is a parallelogram.
V’

ABCD is a rectangle and P, Q, R and S are mid-points of the sides AB, BC, CD and DA

Then /E = /EOR =90°
(... Opp. Zs of rhombus are equal and diagonals of a rhombus intersect at 90°)

Thus, quadrilateral PQRS is a rectangle.

D F C

respectively. Show that quadrilateral PQRS in a rhombus.
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} D )
S Q
Sol. A B
Given. A rectangle ABCD in which P, Q, R and S are the mid-points of sides AB, BC, CD and DA
Respectively.
To Prove. PQRS is a rhombus.
Construction. Join AC.
Proof. In AABC, P and Q are the mid-points AB and BC respectively.
PQ|| AC and PQ=%AC (1)
In AADC, R and S are the mid-points of CD and AD respectively.

SR||ACand SR =%AC -(2)

From (1) and (2),we get
PQJISR and PQ=SR
= PQRS s a parallelogram (3)

.. ABCD is a rectangle.

= ADzBC:%ADz%BC

= AS=BQ (4)
In AS APS and BPQ,
AP =BP [.". P is the mid-point of AB]

/PAS = /PBQ [Each equal to 90°] and,
AS=BQ [From (4)]

AAPS = ABPQ (By SAS)
= PS=PQ (5)
[.. Corresponding parts of congruent triangle are equal]

From (3) and (5), we obtain that PQRS is a parallelogram such that PS=PQ i.e. two
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adjacent. Hence, PQRS is a rhombus.

~_
- E/ w: >
4,
A B
ABCD is a trapezium in which AB|| DC, BD is a diagonal and E is the mid-point of AD. A line
is draw through E parallel to AB intersecting BC at F (see Fig.) Show that F is the mid-point of
BC.
Sol.
Given. In trapezium ABCD, AB||DC.
E is the mid-point of AD and EF|| AB.

To show. F is the mid-point of BC.
Construction. Join DB. Let it intersect EF and G.

In ADAB, E is the mid-point of AD
[Given]

and EG | AB [..EG || AB]
.. By converse of mid-point theorem, G is the mid-point of DB.
In ABCD, G is the mid-point of BD and [Show]

GF||DC [.. AB||DC, EF||AB= DC|| EF]
.. By converse of mid-point theorem, F is the mid-point of BC.

5. In a parallelogram ABCD, E and F are the mid=-points of sides AB and CD respectively
(see Fig.).

Show that the line segments AF and EC trisect the diagonal BD.

Sol.
o B

Given. ABCD is a parallelogram. E and F are the mid-point of the sides AB and CD
respectively.
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Sol.

To prove. BP=PQ=QD
Proof. AE||CF (Given)

and AE =CF ( %AB = %CD)

.. AECF is a parallelogram

= EC||AF  ..(1)

In ADPC,
F is the mid-point of CD [Given]
and FQI|ICP. [From (1)]

.. Qis the mid-point of PD.

or PQ=QD (2) Similarly, in ABQ,
BP =PQ -(3)
From (2) and (3), BP =PQ =QD .Proved.

Show that the line segments joining the mid-points of the opposite sides of a quadrilateral
bisect each other.

Given. In a quad. ABCD, P, Q, R and S are respectively the mid-points of AB, BC, CD and DA.
PR and QS intersect each other at O.

To show. OP =0OR,0Q =0S

Construction. Join PQ, QR, RS. SP, AC and BD.

In AABC, P and Q are mid-points of AB and BC respectively.
1
PQJ| AC and PQ:EAC (1)
Similarly, we can show that

RS||AC and RS:%AC -(2)
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Sol.

.. From (1) and (2) PQ||SR and PQ=SR

Thus, a pair of opposite sides of a quadrilateral PQRS are parallel and equal.
.. Quadrilateral PQRS is a parallelogram.

Since the diagonals of a parallelogram bisects each other, therefore diagonals PR and QS of
|| gm PQRS, i.e., the line segments joining the mid-points of opposite sides of quadrilateral
ABCD bisect each other.

ABC is triangle right angled at C. A line through the mid-point M of hypotenuse AB and
parallel to BC intersects AC at D. Show that

(i) D is the mid-point of AC (i) MD L AC (iii) CM = MA:%AB
A
M
7\
C B

Given. In AABC, ZC =90°, M is midpoint of hypotenuse AB.

To prove. (i) D is midpoint of AC (i) MD 1. AC (i) CM =AM = %AB

Proof. (i) In AABC, M is the midpoint of side AB and MD is parallel to BC, so by converse of
mid-point theorem D is midpoint of AC.

(i) AABC, £C=90°
(Given)

MD is parallel to BC and AC is transversal so /1= /ZACB [Corresponding angles]
But LACB =90° (Given)
so => A =,/2=90°
as £1=/2=90°, so MD is perpendicular to AC.
(iii) In AAMD & ACMD, AD =DC
(Proved in (i) part as D is midpoint of AC by converse of mid-point theorem)
1=/2 (90° each)
DM =DM (Common)
So, by SAS and AAMD = ACMD

= AM =CM (by CPCT) (1)
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But AM =BM = %AB (as M is given midpoint of AB)
= From equation (1)&(2)



